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ABSTRACT. We study the existence of sign-changing solutions with multiple bubbles to the
slightly subcritical problem

—Au=1u> > uinQ, u=0 ondQ,
where Q is a smooth bounded domain in RN, N > 3, 2* = % and € > 0 is a small parameter.
In particular we prove that if €2 is convex and satisfies a certain symmetry, then a nodal four-
bubble solution exists with two positive and two negative bubbles.
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1. INTRODUCTION
We are concerned with the slightly subcritical elliptic problem

{ —Au=u* 2" inQ,

1.1
u=20 on 0, (1.1)

where € is a smooth and bounded domain in RV, N > 3, ¢ > 0 is a small parameter. Here 2*
denotes the critical exponent in the Sobolev embeddings, i.e. 2* = ]\2,—1:]2

In [21] Pohozaev proved that the problem (1.1) does not admit a nontrivial solution if
is star-shaped and ¢ < 0. On the other hand problem (1.1) has a positive solution if ¢ < 0
and Q is an annulus, see Kazdan and Warner [18]. In [2] Bahri and Coron found a positive
solution to (1.1) with e = 0 provided that the domain  has a nontrivial topology. Moreover in
[12, 13, 14, 20] the authors considered the slightly supercritical case where ¢ < 0 is close to 0
and proved solvability of (1.1) in Coron’s situation of a domain with one or more small holes.

In the subcritical case € > 0 the problem (1.1) is always solvable, since a positive solution u.
can be found by solving the variational problem

wt { [ 1942 we @), Jul—o =1}
Q

In [9, 16, 17, 23, 24] it was proved that, as ¢ — 0T, u. blows up and concentrates at a point
& which is a critical point of the Robin’s function of €2. In addition to the one-peak solution
ue, several papers have studied concentration phenomena for positive solutions of (1.1) with
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multiple blow-up points ([3, 22]). In a convex domain such a phenomenon cannot occur. Grossi
and Takahashi [15] proved the nonexistence of positive solutions for the problem (1.1) blowing up
at more than one point. On the other hand, multi-peak nodal solutions always exist for problem
(1.1) in a general bounded and smooth domain €. Indeed, in [6] a solution with exactly one
positive and one negative blow-up point is constructed for the problem (1.1) if € > 0 is sufficiently
small. The location of the two concentration points is also characterized and depends on the
geometry of the domain. Moreover the presence of sign-changing solutions with a multiple
blow-up at a single point has been proved in [19, 25] for problem (1.1); such solutions have the
shape of towers of alternating-sign bubbles, i.e. they are superpositions of positive bubbles and
negative bubbles blowing-up at the same point with a different velocity. We also quote the paper
[8], where the authors study the blow up of the low energy sign-changing solutions of problem
(1.1) and they classify these solutions according to the concentration speeds of the positive and
negative part. Finally, we mention the papers [4] and [7] where, by a different approach, the
authors provide existence and multiplicity of sign-changing solutions for more general problems
than (1.1). These papers are however not concerned with the profile of the solutions.

In this paper we deal with the construction of sign-changing solutions which develop a spike-
shape as ¢ — 07, blowing up positively at some points and negatively at other points, general-
izing the double blowing up obtained in [6]. We are able to prove that on certain domains {2,
(1.1) admits solutions with exactly two positive and two negative blow-up points. Moreover,
the asymptotic profile of the blow-up of these solutions resembles a bubble, namely a solution of
the equation at the critical exponent in the entire RYV. It is natural to ask about the existence
of solutions with & blow-up points, also for k # 2,4, and in more general domains. We shall
discuss this difficult problem below.

In order to formulate the conditions on the domain 2, we need to introduce some notation.
Let us denote by G(x,y) the Green’s function of —A over € under Dirichlet boundary conditions;

so (G satisfies
{ —AG(z,y) =0,(y) yeQ,

G(Sﬂ,y) =0 yeag’
where §, is the Dirac mass at z. We denote by H (z,y) its regular part, namely
1
H(ZC,y) = —G(.Z‘,y),

(N = 2)on|z —y[N-2

where oy is the surface measure of the unit sphere in RY. The diagonal H(z,z) is called the
Robin’s function of the domain €.
Here are our assumptions on §2.

(A1) Q c RN, N > 3, is a bounded domain with a C2-boundary.

(A2) Q is invariant under the reflection (z1,2') — (21, —2') where z; € R, 2’ € RV -1,
For simplicity of notation we write the restrictions of G and H to the xj-axis as g and h
respectively, i.e.

g(t,s) = G((¢,0,...,0),(s,0,...,0)) and h(t,s) = H((¢,0,...,0),(s,0,...,0)).
Our last assumption concerning the domain is:
(A3) There exists a connected component (a,b) of the set {t|(¢,0,...,0) € Q} C R such that

the function (a,b) > t — h(t,t) is convex (1.2)
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and

for any ¢,s € (a,b), t # s: (t—s)a

ai;(t, s) < 0. (1.3)

We can now state our main result.

Theorem 1.1. If Q satisfies (A1), (A2), (A3), then for e > 0 sufficiently small problem (1.1)
has a solution u. with the following property. There exist numbers \; > 0 and points & =
(t5,0,...,0) € Q with t; € (a,b), i = 1,2, 3,4, such that

N—-2

4 1 N—2

. AeN=—2 2 —

ue(z) = ay E (—1)’“( 5 i ) + o(1) uniformly in Q;
i=1 ENZN; + |z — &£

here ay = (N(N — 2))V=2/4 Moreover, the numbers X; are bounded above and below away
from zero, and the numbers t; are aligned on (a,b) and remain uniformly away from the boundary
and from one another, i.e.

1
<A < 5 Vi=1,2,3,4,

and
a+d<t] <ty <ty<ty<b-—96, ti—t;>d Vi=1,2,3,
for some 6 > 0.

Let us observe that the assumption (A3) is satisfied for a (not necessarily strictly) convex
domain €2 as a consequence of some properties of the Green’s and the Robin’s functions. Indeed,
(1.2) follows from the result in [11] according to which the Robin’s function of a convex domain
is strictly convex. Moreover in a convex domain the function G(-,y) is strictly decreasing (with
non-zero derivative) along the half-lines starting from y (see Lemma A.2), hence (1.3) holds true.
Assumption (A3) is also satisfied for some non-convex domains, for instance those which are
C2%-close to convex domains. It seems to be an open problem whether (A3) holds, for instance,
on annuli.

The proof of Theorem 1.1 relies on a Lyapunov-Schmidt reduction scheme. This reduces
the problem of finding multi-bubble solutions for (1.1) to the problem of finding critical points
of a functional which depends on points & and scaling parameters A;. The leading part of the
reduced functional is explicitly given in terms of the Green’s and Robin’s functions. The reduced
functional has a quite involved behaviour, due to the different interactions among the bubbles
(which depends on their respective sign). The symmetry of the domain plays a crucial role:
indeed, the validity of the hypothesis (A2) allows us to place the positive and negative bubbles
alternating along the one-dimensional interval (a,b). Then we use a variational approach and we
obtain the existence of a saddle point by applying a max-min argument. An important step is
the proof of a compactness condition which ensures that the max-min level actually is a critical
value, and this is the most technical and difficult part of the proof.

