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Abstract

In the present paper, we prove the existence of solutions (A1, Ao, u,v) € R? x
H'(R3 R?) to systems of coupled Schrodinger equations

—Au+ Mu = pud + puv? in R3
—Av 4+ v = v + Buv in R3
u,v >0 in R3

satisfying the normalization constraint / u? = a? and / v? = b%, which ap-
R3

R3
pear in binary mixtures of Bose-Einstein condensates or in nonlinear optics. The

parameters j1, t2, 8 > 0 are prescribed as are the masses a,b > 0. The system has
been considered mostly in the fixed frequency case. And when the masses are pre-
scribed, the standard approach to this problem is variational with A1, Ao appearing as
Lagrange multipliers. Here we present a new approach based on bifurcation theory
and the continuation method. We obtain the existence of normalized solutions for any
given a, b > 0 for (§ in a large range. We also give a result about the nonexistence of
positive solutions. From which one can see that our existence theorem is almost the
best. Especially, if @y = puo we prove that normalized solutions exist for all 5 > 0
and all a,b > 0.
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1 Introduction
The time-dependent system of coupled nonlinear Schrédinger equations

—i 5 ®1 = ADy + 11 [P12Py + S| P2 |* Py,
—i 50y = AQy + 12| 2201 + B|®1 Py, (2,t) €RY xR, (1.1)
q)j = (I)j(l',t) S (C,j = 1,2, N S 3,

is used as model for various physical phenomena, for instance binary mixtures of Bose-
Einstein condensates, or the propagation of mutually incoherent wave packets in non-
linear optics; see e.g. [, [18} [19, 33]. In the models, 7 is the imaginary unit, ®; is
the wave function of the j-th component, and the real numbers 1; and 3 represent the
intra-spaces and inter-species scattering length, describing respectively the interaction
between particles of the same component or of different components. In particular,
the positive sign of y; (and of ) stays for attractive interaction, while the negative
sign stays for repulsive interaction. In present paper, we consider the case of posi-
tive parameters p1, iz, 5 > 0, i.e. the self-focusing and attractive case. An important,
and of course well known, feature of (T is conservation of masses: the L?-norms
[ D1 (-, t)|2, |P2(+, t)]2 of solutions are independent of ¢ € R. These norms have a clear
physical meaning. In the aforementioned contexts, they represent the number of par-
ticles of each component in Bose-Einstein condensates, or the power supply in the
nonlinear optics framework.
The ansatz ®; (z,t) = e**1*u(x) and ®o(z,t) = e*2v(x) for solitary wave solu-
tions leads to the elliptic system:
{AU+A1U_MUS+BUU2’ in RV, (1.2)
—Av + \v = a3 + Bou?,

This system has been investigated by many authors since about 2005, mainly in the
fixed frequency case where A1, Ay > 0 are prescribed; see e.g. (4} [11] [12] [14] 24] 25|
26,129,130, 131, 1321 134] and the references therein.

Much less is known when the L2-norms |uls, |v|2 are prescribed, in spite of the
physical relevance of normalized solutions. A natural approach to finding solutions of
(T.2) satisfying the normalization constraints

/ u? = a? and/ v? = b2 (1.3)
RN RN

consists in finding critical points (u,v) € H'(RY R?) of the energy

1 1
J(u,v) = §/RN (IVul® + [Vo|?) — 1 /]RN (vt + pov* + 2Buv?)

under the constraints (I.3). Then the parameters A1, A2 appear as Lagrange multipliers.
All papers on normalized solutions of (I.2)) are based on this approach; see [[7, 8], 9} 10}
21]] and the references therein. Only the papers [8,21]] deal with (T.2)-(T.3)) with 3 > 0.
The existence of normalized solutions for systems of nonlinear Schrodinger equations



with trapping potential has been proved in [27]], and on bounded domains in [28]], also
by variational methods. In [27, 28] the masses a2, b> have to be small.

