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The Morse property for functions of Kirchhoff-Routh
path type

Thomas Bartsch* Anna Maria Micheletti Angela Pistoia

Abstract

For a bounded domain €2 C R” let Hg : Q2% — R be the regular part of the Dirichlet
Green function for the Laplace operator. Given a fixed arbitrary C? function f : D — R,
defined on an open subset D C R™V, and fixed coefficients Ai,..., Ay € R\ {0} we
consider the function fo: DN QY — R defined as

N
fQ($1, . ,:L‘N) = f(:L‘l, e ,:EN) — Z )\j)\kHQ(iL‘j,iL‘k).
J,k=1

We prove that fq is a Morse function for most domains Q of class C™ T2, any m > 0, 0 <
a < 1. This applies in particular to the Robin function b : Q — R, h(z) = Hq(z,z), and
to the Kirchhoff-Routh path function where Q C R2, D = {z € R*N : z; # x4, for j # k},

and

N
1
f(:El,...,:BN) = —% Z )\j)\klog|xj — ﬂjk|
jyk=1
Jj#k
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1 Introduction and main results
The paper is concerned with the Morse property of functions of the form

N
(1.1) fo(w, .. an) = flo,. . on) = > MAeHo(, 2p).

jk=1
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Here €2 C R" is a bounded domain, Hg : 2 x €2 — R is the regular part of the Green function
for the Laplace operator with Dirichlet boundary conditions, and f : D — R is a function of
class C?, defined on an open subset D C R™. The function fq is then defined on D N QY.
Throughout the paper the function f and the coefficients Ay,..., Ay € R\ {0} are fixed
arbitrarily. Our goal is to prove that for a generic domain fq is a Morse function, that is, all

of its critical points are non-degenerate. We also have a symmetric version of our result.

Functions of the form (1.1) appear as singular limits in a variety of nonlinear partial

differential equations. Most prominent is the Kirchhoff-Routh path function

N N
1 1
Hrr(z1,...,28) = ~5- Z N log |z — x| — o Z N log |z — x|
Gk=1 G k=1
iFk i#k

from fluid dynamics, introduced by Kirchhoff [15], Routh [24] and Lin [18,18]; see also [21,23]
for modern treatments. Here Q C R?* D = {x = (21,...,2n) € R* : 2; # x; for j # k}, and
Hrr = fo with
|
fla)=—o- > MAilog|z; — .

J k=1

ik
The Hamiltonian system &, = V,, Hxr(x1,...,2x), Kk = 1,..., N, describes the dynamics
of N point vortices with vortex strengths Ai,..., Ay in an ideal fluid in 2. Thus critical

points of Hx g are stationary point vortex solutions of the Euler equation in vorticity form.
Knowing that these critical points are non-degenerate is very helpful for further investigations,
for instance about the stability of the stationary solutions or the existence of periodic solutions
near an equilibrium, or about the existence of heteroclinic or homoclinic solutions of the point
vortex Hamiltonian system. It is also helpful for the desingularization of the point vortices,
that is, for finding regular solutions of the Euler equation with vortices close to the singular

point vortices.

Functions of the form (1.1) appear also as singular limits in a variety of nonlinear ellip-
tic boundary value problems, for instance the renormalized energy for the Ginzburg-Landau
equation. Other examples are Liouville type equations or mean field type equations. As in the
case of the Euler equation, a non-degenerate critical point (zy,...,2x) € DNOQY of fq yields
solutions of the elliptic problem that develop peaks (bubbles) at the points xq,...,zx € Q.

Thus there is ample motivation for studying the Morse property of functions of the form fq.

In order to formulate our result precisely, we fix a bounded domain 2 C R™ of class
Cmt2e m > 0,0 < a < 1. We also fix an open subset D C R, a C? function f : D — R
and parameters Aj,..., Ay € R\ {0}, and consider the function fo : DN QY — R defined
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in (1.1). The domain variations will be parameterized by elements from the Banach space
C™+22(Q, R™) which is provided with the standard norm || - [|,424. For ¢ € C™22(Q,R")
the set

Q= (id+¥)(Q) = {z+¥(z): z € Q}

is again a bounded domain of class C"™"%% provided ||¢]|cr < p(Q) is small. Setting
B™H2(Q) = { ¢ € C"PEQRY) ¢ Y ]ler < p() }
we can now state our main result.