As remarked above, it is natural to ask about other types of multibump solutions, and to
consider more general domains. First of all, the Lyapunov-Schmidt reduction scheme works in
a very general setting. In particular, (A2) and (A3) are not required for this. The problem
lies in finding critical points of the reduced functional. This problem seem to be very subtle.
In the paper [5] we consider the case of a ball and we show the existence of two three-bubble
solutions having different nodal properties. However, these solutions are not found via a global
variational argument and the proof strongly depends on the explicit formula of the Green’s and
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the Robin’s function in a ball. It also seems very hard to weaken the assumptions on the domain.
In our argument we use the symmetry condition (A2) in order to localize and order the peaks
on the z-axis. Together with (A3) this allows comparison arguments involving the Green’s and
Robin’s functions which do not hold in general.

The paper is organized as follows. In Section 2 we sketch the finite-dimensional reduction
method. Section 3 is devoted to solving the reduced problem by the max-min procedure. Finally
in the Appendix A we collect some properties of the Green’s function which are usually referred
to throughout the paper.

2. THE REDUCED FUNCTIONAL

The proof of Theorem 1.1 is based on the finite dimensional reduction procedure which has
been used for a wide class of singularly perturbed problems. We sketch the procedure here and
refer to [6] for details. Related methods have been developed in [12]-[13]-[14] where the almost
critical problem (1.1) was studied from the supercritical side. In this section the assumptions
(A2) and (A3) are not required.

For any € > 0 let us introduce the functions

1 N—-2

AeN—2 =
) ,an = (N(NV —2))" 27,

N2e¥E 4 |g — £J2

Ucrelx) = aN(

with A > 0 and ¢ € RY. These are actually all positive solutions of the limiting equation
AU =U*"'inR",

and constitute the extremals for the Sobolev’s critical embedding (see [1], [10], [26]). Fixing
k > 1, we define the configuration space

&= &l > 6 ifi # ]
where & > 0 is a sufficiently small number. For fixed integers aq,...,ar € {—1,1}, we seek
suitable scalars \; and points & such that a solution u exists for (1.1) with u ~ Zle a;Uc z, ¢ -
In order to obtain a better first approximation, which satisfies the boundary condition, we

consider the projections PqU. ¢ onto the space H&(Q) of Ug x¢, where the projection Pq :
HY(RY) — H}(Q) is defined as the unique solution of the problem

APqu = Au in €,
{Pgu =0 on 0f).

O = {(A,ﬁ) = A 8 6)

§< X <8t &eq, dist(&,00) > 6 Vi}

Then the following estimate holds

,PQUE,M,&‘ = UE,M,&‘ + O(\/g) (2-4)

uniformly with respect to (X, &) € Ok. We look for a solution to (1.1) in a small neighbourhood
of the first approximation, i.e. a solution of the form

k
wi=Y_a;Pale e + 0,

=1
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where the rest term ¢ is small. To carry out the construction of a solution of this type, we first
introduce an intermediate problem as follows.
We consider the spaces

_ e & Oene\ |. - 1
K57A,5—span{739< 0517 , Pao O i=1,...,k, j=1,...,N y C Hy(Q),
and

Kiae = {d> € Hy() ‘ (6, 9) = /wa =0 Vi € icm’g} C H();

here we denote by §g the j-th component of &. Then it is convenient to solve as a first step the
problem for ¢ as a function of €, A, £&. This turns out to be solvable for any choice of points &;
and scalars \;, provided that ¢ is sufficiently small. The following result was established in [6].

Lemma 2.1. There exists g > 0 and a constant C' > 0 such that for each € € (0,e9) and each
(X, &) € Oy, there exists a unique ¢ x¢ € ICé-)"£ satisfying

A(Vire +¢) +[Vere + 0 2 (Verg +¢) € Kone (2.5)
and
1/2
ol o= ([ 1902)"" < ce. (26)
Q
Here V. x¢ = Zle aiPaU: z, ¢;- Moreover the map O — HL(S2), (X, €) — ¢erg is CL.

After this result, let us consider the following energy functional associated with problem (1.1):

1 1
= / |Vu|*dz —
2 /o 9 _

Solutions of (1.1) correspond to critical points of I.. Now we introduce the new functional
Jo: O = R, Je(A &) = L(Voag + 9o ne) (2.8)

where ¢. » ¢ has been constructed in Lemma 2.1. The next lemma has been proved in [3] and
reduces the original problem (1.1) to the one of finding critical points of the functional J..

Y=fdr, we HYQ). (2.7)

Lemma 2.2. The pair (X, €) € O is a critical point of J. if and only if the corresponding
function ue = V. x ¢ + ¢ea¢ 15 a solution of (1.1).

Finally we describe an expansion for .J. which can be obtained as in [13]-[14].

Proposition 2.3. With the change of variables \; = (cNAi)ﬁ the following asymptotic ex-
pansion holds:

k
Je(A &) = kCn + §wNalog€ + kyne +wneVi (A, &) + o(e) (2.9)

L_uniformly with respect to (X, &) € Oy. Here:

ZA2 (€:6) — Y aiaj A G, &) — log(Ar ...~ Ag),

1<J
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and, setting U = Uy,1,0, the constants Cy, cn, wn, and yn are given by
1 . 1 [en U 1 )
Cy = VUQ—/ U¥, en=——7B _ __  ouy=— u%,
N /RN VUF =35 RN N (fn U020 "N T 0w fon
and

1 * 1 * 1
"}/N_(2*)2/1\§NU2 —2** RN(]2 10gU+§WN10gCN

Thus in order to construct a solution of problem (1.1) such as the one predicted in Theorem
1.1 it remains to find a critical point of J.. This will be accomplished in the next two sections.
We finish this section with a symmetry property of the reduction process.

Lemma 2.4. Suppose € is invariant under the action of an orthogonal transformation T €
O(N). Let OF := {(A,€) € O : T¢; = & Vi} denote the fized point set of T in Ok. Then a
point (A, &) € (’)kT is a critical point of J. if it is a critical point of the constrained functional

Proof. We first investigate the symmetry inherited by the function ¢, » ¢ obtained in Lemma
2.1. Setting T€ := (T¢y,...,T&,) for € = (&1,...,&) € QF, we claim that

Perg = Peare 0T V(A ) € O (2.10)
Indeed, because of the symmetry of the domain, we see that
PaUc g, = (PaUcxre;) o T
and
Kexe =1{foT|f € Kcxre}, Kire={foT|f€Krre}

Then the function ¢. x 1¢ o T belongs to KL ¢ and satisfies (2.5) and (2.6). The uniqueness of
the solution ¢ implies (2.10). Therefore the functional J. satisfies

JE()‘7€) = JE(}‘a Té)

The lemma follows immediately. U

3. A MAX-MIN ARGUMENT: PROOF OF THEOREM 1.1

In this section we will employ the reduction approach to construct the solutions stated in
Theorem 1.1. The results obtained in the previous section imply that our problem reduces to
the study of critical points of the functional J. defined in (2.8). In what follows, we assume
(A1), (A2), (A3). For ty,...,tx € (a,b), where (a,b) is from (A3), we set t = (t1,...,1;) and

J5<)\,t) = Jé«()\, (tl,O,...,0),(t2,0,...,0),.. . (tk,O,...,O)).