In the present paper we propose a different approach based on bifurcation the-
ory applied to (I.2) with Ao = 1, taking A; as parameter. There are two families of
semitrivial solutions of (I.Z) where either v = 0 or v = 0. The bifurcation of global
continua of positive solutions of (I.2) from these semitrivial solutions has been proved
in [12]. We shall investigate the global behavior of these continua, and the L?-norms
of the solutions along them, in order to obtain the existence of solutions of (I.2)-(T.3).
A major tool will be the fixed point index in cones.

In this paper we deal with the case N = 3 when the growth of the nonlinearity
is mass-supercritical. In dimension N = 1 the growth of the nonlinearity is mass-
subcritical so that .J is bounded from below on the constraint and normalized solutions
can be obtained by minimization. In dimension N = 2 the growth of the nonlinearity in
(1.2) is mass-critical making the existence of normalized solutions a very subtle issue,
heavily depending on the prescribed masses a?, b2, as can already be seen in the scalar
case.

The paper is organized as follows. In the next section we state and discuss our
results, in particular we compare them with existing results on normalized solutions.
We also state and discuss some new non-existence and uniqueness theorems for
that will enter in the proofs of our results on normalized solutions. Then in Section [3]
we collect and prove a few basic facts about (I.2). Section [ contains the main idea
of our approach. There we reduce the proofs of our results on normalized solutions to
the problem of controlling the L?-norms along continua of solutions of (T.2)), and we
describe the bifurcating continua. An important part of our proof is to understand the
behavior of the L2-norms as A\ — 0 or A\ — oco. We investigate this in Sectionwhere
we also prove the non-existence and uniqueness theorems for (I.2). The main results
about normalized solutions will be proved in section [6]

2 Statement of results

We are concerned with the existence of real numbers A1, Ao € R and of radial functions
u,v € HY (R3) that solve

rad

—Au+ Mu =’ + fuv?, in R3,
—Av 4+ v = v + Buv, in R3,
u,v > 0, in R3,

lulo =a and |v|a =D,

@2.1)

where 1, p2, 8,a,b > 0 are prescribed positive real numbers. In order to state our
results we define

V| dx
To = i 7fR3 | 2¢|2 , 2.2)
peDLA®N\ [0} Jpa UPHPdx
where U is the unique positive radial solution to
—Au+u=u>inRY; wu(z) =0 as|z| = oo; (2.3)



cf. [23]]. We shall see that 7y € (0, 1).
Theorem 2.1. Let p1, pio > 0. Then we have the following conclusions.

a) If B € (0, 7o min{p, p2}] U (1o max{ui, pa}, +00) then for any a,b > 0, the
problem 21) has a solution (A1, A2, u,v) with A\; > 0,X2 > 0 and u,v €
HL (R%)

rad

b) If B € (1omin{py, o}, 7o max{ 1, ua}] then there exists § > 0 such that for
any a,b > 0 satisfying

the problem @2.0)) has a solution (A1, A2, u,v) with Ay > 0, A2 > 0 and u,v €
H! (R®). Ifin addition 8 € (1o min{puy, o}, min{ 1, us}) then

rad
5o [0 min{u )
B - maX{Ml, M2}

Of course it is natural to ask whether (2.1]) has a solution without any conditions on
11, b2, B, a, b. This is not true however, as the next result shows.

Proposition 2.2. If uo < 8 < 71, then there exists ¢ > 0 such that @) has no
solution for & > q. If p1 < B < Topo, then there exists ¢ > 0 such that 1)) has no
solution for 7 < q.

Theorem [2.1] and Proposition [2.2] will be proved in Section|[6}

Remark 2.3. As mentioned in the introduction, only the papers [8 21] deal with (1.2))-
(T3) in the case 3 > 0. Theorem [2.1] significantly improves and complements the
results of [8|]. There the authors obtain a solution (A1, A2, u,v) of @ as in Theo-
rem 21| for 0 < 8 < B1 and for 3 > 2 where (1,2 > 0 are defined implicitely
by

1 1 1 1
max s = + .
{GQN% b2 3 } a?(py + B1)? - b (2 + B1)?