Theorem 1.1. Let Q C R" be a bounded domain of class C™ 2% with m > 0, 0 < a < 1.
Then the set

M2Q) = {p € B™"*(Q) : fq, is a Morse function }
is a residual (hence dense) subset of B™2%(Q).

Remark 1.2. a) Theorem 1.1 applies in particular to the Kirchhoff-Routh path function H g.
It also applies to the Robin function h : Q@ — R, h(x) = Hq(z,x). This case has already been
treated in [22]. However, the proof in [22] has a gap which is being fixed in this paper.

b) There are a number of results concerning the existence of critical points of the Kirchhoff-
Routh path function; see [4-7,9,16,17], and references therein. In these and other papers the
Kirchhoff-Routh path function appears as a singular limit when solving certain nonlinear
elliptic boundary value problems. The non-degeneracy of the critical points is helpful when
passing to the elliptic problem in that it often allows to replace a degree or variational argument
by the contraction mapping principle, thus making the existence proof constructive. See

also [9,10] for applications to Liouville type equations and to mean field type equations.

c) Let us state some results on the dynamics of vortices where Theorem 1.1 (and the
symmetric version Theorem 1.3 below) are useful. In [20] the authors obtain solutions wu. :
Q — R? of the Ginzburg-Landau equation —Au = (1 — |u|?)u in Q with Dirichlet boundary
condition u = g on 0f) with vortices converging as ¢ — 0 towards a prescribed non-degenerate

critical point of the associated renormalized energy function, a function of the form fq.

In [2, 3] periodic solutions of the N-vortex problem from fluid dynamics have been found
near stable critical points of the Robin function. If the critical point is non-degenerate then it
has been proved in [1] that there exists a smooth one-parameter curve of periodic solutions.
The proof in [1] is based on the contraction mapping principle whereas the methods used

in [2,3] are non-constructive.
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In [11], for N > N non-stationary periodic solutions of the N’-vortex problem are con-
structed near non-degenerate critical points of the Kirchhoff-Routh path function (for N vor-

tices). Our result shows that the non-degeneracy assumption is generically true.

If the domain € is symmetric with respect to a subgroup G C O(n) then G also acts on
R™Y via g * (z1,...,25) = (921, ..., 92y). If moreover D C R™ and f : D — R are invariant
under this action then also fo : DN QY — R is invariant. In that case one can expect many
critical points. For the Kirchhoff-Routh path function results in this direction can be found
in [5,7,17]. There Q C R? is invariant under a finite group G C O(2). A symmetric version
of Theorem 1.1 would therefore be useful where one only considers perturbations ¢ : Q — R"

from the set

BZ}”@(Q) = {w c Bm”’a(Q) : 1) is equivariant } .

We can prove the following result.

Theorem 1.3. Suppose Q) is invariant under a finite subgroup G C O(n) and f : D — R is
invariant with respect to the induced action of G on D C R™. Then the set

Mg“f?va(g) = {'(/} c BQH’O‘(Q) : fa, is a Morse function}

is a residual (hence dense) subset of Bl >%(Q).

As a corollary we obtain that the critical points of the Kirchhoff-Routh path function on

symmetric domains found in [5,7,17] are nondegenerate for a generic symmetric domain.

It would be very interesting to allow symmetries with respect to compact subgroups G' C
O(n). Observe that a critical point x € DNQY of fo generates an orbit Gx = { gz : g € G } of
critical points, hence critical points are always degenerate when dim(G) > 0. In that case one
requires that all critical orbits Gx are non-degenerate, i.e. the Hessian of fq is non-degenerate
on the normal space to Gx. Unfortunately we could not deal with this case. The proof of
Theorem 1.1 is based on an abstract transversality theorem from [14]. Since we are not aware

of an equivariant version of this theorem we only consider the case of finite groups G here.
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2 Differentiability of H, with respect to domain varia-

tions

We fix a bounded C™*?® domain ) C R" with Green function G = I' — Hq. Here

—iln\x—y| if n=2,

(n

(2.1) [z, y) =

is the singular part, and the regular part of the Green function. The regular part is the

harmonic function with the same boundary values as the singular part, i.e. for any y € 2

(2.2)
Ho(z,y) =T(x,y) for xz € 0.