Lemma 3.1. If (A\,t) is a critical point of J., then (X&) is a critical point of J., where
& = (t,0,...,0).

Proof. This is an immediate consequence of Lemma 2.4. O
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Let us now fix £k = 4 and set
a1:a3:1, a2:a4:—1.

So we are looking for solutions to problem (1.1) with 2 positive and two negative spikes which
are aligned along the z-direction with alternating signs. From Lemma 3.1, we need to find a
critical point of the function J. (X, t). The expansion obtained in Proposition 2.3 implies that our
problem reduces to the study of critical points of a functional which is a small C!-perturbation
of

4

- 1 i

\I/(A,t) = 5 Z;A?h(t“tl) — ;(—1) ﬂAiAjg(ti,tj) — log(A1 . A2 . A3 . A4),
i= 1<J

where A = (A1, Aa, Az, Ay) € (0,+00)%, t = (t1,ta,13,t4) € (a,b)* and the functions g and h

are the restrictions of G and H to the xj-axis defined in the introduction. We recall that the

function ¥ is well defined in the set

M= {(A,t)‘Ai>0, t; € (a,b)Vi:1,2,3,4 & <t2<t3<t4}.

Observe that by assumption (1.3) the function g(-,s) = g(s, -) is decreasing along the interval
(s,b) and increasing along (a, s). Therefore

g(tr,ta) < gltr,ts) < glti,t2),  g(ti,ta) < g(ta,ta) < glts,ta) V(A B) e M. (3.11)
Analogously,
g(t27t4), g(tl,tg) < g(tz,tg) V(A,t) e M. (3.12)

In this section we apply a max-min argument to characterize a topologically nontrivial critical
value of the function ¥ in the set M. More precisely we will construct sets D, K, Kg C M
satisfying the following properties:

(P1) D is an open set, Ky and K are compact sets, K is connected and
KycKcDcDc M;
(P2) If we define the complete metric space F by

F= {17 :K—D ’ 7 continuous, n(A,t) = (A, t) V(A,t) € Ko},

then

U*:=sup min U(n(A,t)) < min U(A,¢). 3.13
776.1; (Avt)EK (n< )) (Aat)eKO ( ) ( )

(P3) For every (A,t) € D such that U(A,t) = ¥*, we have that dD is smooth at (A,t) and
there exists a vector 7a ¢+ tangent to 0D at (A,t) so that 7a ¢ - VV(A,t) # 0.

Under these assumptions a critical point (A,t) € D of U with W(A,t) = U* exists, as
a standard deformation argument involving the gradient flow of U shows. Moreover, since
properties (P2)-(P3) continue to hold also for a function which is C'-close to ¥, then such a
critical point will survive small C'-perturbations.
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3.1. Definition of D. We define

4
1
D= {(A,t) e M ’ (I)(A,t) = B ZA?h(ti, ti) + ZAiAjg(ti>tj) — log(A1A2A3A4) < M}

i=1 i<j
where M > 0 is a sufficiently large number to be specified later. It is easy to check that the
function & satisfies

(A, t) — +o0 as (A, t) — OM. (3.14)

Indeed, for any A > 0 and ¢ € (a,b) we have

2 2 2
ATh(t,t) —logA > AZh(t,t) + |log Al + (AZHO —2log* A)

where log™ r = max{logz,0} denotes the positive part of the logarithm, and Hy > 0 is the

minimum value of the Robin’s function in Q (see (A.90)). Taking into account that the function

1/2

%xQ — 2log  minimizes for x = 2H, '~, we deduce

A? A?
7h(t,t) —logA > Zh(t’t) +|log A] — 2log™

2
VA >0,t€ (a,b). (3.15
v (a,b) )

Hence for any (A,t) € M we get

2
. (3.16)
Vv Hy
(3.14) follows by using the properties of h and g (see Appendix A). In particular (3.14) implies
that D is compactly contained in M.

4 4
1 2 +
(A1) > YTA h(ti, ) + Z} | log A + ; Ailjg(ti, ;) — 8log
1= 1= 1<)

3.2. Definition of K, Ky, and proof of (P1). In this subsection we define the sets K, K
for which properties (P1)-(P2) hold. We consider the configurations (A, t) such that Ay = As,
i.e. configurations of the form

(A(p),t) = <5% Vi 5%7751,152,%,754) : (3.17)

where t = (t1,t2,t3,t4) € (a,b)*, and g = (1, 1, pta) € (0, +00)3. Next we consider the open set
M
{lt) € 0,400 x (0.0)*| (A1) € M. @A, 0) < 7}, (3.15)

Since we do not know whether (3.18) is connected or not, so we will define U as a conveniently
chosen connected component. Let ¢y € (a,b) be fixed and choose ry > 0 sufficiently small such
that

[to —4ro,to + 47’0] C (a, b) (3.19)

and

1 1
§h(t,t) + §h(s, s) —g(t,s) <0 Vt,s € [to — 4ro, to + 4o, t # s. (3.20)
Setting pg = (1,1, 1), to = (to, to+70, to+270, to+3r0), then (A(pg),to) € M and, consequently,
(pg, to) belongs to (3.18) provided that M is sufficiently large. Now we are ready to define U,
K and Ky:

U := the connected component of (3.18) containing (g, to),
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K={(A(p),t) e M: (p,t) €U},
Ko = {(A().t) € M: (,t) € OU}.
Let us observe that, according to (3.14), the following inclusion holds:

Ky C {(A,t) eK

B(A,t) = J‘j} (3.21)

K is clearly isomorphic to U by the obvious isomorphism, and Ky ~ 0U. In particular, K and
Ky are compact sets and K is connected. Moreover we have Ko C K C D.
Since Ag = A3z by the definition of K, using (3.11) we obtain

— Z Z+]A A]g tz,t ) > AgAgg(tQ,tg) + A1A4g(t1,t4) V(A,t) e K. (3.22)
1<j

Roughly speaking, the configurations in K have the crucial property that the negative interaction
terms associated to the couples of points with the same sign are dominated by the positive
interplay between the couples of points having opposite signs.

3.3. An upper and a lower estimate for U*, Let n € F,son: K — D is a continuous
function such that n(A,t) = (A,t) for any (A,t) € Ky. Then we can compose the following
maps
(0,400)% x (a,b)* DT +— K 1 n(K) € D 25 (0,+00)® x (a,b)"*
where H = (H1,Ha, ..., Hr) : D — (0,4+00)3 x (a,b)* is defined by
Hi(A, 1) = MAg, Ha(A 1) = A2A3, Hi(A,t) = A3y,
Ha(At) =t1, Hs(A,t) =ta, He(At) =13, H7(A,t) =14
We set o
T:U — (0,400)% x (a,b)*
the resulting composition. Clearly T is a continuous map. We claim that T' = id on OU. Indeed,

if (u,t) € OU, then by construction (A(u),t) € Ko; consequently n(A(wp),t) = (A(p),t), by
wh1ch using the definitions (3.17),

%MWﬁé%ﬂzm
Ha(A (1), t) = i/ = p

Ha(Ap),t) = \//7\/;% = 4.