(a? + b%)3 ) { 1 1 }
=min{ ——, 55 /-
(n1a* + p2b* + 2B2a2b2)2 a?u?’ b?p3

Clearly the bounds 31, B2 depend on the masses a,b > 0 and

and

b1 — 0, By = 0 as%—>00r%—>oo.

In particular there is no value of 3 so that the results from [8|] yield a solution for all
masses.

In [21)] the authors consider more general (but still homogeneous) nonlinearities and
interaction terms. Specialized to (I.2)-(1.3) their results recover those of [8)]. Our new
approach via bifurcation theory and continuaton can also be applied to the systems
considered in [21]] and to improve the results in that paper.



We now add a few results on (I.2) which enter in the proofs of Theorem 21| and
which have some interest in itself. Below we assume A1, Ao > 0. This is no restriction

because we shall prove that positive solutions of (T.2)) with y1, u2, 8 > 0 can only exist
if A1, A2 > 0; see Lemma[3.3]

Theorem 2.4. ) For 3 > p there exists n1(3) > 0 such that (1.2) has no positive
solution Uf% > n1(6).

b) For B > s there exists n2(8) > 0 such that (I.2) has no positive solution if
:\% < n2(8).

The next theorem makes some progress towards uniqueness of positive solutions of

Theorem 2.5.  a) Problem (I.2) with N = 3 has at most one positive solution for
% > 0 small or for ﬁ—; large.

b) If B < Topso then (L2)with N = 3 has a unique positive solution for i—; >0

small. If B < Topy then (1.2) with N = 3 has a unique positive solution for /A\—;
large.

Theorems [2.4) and 2.5] will be proved in Section[5]

Remark 2.6. It is known and easy to see (cf. [11129]) that the problem

—Au+u = pud + puv?, in R3,
—Av 4 v = pgvd + fuv, in R3, (2.4)
u,v >0, in R3.

has no solution in the regime 8 € [min{py, po}, max{u1, p2}], if 1 # po. On the
other hand, for 8 € (0, min{py, p2}) U (max{u1, ua}, +00) it is also easy to see that

B — p2 B—m
—=U(z), vg(x)=4/—=—"—U(x
B2 — pipo ( 5(@) B? — papio

solve Z4). The solution (ug, vs) is nondegenerate in the space H} ;(R3, R?); see [[I7)
Lemma 2.2]. Sirakov [29) Remark 2]) conjectured that, up to translations, (ug,vg) is
the unique positive solution of [2.4). Wei and Yao [35] Theorem 4.1, Theorem 4.2]
proved this conjecture for 8 > max{p1, po} and for 0 < 8 < By close to 0. Chen and
Zou [[I4] Theorem 1.1] proved the conjecture in case B, < f < min{u1, us} close to
min{py, po}. The remaining range 5 € [Bo, BY] is open up to now.

3 Some Preliminaries

In this section we collect results that hold for more general NV, not only for N = 3. We
write |u|, for the LP-norm. Let us first recall two results from [9].



Lemma 3.1. Let (u, v) be a solution to

—Au+ Mu = pu’ + fuv? inRY,
—Av 4 Aov = pv? + Buv inRY, (3.D
u>0,v>0 inRYN,

with N < 3. If A1 > O then there exists o,y > 0 such that
u(z) < ae” VIR for every o € RV,

Although only the case N = 3 has been considered in [9, Lemma 3.11] the proof
works verbatim for N < 3. The second result [9, Lemma 3.12] is a Liouville-type
theorem.

Lemma 3.2. If0 < u € HY(RY) satisfies
—Au+ c(z)u > 0in RN, N < 3,
with 0 < ¢(x) < Ce= €12l for some C > 0, then u = 0.