{ A Hg(z,y) =0 for z € Q,

In this section we show that Hg, is of class C! with respect to domain variations.
Proposition 2.1. The map

Ho : Qx Qx B™240) = R, Ho(z,y,¢) = Ho, (x + (), y + ¥(y))

is of class C*. Moreover, for x,y € Q and ¢ € C* there holds:

(2.3 DyHa(e.0.000] = [ (6(:),0()0.. Gale. 0. Galy. 2 do..
o9
In dimension N = 2 the formula (2.3) goes back to Hadamard [13].

Proof. Tt is clear that Hq is C' in (z,y). For y € Q fixed we consider the map

Hoy : B™HQ) = C"HUQR),  Hay(¥)(2) = Ha(r,y, ¥) = Ho,(x + 9 (@), y + ¥(y)).

STEP 1: Hq, is continuous at 1 = 0.
For ¢ € B™2(Q) we write ® = (id 4+ ¢)~" and set wy(x) := Hq,(z + ¢(x),y + ¢(y)). Since

u = wy o ¥ is the unique solution of
Au(z) =0 for z € Qy, u(z) =T'(z,y + ¢(y)) for z € 00y,

a straightforward computation shows that the map wg € C™*2<(Q) is the unique solution of

n

Za”( 0w¢ z:bZ 8w¢ ) =0 forzel

= &Eﬁxj

we(x) = Ly(x) for x € 09,

i=1
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with a;j(x) = V®;(z + ¢(x)) - VO, (z + ¢(x)), b ( ) = AD;(z + ¢(x)), and Ty(z) = I'(z +
o(x),y + gb(y)). It is not difficult to prove that a¢ — 0ij, b —0in C™* and I'y — I'(-,y)
in C™*22 as ¢ — 0 in C™*2“. Standard elliptic estimates (see [12, Theorem 6.6]) imply that
wg — Ho(+,y) in C"T2e,

STEP 2: Hgq, is continuous.
Observe that

(2.4) Hoy (¥ + 0)(7) = Hay yruw (@0 (d+)71) (z+¥(2)).

Applying STEP 1 with 2, instead of © and y + v (y) instead of y we obtain that the map

Ha,, y+u(y) 18 continuous at 0, hence Hgq y, is continuous at .

STEP 3: Hq, is Gateaux differentiable.
Using (2.4) and arguing as in STEP 2 it is sufficient to show that Hq , is Gateaux differentiable
at 1 = 0. A straightforward computation gives for ¢ € B™2(Q):
A, =2

3,j=1

* Z 8zzaz]

+ Vel g Hou (5,5 + 0(y) - A (2)

Ho, (2 y + ¢<y>>a%¢j<x>

z=+¢(z)

H%(Z, y+oy)Voi(x) - V()

z=x+¢p(x

It follows that w = lim (7—[9 y(€0) — Ha,(0)) satisfies

i Z - 8% )giz (2) + VaHolz,y) - Aé(z) for z € Q.

i,7=1

Moreover, one easily sees that

w(z) = _@—y) 0@) —0W) e

wn|x _y|n

This implies:

wiw) = - [ (2 > <G Hale) G2(:) + V.tia=.0) A¢(Z)> Gla.2)d:
1 (z—y)- (o(z) — d(y))

0,.G(z, z) do,
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Now we compute, using G(z,z) = 0 for z € 9 and A,Hq(z,y) = 0:

n 02 a¢]
Zl /{; az,azj HQ(Z7 y) azl (Z>G(x7 Z) dZ

-3 [ 55 (o w6 ) &

B i:l/ ai (aj;zj o= y)G(e, )) ¢3(2) dz

-3 0 Ho(zry)0y(2)G(x, 2)il2) do.

el 827,82)

8 —G(z,2)0;(2) dz

/ 5 — A Ho(z,9)G(x, 2)p;(z Z / azlazj a p
8
= — G(a:, 2)p;(z) dz
Similarly we obtain:
/Vsz) Ag(z Z/ Ho(z,y)A¢;(2)G(x, 2)dz
-1

QO (9ZZ

Q=

(
-714 8<341uw <>)@u-w@¢
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If ¢(y) = 0 it follows that

Z /asz 0z; <8z] (2, 9)G(z, Z>) ¢i(2)vi(2) do,

1 (z —y) - (o(2) — 0(v))
|z —y|"

8
/89 3_ZJHQ G(I 2)¢;(2)vi(2) do,
(z—y) <¢<z> — o))

Wn Jon |Z_y‘n

= V.Hq(z,9) - ¢(2)0,.G(z, z) do,

0,.G(x, z) do,

0,.G(x, z) do,

[2}9]
R RO ) M
Wn J oo |Z - y|n
=~ | V.6(:0)-0(2) - .G, 2) do.