This proves that T' = id on OU. The theory of the topological degree assures that
deg(T, U, (pg, to)) = deg(id, U, (g, to)) = 1.
Then there exists (u7,s") € U such that T'(u"7,s") = (pg,to), ie., if we set (A7, t7) =

n(A(u"), s") € n(K),
ATA] = AJAT = AJA] = 1. (3.23)
£ = to. (3.24)
Using (3.20), and taking into account that A7 = A7, A = A] by (3.23), we obtain

1 1
5(/\717)2}&(?5?, t7) + §(A§)2h(t§,t3) ATAJg(#1,5) <0, (3.25)
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1 1
SOADA(S,19) + L (ADPA( 1) ~ AAT0(:3.£3) < 0. (3.26)
Furthermore by (3.23) we also deduce
11 1
g = Lo L mananan = (ATAT)(ADAT) = 1 (3.27)

S AZAD AJAR
Combining (3.24)-(3.25)-(3.26)-(3.27) with the definition of ¥ we get
WA, 87) < g(1],19) + g(£3,3) + g(t3,19) + g (11, 19).
Then we can estimate

(An;)igK@(n(A,t» < WA, 87) < g(t),89) + (3, 13) + g (13, £3) + g(¢7,19).

By taking the supremum for all the maps n € F, we conclude

U =sup min W(n(A,t)) < g(17,13) + g(t5,3) + g(¢5, 19) + 9 (17, 3). (3.28)
nG}'(Avt)EK

On the other hand, by taking = id and using (3.15) and (3.22),

- - 2
U* > min W(A,t) > —8log™ .
T (At)EK ( )z & vV Hy

3.4. Proof of (P2). Let us first recall that the upper estimate for ¥* obtained in (3.28) holds
for any M sufficiently large. Then, by using (3.21), the max-min inequality (P2) will follow once
we have proved that

(3.29)

min U(A,t) = 400  as M — +oo. (3.30)
(ADEK, 2(At)=7

To this aim, it will be convenient to provide a lower bound for the functional ¥ over K. Com-
bining (3.15) and (3.22) we get

4 4

- A2 2
(A, t) > ) - i ti) + D " [log Ail + AaAsg(ta, t3) + Ay Asg(ty, ts) — 8log™ NG (3.31)
i=1 =1 0

for any (A,t) € K.
Now we are going to prove (3.30). Indeed, let (A,,,t,) = (A}, Ay, AL, A}, 7, t5,t5,t}) € K be
such that

O(Ay, t,) = +00. (3.32)

The definition of ® implies that, up to a subsequence, the following four cases cover all the
possibilities for which (3.32) may occur.

(1) there exists i@ such that AT — 0.

(2) there exists © such that A" — +o0.

(3) ty —wa orty —b.

(4) for every i the numbers AT are bounded from above and below by positive constants and there
exist 1 < j such that t;f” -t — 0.



NODAL SOLUTIONS FOR SLIGHTLY SUBCRITICAL ELLIPTIC PROBLEMS 11

If case (1), (2) or (3) holds, then by (3.31), recalling (A.90), we get W(A,,t,) — 400, as
required. 3
Assume that case (4) occurs. The definition of ¥ combined with (3.22) implies

U(Ap,tn) > cg(t3, 15) - C
for suitable positive constants ¢, C. Therefore, if # < 2 and 7 > 3, we get t§ —t3 — 0, hence

U(A,,t,) = +0o0.
It remains to consider the case when, up to a subsequence

ty —ty >a, ty—t) —0,
or

-t >a, th—12—0
for some a > 0. Then we deduce t? — 1t > a for every 1 <2 < 3 < j. Since the Green’s function
g is smooth on the compact sets disjoint from the diagonal, by the definition of ¥ we get

U(An,tn) > g(t7,15) + (85, ) — C'

for some ¢/, C' > 0 and then we conclude

V(A t,) — +oo.

3.5. Proof of (P3). We shall prove that (P3) holds provided that M is sufficiently large.
First we recall that the upper and the lower estimates for U* obtained in (3.28) and (3.29)
holds for any M sufficiently large. Then we proceed by contradiction: assume that there exist
(An,ty) = (AT, AL, AR AL 7, 85,88, 1)) € M and a vector (81, B5) # (0,0) such that:

(A, t,) =n,

(A, tn) = O(1),
BV (A, t,) + BVO(An, t,) = 0.

The last expression means read as VW(A,,t,) and V®(A,,t,) are linearly dependent. Ob-
serve that, according to the Lagrange Theorem, this contradicts the nondegeneracy of V¥ on
the tangent space at the level W*.

Without loss of generality we may assume

(B7)? + (B3)* = 1 and 7 + B > 0. (3.33)
Considering ®(A,, t,) + (A, t,) and ®(A,,t,) — U(A,,t,) we obtain, respectively,
4
Z(A?)Qh(t?, ) +2 Z APATg(t),t]) — 2log(ATA3AZAY) = n+ O(1) (3.34)
i=1 i<j, (—1)iti=—1

20T A5 g(HY, t5) + 205 Afg(ty, 1)) = n+ O(1). (3.35)
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The identities 37 g;v (Anstn) + By 52 (A, ) = 0 imply

4
n n ah n gn i+j an n nag n 4n .
(Bl +62)(A1) ot (tzvtz) Z((_l) +]61 _/BQ)A Aj ot (tzvt]) 0 Vi= 172>3>4' (336)
j=1
J#i

Moreover, from ,6’1 A (An, t,) + B’;g—i(An, t,) = 0 we obtain the following four identities:

(BT + BE) (AP Rt} 1) = AP Y (=) B7 = By)ATg(t7, 17) = BP + B85 Vi=1,2,3,4, (3.37)
JJ#e
by which, considering the sum in i =1,2,3,4,
4
(BT +B5) Y _(AD?h(,£7) = 2y ((—D)™B) = BE)ATATg(7,17) = 4(57 + B3)  (3.38)
=1 1<J
which is equivalent to
B (B (A ta) + log(ATAZAZAD)) + 55 (n + log(ATAZAZAT)) = 2087 + 63).  (3.39)
Observe that by (3.34) we have log(ATAZASAY) > —% + O(1), while, by (3.16), (A?)? <
Hion + O(1) and hence log(ATAFAZAY) < 2logn + O(1). Then we easily obtain
los(ATABARAT)
n + log(ATASAZAY) —

n + log(ATASASAY) — +o0  and

Multiplying (3.39) by 8" we get
OERe = 20 og (A AR AGAG) B = log(ATAZAZAL)  — o(b).
Combining this with (3.33) we have

8> o(l), B3 o), 2380+ >1+o(l) (3.40)
Using (3.40), we can divide the identities (3.37) by 8" + 8%. Then we obtain:

(AT)2R(7, 1) + AT A5 g (7, t5) — t 2A Agg(th,t3) + AT A g(t], 1) = 1, (3.41)