Proof. The proof in [9, Lemma 3.12] for N = 3 can be modified to cover N < 2 as
follows. Suppose by contradiction that u # 0, hence © > 0 by the strong maximum
principle. Setting v(z) := |z~ for some 0 < o < 7 there holds

—Av+c(x)v = a(—a+ N = 2)|z|7* 72 4+ ¢(x)v
<a(—a+ N =2)|z|7* 24 Ce CPllz|=> <0
for every |x| > ro with 7 large enough. Since u > 0 in RY, there exists Cy > 0 such
that u(z) > Cory @ for |x| = 1. Now the comparison principle implies u > Cplx| ™
in RN \ B, (0), hence |u|z = oo, contradicting u € H'(RY). O

Lemma 3.3. Assume that u,v € H*(R?) are positive and solve (I.2) with 1, s > 0
and B # 0. If in addition

/ (ulu‘l + pov® + 2ﬂu2v2) >0
RN

then A1, Ao > 0. Moreover, u,v are radial functions (up to translation) and strictly
radially decreasing if 5 > 0.

Proof. We first observe that
[Vuls + Miful3 = pluli + Bluvly,  [Vol3 + Xalvl3 = palvli + Bluvl3,
hence

[Vl + [Vols = —(Aful3 + Aofvf3) + (ualuli + pafoli + 28luv]3).



Now the Pohozaev identity
(N = 2)(|Vul3 + [Vo]3)
:—N@um3+&w@y+ghnmﬁ+mw@+2mW@)
implies

4—N
(il + Xalv) = 2= (i uld + palold + 28Junf3) > 0.

Therefore without loss of generality we may assume A; > 0. Then u(x) decays expo-
nentially at infinity according to Lemma[3.1] If A, < 0 we distinguish by the sign of
5. In the case 8 < 0, we have

—Av + (—Bu?)v = pv® — Agv > 0.

Then 0 < ¢(z) := —pu? < Ce=Cll and —Av + c(x)v > 0, hence v = 0 by Lemma
B-2] In the case 3 > 0, we have

—Av > pov® inRY and v > 0.

Now the classical Liouville-type theorem from [20] yields v = 0, a contradiction. The
last statement is due to [[13, Theorem 1]. O

Let S be the sharp constant for the embedding H!(RY) — L*(RY), i.e.
Slulf < (IVul3 + [uf3) forallu € H'(RY), (3.2)

and )
S=(VUB+U3)® = U} (3.3)

where U is the positive radial solution of 2.3). As in [12 (1.6)] we introduce the
function 7 : RT — R* defined by

(s) 1= Jex (IV6P & 56%) G

= 1mn
seH'®N\{0}  [on U2¢?

Lemma 3.4.  a) The infimum 1 in 2.2) and the infinum in (3.4) are achieved by
unique positive radial functions (and their scalar multiples).

b) 7 € CO(RT,R™") is strictly increasing and satisfies: T(1) = 1, 7(s) — 70 as
s —0,7(s) > coas s — oo

2

Proof. a) follows in a standard way from the compactness of the embedding Dé’r

(_>
ad
L2(U 2dx) and symmetrization. The positive radial minimizer ¢4, s > 0, is the first
eigenfunction of the eigenvalue problem —A¢ + s¢ = AU?¢. We choose ¢, to be
normalized in L2(U?dx).

b) We have for s; > s9 > 0:

7(82) < |V¢S] ‘g + 82‘¢81 |§ < |v¢51 |§ + 81|¢31 |§ = T(Sl)a



hence 7(s) is strictly increasing.