== | 2. 0(:)0. G0, Gl 2 dor.

Here we used V,G(z,y) = 0,.G(z,y) - v(z) for z € 0Q. Thus we have proved the Gateaux
differentiability at ¢ = 0 in the direction ¢, and equation (2.3), provided ¢(y) = 0. Since
H(x,y,¢) and (2.3) are symmetric in = and y, equation (2.3) also holds if ¢(x) = 0. Now a
general ¢ € C™+2%(Q),R") can be written as ¢ = ¢; + ¢ with ¢y, ¢ € C™F2(Q, R") and
such that ¢;(z) = 0 and ¢o(y) = 0. Therefore Hq,, is Gateaux differentiable at ¢» = 0 in any
direction ¢ € C™+%(Q, R").

STEP 4: Hgq, is continuously Frechet differentiable.
Using (2.3) and (2.4) we deduce for the Gateaux derivative at ¢ in the direction ¢:

Dy Hay (9)[0](2) = DHar, yroin (06 0 (id + )z + (x)
- /a (00 (id ) (), v(:))00. G (3 + V(2. 0. G, (1-+ (0). =) do

Making the transformation ¢ = (id + 1)~'(2) and using STEP 1 one sees that the Gateaux
derivative of Hq , is continuous in x and .

STEP 5: Hgq is continuously Frechet differentiable.
By STEP 4 Hq(z,y,1) is continuously Frechet differentiable in z and . The claim follows
easily using the symmetry Hq(x,y, ) = Hqo(y, z,¥). O
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As a corollary we obtain the differentiability of the Robin function with respect to domain

perturbations.
Corollary 2.2. The map
RQ 1 x Bm+2,a(Q) - Ra RQ(I’,'@D) = Hﬂw(‘r + ’gb(l’),[lj’ + ¢($))

is of class C'. Moreover, for x € Q and ¢ € C™+>2(Q,R") there holds:

(2.5) DyRa(z,0)[¢] =2 /m (¢(2),v(2))]0,.G(z,2)]* do.

3 Proof of Theorems 1.1 and 1.3

The proof is based on the following theorem which is a special case of [14, Theorem 5.4].

Theorem 3.1. Let X,Y, Z be three Banach spaces and let F : U — Z be a C' map defined
on an open subset U C X X Y. Assume that:

(1) for any (z,y) € F~1(0), the map %(i,gj) : X — Z is a Fredholm operator of index 0;
(i1) 0 is a reqular value of F, i.e. the operator DF(Z,y) : X XY — Z is onto at every point
(z,9) € F~H(0);

(iii) the map woi: F1(0) C X xY — Y is o-proper, i.e. F1(0) = ;;OT M; is a countable
union of sets M; and the restriction woily;, is proper for any j. Herei: F~1(0) = X xY
15 the inclusion and m: X xY — Y the projection.

Then the set
Yieg :={y €Y : 0 isa reqular value of F(-,y) }

is a residual subset of Y, i.e. Y \ Y, is a countable union of closed subsets without interior

points.
Observe that F(-,y) is defined on the set U, = {z € X : (z,y) € U}. If U, = 0 then
Y € Yieg-

Proof of Theorem 1.1. We apply Theorem 3.1 in the following setting. Let X = Z = RV,
Y = C™22(Q, R") and set

U:={(z,¢) € R™ x B"™>(Q): (x1 4+ ¢(21),...,2x + ¥(zn)) €D }.
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Consider the map Fq : U — R™ defined by
fﬂ(x7¢) = wa9¢(x17 e ,LUN)
N
= Vm (f(SL’l + ¢(SL’1), e, TN+ w(LL’N)) — Z )\j)\kHQw (xj + w(xj),xk + lb(xk))> .

J,k=1

For the proof of Theorem 1.1 we have to show that M™2*(Q) =,,, is residual in Y.