Br +5g
(A2)2h(t2,t2) +A2A19( ) + Ay A ( ) i 2 A5 Ay ( 27754) =1, (3-42)

BT + 52

(A5)?h(ty, t5) — Bi +5z AZATg(tT,t3) + A5 A5g(ty, t3) + AgAyg(ts, 1)) =1, (3.43)
(AD)?h(ty, ) + ATAGg(t], t) — 51 —i—BQ AGAg(ts, 1)) + A5 Afg(ts, th) = 1. (3.44)

1 2

Up to a subsequence, we may assume
tl = t; € [a,b] Vi=1,2,34.
In what follows at many steps of the arguments we will pass to a subsequence, without further
notice. We will often use the symbol ¢ or C' for denoting different positive constants independent

on n. The value of ¢, C is allowed to vary from line to line (and also in the same formula).
Motivated by (3.38), we distinguish five cases which will all lead to a contradiction.
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Case 1. Avoiding blowing up of parameters I Suppose the following holds:
(B = B)ATA5g(tT,13) — +oo, (BT — By)A3ALg(ty, t]) — +oo. (3.45)

Then, in particular 57 > 5 and, dividing (3.41) by %A?Agg(t?,tg), we get

A BPD NS Bt )
22, < 2. <1+ o0(1). 3.46
AL By s S AL By — By gty 1) M) (8.46)

where the first inequality follows by (3.11). Analogously, dividing (3.44) by gg;gg AZATg(th, 1)),

and using again (3.11), we have
NS PP S _ AR B OE gltht)
Ay By =By T Ay By - By g(ty,ty) T
(3.46) and (3.47) give

1+ o(1). (3.47)

By + By
<1+o(1
sr—gg = o0
which implies, using (3.40),
B =o(l), B =1+o(1). (3.48)
Inserting this into (3.46)-(3.47) we achieve
5 =A3(14 o(1)), (3.49)
and
g(t1,t3) = g(t1,t3)(1 + 0(1)),  g(t3,t}) = g(t3,t4) (1 + o(1)). (3.50)
Using (3.48)-(3.50) and (3.45), the equations (3.41)-(3.44) lead to:
(AT)R(E},17) + ATALg(87, 1)) = o(ATAR (17, 5)), (3.51)
(A3)*h(t5, 85) + AZAT (7, 15) + AZAZg(t5, t5) = (1 + o(1)AFATg(15, £]), (3.52)
(A3)2h(t5,15) + AFARg(t5, t5) + AFATg(t5, t7) = (1 + o(1)) AT AR g(t], 15), (3.53)
(AD)?h(ty, 1)) + ATALg(87, 1)) = o(AZ AT g(15, 7). (3.54)

Combining (3.52)-(3.53) with (3.49)-(3.50) we obtain
AsATg(tY, 1) < (14 0(1))A5AGg(ty, 1) = (14 o(1))AzAjg(t3, 1)
< (1+ o(1) ATAZG(E7, £2) = (1 + (1)) ABAT (£, 2).
Then all the above inequalities are actually equalities, by which (3.52)-(3.53) can be rewritten
as
(A3)°R(t5. 15) + AGA5g(t5,15) = o(AFATg(15, 1)),
(A%)2h(t5, 1) + A3 A5 g(t5,15) = o(ATAZ (17, 15)).
Now (3.12) applies and gives together with (3.49)
o(A}) = Az = (1+0(1))A5 = o(AT).
Substituting in (3.51) and (3.54) yields

h(tY,87), g(t7, t1) = o(g(t1, 13)),  h(ti, 1), g(87,t7) = o(g(t3, ty))- (3.55)
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We will derive a contradiction from (3.50) and (3.55). Indeed, by h(t},t}) = o(g(t},t3)) we
deduce g(t7,t5) — +oo, hence |t} — t5| — 0. Analogously by h(t},t}) = o(g(t5,t})) we get
|ty —tiy| — 0. Therefore we are in the following situation
ty, ty, th, th =t € la,b] Vi=1,2,3,4.
Now, if £ = a, then Lemma A.1 yields
1+ 0(1) - 1+ 0(1)

on(N = 2)(t} +t7 —2a)N=2 = on(N —2)(2t1 — 2a)N—2
and therefore, using (3.55),

60— 81V (e 0) + BT _ gt t) + A1)

h(tY, ty) = = (14 o(1)A(t7,17)

= == 1
B G ) A S e
and then t§ — ' = o(t} — t7). On the other hand, using again Lemma A.1,
1 1 1 1
A ) = +ol) < ol =2V 4 o) 1),

on(N —2)(th +t7 —2a)N=2 = on(N —2)(t4 — a)N 2
Now (3.55) leads to

15— 131Y2 (L, 15) + R 1) _ gl ) E RO

07 — N2 h(tg, 1)) + h(ty, 1)) T g(t3,t7) ’
hence t} —t5 = o(t} —t}). Combining this with t§ —t} = o(t} —t}') we obtain a contradiction. An
analogous argument applies to the case ¢ = b. Finally assume ¢ € (a,b). Then h(¢?, th)=0(1)
for every i, j, therefore (3.55) yields
15— G172 gty t)) + 0

AP = g aom — o 6 =08, 2.9

This gives t§ —t] = o(t} —t7) and t} —t§ = o(t} — t}) respectively, and the contradiction arises
as above.

Case 2: Avoiding blowing up of parameters I1. Suppose the following holds:
(BT — B3)ATA5g(t], t5) — +oo, (BT — By)AyALg(ty,t)) < C. (3.56)
The analogous holds by interchanging the roles of the couples of indexes (1,3) and (2,4).

Then in particular there holds 57 > (4. Using (3.42), (3.44) and the second inequality in
(3.56) we obtain

(A3)*h(t5,85), ATAZg(17.85), AFAR(15.85) < C, (3.57)
(AD)?h(th, £7), ATAGg(17,8), AFAGg(15.8) < C. (3.58)
By inserting (3.57)-(3.58) into (3.41) and (3.43), we obtain
n qn ﬁn — Bn NAN (4N 4N
(AT)?R(E7.87), (A5)?h(t5,15) = W%Agg( 1:t3) + O(1) = +oo. (3.59)
1 2

We distinguish three cases. First assume that there exists ig € {1,2,3,4} such that
P —a V1 <i<i, |t —al >c Vi>ig. (3.60)
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By adding (3.36) for i = 1,...,ip we obtain

oh n gn LI i+j an n nag n gn
(BT + B3) E (AP (2 88) = Y ) (=) B7 — BY)APAT (87, t7) = 0. (3.61)
ot ot
=1 =1 ?;i
Now [t} — 7| > ¢ for i <'ig and j > i imply
99 (n n e
T o (7)) = 0(1) Vi <ig,Vj > io. (3.62)
Considering the sum for i, j < iy we observe that by Lemma A.1
dg dg Oh oh 2+ o(1) o,
ot =) = ——— (¢, % ot = Vi, j < .
at<17])+8t(]71) 8t<17]) at(]7z) UN(t?+t§L—2a)N_1 17]_20717&3