In order to prove the continuity consider a sequence s, — s > 0. Clearly the
minimizers ¢, are bounded, hence up to a subsequence ¢, — ¢ in H'(RY), and
¢s, — ¢ in L2(U?dx). This implies:

7(s) < Vo[ + s0f3 < liminf (|Ves, |5 + sl¢s, [3) = liminf 7(s,)

< limsup7(s,) < thUP IVosl3 + snldsls = [Vosl3 + s|os]3 = 7(s)

n— oo

Thus, 7(s,) — 7(s) and ¢ = ¢;, so T is continuous. Moreover, for s > 0 we have
b5, — ¢sin H(RY) because

‘V(bsn (Sn) + 0(1) - T(S) = |V¢S|% + S|¢S|g

The identity 7(1) = 1 is obvious because by definition U > 0 is an eigenfunction
of —A¢ + ¢ = A\U?¢ associated to the eigenvalue A = 1.

Next we observe that [,y U?¢?dz = 1and U € L>®°(RY) imply |ps]2 > £ > 0
uniformly in s, hence

+ 505,13

7(8) = |[Vs|3 + slos|3 > sk* — 00 as s — o0,

In order to prove 7(s) — 7 as s — 0 assume to the contrary that there exists 6 > 0
so that
T(s) > 19+ 0, foralls > 0.

We choose a smooth cut-off function x : R — [0, 1] that is decreasing and satisfies

r) 1 ifr <1;
)=
X 0 ifr>2.

Setting xr : RY = R, xg(z) = x(|z|/R) we have for R > 0 large that

|V (doxr)[3
Jon U2 (doxr)dx

This implies for s close to 0 the contradiction:

|V(¢0XR)|§ + sléoxrl3
(s) < fRN (Yoxr)?*dx

1
<7'0+§(5.

<T9+96

O
4 Global branches of solutions
We consider a special case of (I.2) , namely
—Au+ M= pud + pou in R3, @1
—Av + v = psv® + Buv in R3. ’

A straightforward computation shows the relation to (2.1)).



Lemma 4.1. If (uyx,vy) is a solution of @&I) with

|u>\\2 _ |UA|2
a b

=« 4.2)
then
u(z) = Puy(?z) and v(x) = o®vy\(a’x)
solve @ with \1 = Mot and My = o*.
Remark 4.2. Clearly the converse holds in Lemma If (u,v) solves 2.1) then

ur(x) = Vdu(v/ Aaz) and vy(x) =/ Aov(v/ Aax)
solve @) with \ = i—; and such that @2)) holds.
Recall the solution U of 2.3). Setting

Usu(z) = ﬁU(ﬁx)

one easily checks that (Uy ,,,, 0) and (0, Uy ,,, ) solve @.I)). These are called semitrivial
solutions in the literature. We fix p1, o > 0 and consider A and /3 as parameters in
(@.1). Then we have two families of semitrivial solutions of (4.I)):

Ti ={(\,B,Uxpuy,0): A, >0} and To={(X,5,0,U1p,): A B> 0}

Clearly we also have the family 7o := {(),3,0,0) : A, 8 > 0} of trivial solutions.
Setting E = H! ,(R* R?) and P = {(u,v) € E : u,v > 0} for the positive cone,

rad
there holds 77,75 C X := (R*)? x P; here RT = (0, 00).
We are interested in the set

S={(\B,u,v) € X : (\ B,u,v) solves @I), u,v > 0}

of nontrivial positive solutions. Let us introduce the function
. + |ul2

p:S—RT, ()\,ﬂ,u.v%—)W. 4.3)
V]2

Lemma [4.T] implies the following corollary which is the basic tool of our approach to
finding normalized solutions.

Corollary 4.3. If ¢ € p(S”) then 21)) has a solution.

For the proof of Theorem it remains to get information about the image p(S?).
We shall approach this using continuation methods and bifurcation theory. First we
investigate the solutions bifurcating from 77 and 73. Since we are interested in global
bifurcation we reformulate @.I). For A, 3 > 0 we define amap A 3 : P — P by

A, 0) = (A + )7 H(mw® + BoPu), (A + 1) 7 (u20” + fuv)) .