STEP 1: Fg satisfies (i) and (iii) from Theorem 3.1.
Since dimX = dimZ < oo property (i) is trivially satisfied. In order to prove (iii) we set
Qj :={zeQ:dist(z,00) > 1/j} and
Up={(z,¢)eU:apeQjfork=1,....N, |[¢|lmtoa < p(Q)—1/5}.
Then the restriction 7 o i[y;, of moi to M; := U; N Fg'(0) is proper because €2; is compact

and Uj is closed in R™Y x B™2(Q). Clearly we have F,'(0) = 2, M;.

STEP 2: For every 7 € DN QY the operator D, Fo(7,0) : C*(Q,R") — R"V is onto.

Given 7 € DN QY we compute

g <FQE¢(LU1 +6¢(x1),---,$N+5¢($N)))

for ¢ € C"2(Q,R") with Z,,...,Zy ¢ supp(¢). This last condition implies

Oe

e=0

0
g {-;:O(f(xl _I_ €¢($1), .o, IN —I— €¢(IN))) — 0
for x near z. Therefore we have for x near z:
0
%L:o (FQW (21 +ed(@),...,on + Sgb(a:N)))

= — Z pV )\ka ’ HQW rj +ep(x;), vp +5¢(Ik)))

jkl

= Z A Ak/ ,v(2))0,.Ga(i;, 2)0,,Golix, 2) do.

7,k=1

When passing to the gradient

0
_7g 0 (FQE¢ (xl + €¢(I1)a -, IN + 5¢(IN))>
it is useful to identify R™" with R @R™. An element (z1,...,2y) € (R")Y = R"" corresponds

to Zszl er @ xy; here eq, ..., ey € RV is the standard basis. With this notation we have:

D¢Fﬂ(fa0)[¢] =V,

Dwfg(!i’,O)[QS] = Vx . x% o <FQE¢ (ZL’l + €¢(I1), .o, IN T E¢($N))>
= -2 Z A )\k/ ( )>0VZGQ(ZL’], )(ek ®ka8VZGQ(:Ek,z)) do,.

7,k=1
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Let v € (Range DyFao(z, 0))l C R™ be an arbitrary element of the orthogonal complement
of the range of Dy Fq(#,0). We shall show that v = S~ | e, ® vy, = 0, thus proving the claim.
For every ¢ € Cj, with Z1,...,Zx ¢ supp(¢) there holds:

O:<D¢.7-"QEO ], v)

(3.1) _ 9 Z A )\k/ (2))8,. G, 2V, 8,.Caa(Ex, 2), v3) dors.

7,k=1

Since ¢ can be arbitrary on the boundary 02 we deduce for every z € 0€2:

0= Z ANy, Ga(Tj, 2)(V 1, 0, G T, 2), vy

7,k=1

N

= (Z )\jﬁuzGQ(jjv ) (Z )\k<vmk81/ZGQ I'k, Uk>>
j=1

== 8,,2 h1<2)8yzh2(2)

where the functions hy, hy : Q\ {Z1,...,Zx} — R are defined by

N N
2) =Y NGol(zj,2)  and  ho(2) =Y ANV, GalZk, 2),vr) -
— k=1
Observe that both h; and hs are harmonic for z € 2 and identically 0 for z € 0. Since hy
is not identically equal to 0 the unique continuation principle implies that the set {z € 0 :
0y.h1(z) = 0} does not contain an open subset of J€). Now (3.2) implies that d,_hs(z) = 0 for
all z € 0. Using the unique continuation principle once more we deduce that hy = 0. This
implies v = 0 because if v; # 0 then
Ak

hg(i’k + tvk) = —W

+0(1) as t — 0.

STEP 3: Fg satisfies (ii) from Theorem 3.1.
This follows as in the proof of Proposition 2.1. Simply observe for (z,1) € U that

DyFa((Z1,. ., 2n),¢)[¢] = DyFa, (T1 + (1), - .., Zx + $(Tn),0)[¢ o (id + ) ~1].

Now apply STEP 2 to DyFa (71 + U(Z1),...,Zn +U(Zn),0) instead of DyFq(Zy,...,Zx,0).
O

Proof of Theorem 1.3. The proof extends to the equivariant setting in a straightforward
way. The main point is to check that for (3.2) to be true it is sufficient that (3.1) holds for all
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¢ € CE with 7y, ..., Zx & supp(¢). This requires the construction of equivariant test functions
¢ which we leave to the reader. O
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