Therefore, using again Lemma A.1, the identity of (3.61) becomes

(A2(1 + o1 1)itign — g APAT(1+ o(1) .
Z(2tn_2aN1 22 By + B3 (t"+tn—2aN1_ Z O(A7Af).  (3.63)

i=1 11]<J1 1<i0<j
In order to estimate the last sum, we will prove that
AN (A7)? L

Indeed, if i < ip < j and (4,75) # (1, ) then, elther = 2 or j = 4, and, as a consequence of
(3.57)-(3.58), A3, A} = O(1); therefore ATAY? < (A") + %(A?)Q < 3(A?)?+C and (3.64) holds
true. On the other hand, using (3.59),

"o 1/2 n on 1/2
M = (o)A () < o (M)

and (3.64) follows by using Lemma A.1.
Next, in order to estimate the second sum in (3.63), we claim that

naAn n n\2
A Aj _ (Ai )2 + (Aj)
(9 + 1} — 2a)N 1 (2t7 —2a)N=1 (2t — 2a)N

) if i,§ < g, (—1)"" = —1. (3.65)

Indeed, take, for instance, the couple (7,j) = (1,2); the other cases are analogous. The claim

is obvious if Ay = o(A}) or AT = o(A%). Otherwise ¢ < % < C and then, using (3.57) and

(3.59), hEt“ tn; = o(1), by which, applying Lemma A.1, t} —a = o(t§ — a). This in turn implies
t7 —a = o(t} + t§ — 2a), and (3.65) follows.
Therefore, recalling that 5] > 5%, (3.63) becomes

S A0 o) _
— (2t} —2a)N"1 T
(A1 o (AR

Taking into account that @r 2T 2 577 —2a

— 400 by Lemma A.1 and (3.59), the
contradiction follows.
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An analogous argument can be applied when there exists ig € {1,2,3,4} such that
t —b Vip <i<A4, |t —b] > ¢ Vi <ip. (3.66)
So we may assume
tr —t; € (a,b) Vi=1,2,3,4. (3.67)
According to the assumption (1.2) we have either %( ,17) <0 or @( ,t%) > 0. Assume, for
instance,

oh , . .
a( 17t1) < 0

(the case %(t?,t;}) > 0 can be treated analogously). We set {1,2,3,4} = I U J where
I={i: 67 =t = oty —t5)},  J ={i; [t — 7] = (|67 — t5])}-
It is obvious that I = {1} or I = {1,2}. Then, adding (3.36) for i € I we get

4
" P
DYDY - BHATAT (81, 47) < C(A3). (3.68)
i€l j=1
J#i
Observe that
dg dg Oh oh

a( 1’t2)+§( ) = —a( 1,15) — E( 5,11) =0(1)
and AY < C, ATAL < C, by (3.57); therefore (3.68) becomes

SOS (-1t — amarar e iy < (3.69)

— £ 7ot
el jeJ

According to the assumption (1.3) we have %(t, s) > 0if t < s. Since all the sequences ¢} lie in
a compact subset of 2, Lemma A.1 implies

") 9 {4
Cg(l ]) < g(t?7tn) Cg(z j)
|t — t”| ot J 67 — 17|
On the other hand, if i € I and j € J, then i < j and [t} — t7[ > c[t§ — ¢}'[ by the definition of
I, J; therefore combining (3.69) and (3.70) we arrive at
(Br' = By)ATA5g(tT,15) < C Z 1) BE — BR|AT AT g(t], ) + C. (3.71)

(i,4)€IxJ
(1,3)#(1,3)

This contradicts (3.56)-(3.57)-(3.58).

Vi,j=1,2,3,4, i <j. (3.70)

Case 3: Avoiding the boundary. Suppose the following holds: |G — By |ATARg(t7,t5) =
O(1), |8y — B ASALg(t5,t}) = O(1), In :={i=1,2,3,4]¢; = a} # 0 and
(B +85) Y (PR ) +2 Y (D)™ 8] = B IATAT g (8] ) = (3.72)
(1,5)€la Zgga

Replacing I, with I, can be treated analogously.

First of all we observe that (3.35) implies
AL = Pz = o(1). (3.73)
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Recalling that (37)% + (3%)% = 1 it follows that

Bl + By = V24 o(1). (3.74)
Using (3.41)-(3.44) we obtain
(AM2R(tr 7)) < C Vi=1,2,3,4, (3.75)
hence A7 < C for all i =1,2,3,4, and
ATAg(ty,t3), ATATg(ty, 1), AgAzg(ts, t3), AzAfg(ty,ty) < C. (3.76)

Now we multiply (3.36) by ¢t — a and add for i € I,

oh L (—1)Ep — B8 g
S AR —a) — YD L A g ) (8 —a) = 0. (3.77)
i€, ot i€la 11 T+ 53 ot ’

We estimate the terms in each sum in order to obtain a contradiction. Lemma A.1 implies

ot 't on (2t} — 2a)N-1 2" —a)’
By the definition of I, there holds [t — t;‘\ >cforiel, and j & I,. This implies
dg . .
a(t?,t?) =0(1) Yiel,,Vjél,. (3.78)
We split the second sum in (3.77) in two terms: those with j € I, and those with j & I,. We
use again Lemma A.1 and, considering the sum for ¢, j € I,, we observe that

= —(N = 2)(1+o(1)) Vi€ I,

Jg g 1 1+ 0(1)
ZZ (T (7 — ZL (™ (7 — = —
o(1 . .,
= —(N —2)g(t]',t]) + (1) Vi, j € Iy, i # j.

on(th — 20+ t7)N=2

On the other hand, it is straightforward to prove that the function | tfzf,\z;’_z is convex for t > a,

y € R. Therefore
n)2 log(A7)?
AP AT _exp (e 4+ Og(zj) ) (A})? + (A7)?
(7 —2a +t7)N=2 2N_2(t?;t? _a)N-2 22 - 2a)N=2 " 2(2t7 — 2a)N -2

< C(APPR(E7 ) 4+ (ARt} 1) < C Vi, j € Lo, i # 5.
Therefore (3.77) becomes

(BT +85) D (AD?R(67) =2 Y (F)™BF = BAPA (e} £F) = o(1). (3.79)

i€ly (4,5)€la
i<J

If I, = {1} or I, = {1, 2}, then the left hand sides of (3.72) and (3.79) coincide, in contradiction
with the right hand sides. If I, = {1,2,3,4}, then the contradiction arises by comparing (3.79)
with (3.38) because of (3.74). So it remains to consider the case I, = {1,2,3}. We sum the
identities (3.37) for ¢ = 1,2,3 and subtract (3.79) and we obtain

(B7 + B )ATALg(t7, t4) — (B = Ba) Az Adg(ty, t1) + (BT + B2) Az Aig(ts, t1) = 3(B7 + Bz) + o(1).
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However, combining this with (3.37) for i = 4 gives
(B + B3)(AD)h(th, 1) + 2(87 + B3) = o(1)
and the contradiction arises because of (3.74).