As a consequence of the compact embedding H} ,(R3) — L*(R?) the map
A: X =P, AN, B,u,v) = Ay g(u,v),

is completely continuous. Clearly fixed points of Ay s correspond to solutions of @.1)).
The set of bifurcation points can be explicitly determined. In order to describe it we
define the functions

Bi(A) = m7(1/A) and  B2(A) = p27(A) for A >0 (4.4)

with 7 from (3:4). Using the fixed point index in the cone P, denoted by indp, the
following results have been proved in [12].

Proposition 4.4.  a) The map S — R x RT, (\, B, u,v) — (A, B) is proper, i.e.
inverse images of compact sets are compact.

b) 3mtrl = {(/\a/Ba Ux\,ulvo) PA> 07 ﬁ = ﬁl(/\)} =: B
) SNT={(\B,0,Uiu,): A>0, 8=03\)} =B
d) For A, B > 0 fixed we have

. _1 A
inde (Ax,5, (Unpy,0)) = {O g i giEAg
and
-1 A
indp(AAﬁy (0, UleLQ)) = {0 ﬁ i ﬁzé)\;

In fact, in [12] problem (I.2) has been treated as a 5-parameter problem with pa-
rameters (A1, Ao, i1, pt2, 3) € (RT)5. The statement in [12, Theorem 1.1] about which
part of (R*)? is covered by S is not correct.

As a consequence of Proposition [4.4] there exist global two-dimensional continua
S; C S bifurcating from 7; so that S; N T; = B;, i = 1,2. Using the analyticity of A it
can be proved that S and S; are two-dimensional manifolds except for one-dimensional
subsets where secondary bifurcation takes place, but we do not need this. The global
property of S; can be formulated as in [2]. This is somewhat technical and not needed
here because we are interested in the case of prescribed 5 > 0. We will only use the
standard Rabinowitz alternative for one-parameter global bifurcation.

As a corollary of Lemma [3.4| we obtain the following properties of the functions /3;

defined in @4).

Corollary 4.5.  a) The function (31 is strictly decreasing and (s is strictly increas-

ing in A € RT,
%) A—=0
b) fi(A) — {
Ty A — 00

10



C) 52()\)% {MQTQ A—0
o0 A — 00

d) There exists a unique \* > 0 such that 1 (\*) = Ba(A*) =: B*.

ToM1

Toj2

FIGURE 1. The sketches of 31(A) and fa(A) for the case po < piy.

Now we deduce the global properties of the solutions bifurcating from 7; that we
need for 8 > 0 fixed. We set ¢; = 6{1 : (1iTo,00) — R for i = 1,2, define
XA =R+ x {8} x Pfor B > 0, and write P, : X — R™ for the projection onto the
A-component. For subsets M/ C X we use the notation M := M N X?. The closure
M of M C X has to be understood in the relative topology of X.

Proposition 4.6.  a) There is no bifurcation from the set To = (R™)? x {(0,0)} of
trivial solutions, i.e. S N Ty = 0.

b) If B < 7o min{u, p2} then@ﬂﬁﬁ =0i=1,2

c) If pito < B < paTp then there exists a connected component Slﬁ c SP with

87{3 NTY = {(6.(8), B, Ux,u1,0)}. The projection Py (8P contains the interval
(0,01(B)) or the interval (¢1(), 00). There is no bifurcation from T} in XP.

d) If pomo < B < p1To then there exists a connected component Sg C S with
SInTl = {(t2(8), 8,0, Ui,u,)}. The projection Py (82 contains the interval
(0, £5(B)) or the interval (£5(3), 00). There is no bifurcation from T{ in XP.

e) If B > 1o max{py, ua} then there exist connected sets Siﬁ C 8% i =1,2, with
SENTY = {(ta(8), B, Unpuy, 0)} and S 0 T3 = {(€2(8), 5,0, Ur,p,)}- IF

11



8PN SJ + 0 then 87 = 8. If this is not the case then P,(S)) contains the

interval (0,¢1(8)) or the interval (£1(3), o), and Py (Sg) contains the interval
(0,€2(B)) or the interval (£5(53), 00).

Proof. a) This is clear since (0,0) is a nondegenerate solution of forall (A, ) €
RT)2

( b)) As a consequence of Corollary [4.5]there is no A > 0 with 81 (\) = Bor B2(\) =
B.

¢) Here Corollary [4.5] implies that there exists A\; = ¢1(8) > 0 with 8;(\) = 3
but there is no A2 > 0 with 82(A\2) = [. Therefore there exists a connected set
Sy ((id— A~ 0) N XP)\ 1 with S N T,7 = {(£1(B), B, Un u,,0)} and which
satisfies the classical Rabinowitz alternative. It cannot return to 7’16 because there is
no second bifurcation point on Tf . Therefore it must be unbounded. Since there
is no bifurcation from 7y and 75 we deduce that Sf N 7;/3 = 0,3 = 0,2, hence
Sf C S. Now Proposition a) implies that the only way for Sf to be unbounded is
that Py (S?) contains the interval (0, ¢;(3)) or the interval (¢1(3), 00). To be careful,
it P (Sf ) contains the interval (0, £1(3)) then 8{3 is already unbounded in the sense of
the Rabinowitz alternative because we only consider the parameter range A € R™. It
is not necessary that the (u, v)-component becomes unbounded in 815 .

d) The proof is analogous to the one of c). _

e) As in the proof of ¢) and d) there exist connected sets S’ C ((id — A)~*(0) N
X 5) \ 7; bifurcating from 7; which satisfy the Rabinowitz alternative. If the closure
of gf intersects Tf then gf contains 7> and the connected set of nontrivial solutions
bifurcating from 75. This implies that

Sl =8/nS=8\Ty =S\T =8 nS =S}

connects 7;” and7;’. Analogously this holds if the closure of 5‘25 intersects 77"

It remains to consider the case where the closure of gf does not intersect 756_ ; for
¢t = 1,2. Then SZ-B = gf C &P is unbounded in the sense of ¢) and d), i.e. P, (Sf)
contains the interval (0, ¢;(3)) or the interval (¢;(8),00),7 =1, 2. O

Remark 4.7. Using analytic bifurcation theory one can prove that the sets Siﬁ are
smooth curves except for a discrete subset of singular points. One can also apply the
Crandall-Rabinowitz theorem about bifurcation from simple eigenvalues to see that S;
is a curve near the bifurcation point. These results are not needed here.

As a corollary we obtain a first major building block of the proof of Theorem [2.1]

Corollary 4.8. If 8 > max{p170, ua7o} and Sf N Sg =+ () then problem 21)) has a
solution for every a,b > 0.

Proof. Recall the function p from (4.3). By definition there exist (A, 3, un, vy) € Sf

such that (\,,, 8, un,v,) — (¢1(5), B, Ugl(ﬁ)JmO)}, hence p(An, B, Un, vy) — 00 as
n — oo. And as a consequence of Proposition 4.6 e) there exist (A, B, u.,,v),) €

Sf such that (\),, 8, ul,,v},) — (b2(8),8,0,Un,,,), hence p(A,, B,ul,,vl) — 0 as

n»vn

12



n — oo. Since 8{3 is connected it follows that p is onto. Now the result follows from
Corollary O

In addition to the global continua bifurcating from 7; and 75 there exists a third
global continuum & C S. In order to see this recall that for A = 1 and 8 € (0, 5y) close
to 0 the problem (@.I)) has precisely four solutions in IP: the trivial solution (0, 0), the
semitrivial solutions (Ui ,,,0), (0,U;,,,), and a unique nontrivial solution (ug,vg)
which satisfies (ug,v3) = (Ui, Utu,) as f — 0; see Remark 2.6| The map

(OaBO)_)]Pv ﬁ'_)(uﬁv’uﬁ)a
is smooth by the implicit function theorem applied at (Uy ,,, Uy ., ).
Proposition 4.9. For 8 € (0, o) there holds indp(A1 g, (ug,vg)) = 1.