Case 4: Avoiding collisions. Suppose the following holds: |5} — By|ATAZg(t],t5) =
O(1), |8} — BEIA5ALg(ty,th) = O(1) and there exists ig # jo such that t;, = tj, € (a,b) and

[(=1)7t90 B — BRIAR AT g(t7 7)) >

As in the previous case we immediately get (3.73)—(3.76). Hence, in particular, A} < C for
any i = 1,2,3,4. Set t = t;, =tj, € (a,b) and [ = {i =1,2,3,4|¢; =t}. Wesplit [ =11 Ul
where

AAT
L=RicI|3el, jtist. |(=1)Tp} -y —-Tor - +oo
1 ] y J 1 2 ’tn_tn’N—l ’
i
and

nAn

. . . . i+ 7 A’L 7
h=yiellWiel j#i: ()70 =Bl myr <O -
i
Since the sequences t' lie in a compact subset of 2 for any 7 € I, Lemma A.1 implies

dg G —ty

ot =—-———"—--—>— 1+ 0(1) Viel, Vj=1,2,3,4, 1 +#j.
tn .
Moreover, observe that W > on(N —2) Tt(nl{ti?‘). Therefore, according to the assump-
i "o i 7

tions, 4o, jo € I;. For any ¢ € I1 we consider (3.36) and obtain
o
) ] (2 .
> (-0)Tgp - BQ)A”A?W =0(1) Viel. (3.80)
jeh, j#i J
Using (3.80) for iy, we immediately get the existence of a third index j € Iy, j # g, jo. Therefore
I has actually at least three elements. Assume I} = {1,2,3,4}. We look at (3.80) for i = 1:
ATAY ATAY ATAY
(BT +53)W + (687 +ﬁ§)m = (87 —5§)W +O(1) — +oo
) 1l 113
which yields 5] > 4. Dividing the identity by (8] — 3% )WlAt%’ and using [tT —t5| < [t} —t4],
we get
BL+ P53
oy =By~ A"
Next we consider (3.80) for i = 4 and proceed analogously, using now that [t§ — t}| < |t§ — t}].

This leads to: g}ﬁg% < A” (1 +0(1)), and so

(1 +0(1)).

61 +52

in contradiction with (3.73)-(3.74).
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It remains to consider the case when I has exactly three elements. If I; = {1,2,4}, then
(3.80) for i = 2 gives
ATAY ASAY
(BT + ﬁ?)W =—(B7 - 53)W +O(1) — +oo,
18 1~
which is absurd if 57 > 7. On the other hand, by (3.80) for i = 4
ATAY AZAY
(BY +53)W = (BY —53)W + O(1) = +o0
1l 2 "l

which gives the contradiction in the case S < 5. An analogous argument applies to the case

I = {1,3,4).
It remains to consider the cases Iy = {1,2,3} and I; = {2,3,4}. Assume, for instance,
I = {1,2,3}, the other case is similar. Then by (3.80) we obtain
ATAZ BT — B3 ATAZ A5AZ
= : +0(1)= —=—+4+0(1) = +. 3.81
G- gres g O T g TOW (351

In particular we have 57 > 5. Using (3.73)-(3.74), the first and the second equality in (3.81)
give
(A3), Ay =o(A7),
respectively. Now we multiply the first identity in (3.81) by t§ — ¢} and the second by t§ — 3
and, summing up, we obtain
ATAY ATAY ADAY
(BF + B3) ooy — (BT = B8) s + (BY + B3) 2y = o(1). (3.82)
13 — 7] |t5 — 17| |5 — t3]

We may also assume
A > e (3.83)
Otherwise, if A} — 0, then (3.37) for ¢ = 4 would give
(AD)?R(t,¢7) + MG (ATg(t], ) + Ag(ts, t4)) = 1 + Bl +52 AyAjg(ts, ty) > 1
1 2

by which either (A})2h(t7,t%) > 5 or AF(ATg(th, t7) + AZg(t8,t7)) > 5. If (AR)?h(t3,t7) > %,
then h(t),t}) — +oo, and, consequently, ¢} — b, so that we are again 1n the case 3. Otherwise,
if AT(ATg(th, t7) + AGg(th,t7)) > %, then g(t’f,tff) + g(t%,t}) — +o00. So t}f — t and then

APAT ABAR GV £, 17)

> on(N = AnAn I ) gy Anpn U T

— +00,
o — e~ e = v -l 5 — 8]
contradicting that 4 & I.
Now we distinguish three cases. First assume
1, Az, Ay — 0. (3.84)

Then (3.82) can be rewritten as

(B1 + B2 )ATAZg (8, t5) — (67 — B )ATAzg(t7, t3) + (B + B3) A3 Azg(ts, t3) = o(1).
We sum the identities (3.37) in ¢ = 1,2, 3 and, using the above estimate and (3.84), we obtain
(BT + B2) AT AGg(t1, 1)) — (BT — B2) Mg Afg(ty, th) + (BT + By) Ay Al g(t3, tf) = 3(BT + B2) + o(1).
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However, combining this with (3.37) for i = 4 gives

(BT + B5)(AF)h(t], 1) + 2(BT + B5) = o(1)

and a contradiction arises because of (3.74).
Now assume that
AT, AL — 0, AR >ec. (3.85)

Then ATAY = o(A3A%). According to (3.81) we have % =(1+ 0(1))%7 from
2 1

which we deduce t§ —t] = o(t5—t4). Consequently | tnf%%,Q = of | tnﬁgflgN72 ), which is equivalent
2 1 3 2
to ATAZg(t7,t5) = o(A5A5g(ty,t%)). Now (3.76) implies ATAZg(t},t5) = o(1), hence (3.41)
becomes
(BT + B)ATALg(t], ) = BT + B3 + (B1 — B3)ATAZg(tT, t5) + o(1) = BT + B3 + o(1)
because 8] > 4. Then ATA}g(t},t}) > ¢, which implies g(¢},t}) — +oo by (3.85). So, tf — t
and then

ATAY

g(ty, ty
Th N >on(N —2)ATA}=——=—= (7, 1) — 400,
67—ty

7 — &
in contradiction with 4 & I.
An analogous argument applies when

nOAT 0, A">e

Finally, assume that
Ay — 0, T, A3 > e (3.86)
Then we obtain, using (3.35),
ATAY < W Cnlty — 5N 72 < On(ty — 5|V 72+ |15 — 3V 72) < On(ATAL + AZAS)
13

where the last inequality follows from (3.81). So, using (3.86), we deduce ¢ < ATAz < CnAj%,
by which A3 > £. Combining this with (3.83) and (3.86) we obtain

AT AT AT AT > %
Finally (3.35), (3.75) and (3.76) imply
T = U(An, t,) = —g +O(1) — log(ATAZATAT) < —g +O(1) +logn — —oc
in contradiction with the lower estimate (3.29).

Case 5: Conclusion.

In order to not fall again in the cases 1-2, we assume:

‘51 By ’AnAgg 17t3) <C, ’ﬁ? - 5;|A3A29( SJZ) <C.

So, as in the cases 3 and 4 we immediately get (3.73)—(3.76) and, in particular, A? < C for any
1 =1,2,3,4. Moreover we may also assume

A" >c Vi=1,2,34. (3.87)
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Indeed, assume for instance, that AT — 0. Then, by (3.37) for i = 1 we have that, either
(AT)?h(t7,47) > ¢, (3.88)

or

Jj =2,3,4 such that [(—=1)""78} — BY|ATATg(t],t]) > c. (3.89)
If (3.88) holds, then h(t},t}) — +oo, which implies 1 = a or t; = b by (A.90), and we are back
in the case 3. On the other hand, if (3.89) holds, then, g(ﬂf,t}‘) — +4o0 for some j # 1, which
implies t; = ¢, and we are either in the case 3 (if {1 = a,b) or in case 4 (if ¢; € (a,b)). Finally
(3.35), (3.75), (3.76), (3.87) imply

T = (A, t,) = —g +0(1) —» —c0
in contradiction with the lower estimate (3.29).

APPENDIX A. SOME PROPERTIES OF THE GREEN’S FUNCTION

Let Q be a bounded domain with a C2-boundary. We denote by G(z,y) the Green’s function
of —A on Q under Dirichlet boundary conditions, and by H(x,y) its regular part, as in the
introduction. So H satisfies

AyH(z,y) =0 y € Q,

1
H =
@) = N Donle = g2

We recall that H is a smooth function in Q x ; moreover G and H are symmetric in z and y
and G,H > 0in Q x Q.
The diagonal H(z,z) is called the Robin’s function of the domain 2 and satisfies

H(x,z) — +oo as d(x) := dist(x,0Q) — 0. (A.90)

y € oS

Let Hy be the minimum value of the Robin’s function:

Hy = m&nH(x,x) > 0.

Recall that the Robin’s function of a convex bounded domain is strictly convex ([11]).

We need the following result concerning the behavior of the regular part H(x,y) near the
boundary. To this aim we fix § > 0 sufficiently small such that the projection onto 9 is well
defined in the region Qy := {x € Q : d(x) < J§}; we denote this projection by p : Qy — 0Q. It

is of class C! because 0 is of class C2. Moreover, for x € g, we write z = 2p(z) — x for the
z—p(z)

reflection of z at Q2 and v, = o—p()]

for the inward unit normal at p(z).

Lemma A.1. Let Q be a bounded domain with a C?-boundary. Then the following expansions
hold uniformly for x € Qg and y € Q:

H(z,y) = ! 4 o(‘w),

(N —2)on|z —y|N—2 1z —y|VN 2

LR N G N WY
v, Y T (N = 2)on ovs \ |z — y[V 2 iz —yN2)

and
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Proof. During the proof we will often use the symbols ¢, C' to denote different positive constants
depending only on 2. For any z € Qg we introduce a diffeomorphism which straightens the
boundary near p(x). Let T, be a rotation and translation of coordinates which maps p(x) to 0
and the unit inward normal v, to the vector ey := (0,...,0,1). Then T,(x) = (0,...,0,d(x)),
T.(z) = (0,...,0,—d(x)), and in some neighborhood of 0 the boundary 9(7,2) can be repre-
sented by

ZN:pI(Z,)v Z/:(Zla"'7ZN—1);

here p, is a C? function satisfying p,(0) = 0 and Vp,(0) = 0. Therefore we have
len| < CI1Z12 on O(T,9Q).
First we prove the following estimate for the boundary points:

1 1 <C d(z)

— —_ Y Oy, V oN. A9l
Ty g2 | = oy e e (4.91)

In order to see this, we observe for z € Qq, y € 99, z := T,(y), that

max{d(z), |2|} < min{lz — y|, |z - y[}, (A.92)
by which
llz = yl2 — |7 — yf2| = 4d(2)2 < CA@)|? < CA@) min{fz -y 2 — g2} (A.93)
The above inequality implies
< ;i : z; <C VreQ, Wy e on. (A.94)
Taking into account that [a™ — b™| < m|a — b|(a + b)™~! for any a,b > 0 and m > 1, we have
1 1 |z —y PN — o —y P2

B ‘ (Iz — yN 2 + |z — y|N-2) |z — y|N 2|z — y|N 2
1z —y?+ |z =y YN 3z — g)* — |z — y*)
(|2 =y =2+ |z — y|N=2) |z — y|V 2|z — y[V 2

and (A. 91) follows by usmg (A.93) and (A.94). So, for any = € Qp, the functions H(x,y) —
|N 5 are both harmonic in © in the variable y, and verify (A.91) on the

o —y[N=2 [z — g2

<(N-2)

DR 0
boundary. Then the maximum principle applies and gives
1 <C d(x)
on(N =2)z —y[N=2| = "z —y|N
The first part of the thesis follows.
We go on with the normal derivative estimate. We claim the following estimate on the
boundary:

‘H(w,y)— Vx € Qp, Vy € Q.

OH (T-y) va y—x)-va (Z-y) 1s c

,y) — - = - - < = V€ Qo, Yy € 0.

o L Bl P P o e e T
(A.95)

Indeed, proceeding as for (A.91) we have
1 1 d(z) C

-1 <C—= <= Vo € Qp, Vy € 09 A.96
= | <R S (490)
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where the second inequality holds since d(z) < |z —y| by (A.92). Moreover, for z € g, y € 99,
g = Tx(y),
((y—2) ve — (T —y) vz = |(z — d(z)en) - eny — (—d(z)en — 2) - en]

A.97
= 2fzy| < O < Ol — A0
where for the last inequality we have used (A.92). Thus we obtain for x € Qy and y € 9

11 ((y — 2)ve — (T — y)val
le —yV |z -y 1z —y|N

(y—2)ve (T —yve

lz—ylN |-y

< [(y — z)va

and (A.95) follows from (A.94), (A.96), (A.97). Now, for z € Q fixed, the functions 92 (z,y) —

T

;zil_:?:y—)yyﬁ\’ and |§:—y1| ~— are harmonic in Q with respect to the variable y, and verify (A.95) on
the boundary. The maximum principle applies and gives

OH (T—y) vy C

xT,y) — Ve € Q, Yy € Q.

law‘ ) on|z —yN| 7 |2 —yN? v
In order to conclude observe that g—i = —1,, because a‘%(m) = 0 for any z € €2, so that

0 1 (i‘ B y) * Vg

— = VY € Qq, Yy € Q.

8ux<<N—2>\x—y\N2> 2 —yIV o

O

We conclude this section with the following lemma which is concerned with the behaviour
of G(+,y) along half-lines through the domain starting from y. This implies (1.3) for convex
domains.

Lemma A.2. Let Q be a convex and bounded domain with a smooth boundary. Then for any
x,y € Q, r # vy, we have

(x —y) - ViG(z,y) <0.

Proof. We use Lemma 3.1 in [15] which states that if § is a smooth and bounded domain in
RY | then, for any P € Q, A,B € Q, A+ B,

- / (m—P)-anGa(x’ A) 8G€§“” B) 4s — (20— NYG(A, B)+(P—A)V,G(A, B)+(P—B)V.G(B, A),
N Vg Vg

where v, is the unit inner normal at x € 9€). Now assume that  is convex and take P = B.
We deduce

(B — A)V,G(A,B) = —/ (v B) ., 28@AICEB) N9y B

o0 81/5,; 81/96

which is strictly positive because (x — B) - v, < 0 for any x € 99 by the convexity of 2, and

because aGa(jz’A), 8G8(12B) > 0 on 0f2. O
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