Proof. The solution (Uy,,, Ui ,) of @.I) with A\ = 1 and 8 = 0 has Morse index 2
as critical point of J, with negative eigenspace spanned by (U ,,,0), (0,U1,,) € P.
The Poincaré-Hopf theorem in convex sets [5, Theorem 1.5] implies

indp(A1,0, U1y, Ut p,) = (-1)* = 1.

Now the proposition follows from the homotopy invariance of the fixed point index.
O

The homotopy invariance of the fixed point index allows to continue the solutions
(ug,vg) to other parameter values in (RT)%. We define S C S to be the connected
component of S containing the nontrivial solutions (1, 3, ug, vg) for 8 > 0 small. As
a corollary of Proposition 4.9 we obtain the following.

Corollary 4.10. If 5 < 7o min{ 1, uo} then there exists a connected set S{f cs8’nsS

such that Py (SP) = R*.

Proof. Let O C X \ (S U By U By) be an open neighborhood of
ToU(Ti\B1) U (T2\ B2) C X\ (SUB;UBs)

such that SN O = . For \, 8 > 0 we set O 5 := {(u,v) € P: (\, B,u,v) € O}. By
definition the nontrivial fixed points of Ay g are contained in Q5 g := Br(0) \ Ox g
for R > R(\, ) large. This a bounded and open subset of P. Proposition and
the homotopy invariance of the fixed point index imply for 5 < min{rou1, Top2} and

B" € (0, Bo):
indp(A,\,g, Q)\ﬁ) = indp(A)\yg/, Q)\’g/) = ind]p(Ang Qlﬁ/) =1

The result follows from the continuation principle. U

Observe that Sg may differ from 8P = 8N XP because the latter may not be
connected.

We may also use Proposition[4.9]to compute the global fixed point index of all pos-
itive solutions of @.I)), for each A, 3 > 0. Observe that according to Proposition .4 a)

13



for A, 8 > 0 there exists R(A,3) > 0 such that the positive solutions of @.I)) are
bounded by R(\, 3). Therefore the fixed point index

ZOO()\, 5) = ind]p(A,\’ﬁ, BR(O))

is well defined and independent of R > R(\, 3). Applying the homotopy invariance
of the fixed point index and Proposition a) again, we also see that i, := i (A, 5)
is independent of A, 3 > 0.

Proposition 4.11. i, =0

Proof. We compute i (A, §) for A = 1 and 5 € (0, 8y). Then is, = iso(1, 5) is the
sum of the local indices at the four solutions (0,0), (U1 u,,0), (0,U1,u,), (us,vg).
From [5, Theorem 1.5] it follows that

indp (A1, (0,0)) = 1.
Propositions andimply for 8 € (0, Bo):

too = indp(Alﬁ, (O7 0)) + indp(Alwg, (ULNUO)) + indp(ALB, (O, U17H1))
+indp (A1 g, (ug,v5)) =1—-1-1+1=0

O

5 Asymptotic behavior of positive solutions for A — 0
or A\ — oo

In this section we investigate the function

p: S =R, p(\ B u,v) = ||u||2
V|2

from @3) as A — 0 or A — .

Lemma 5.1. Let (u,,v,), n € N, be positive radial solutions to equation (1) with
A = A, = 0. Then the following conclusions hold up to a subsequence.

a) up(z) + vp(x) = 0as |x| — oo uniformly in n.

b) |unleo = 0, [Un]oe < C, and (un,v,) — (0,Ux ,,,) in C2(RYN) x C?

loc

(RM).
) vy, — Uy, in HY(RY)

d) |Vunlo = O1)|unl2; if uy is unbounded in H*(RN), then p(\,, B, tn, vn) —
0.

Proof. a) The proof in [14} Step 2 in the proof of Theorem 1.1] is valid here.

14



b) A standard blow up argument as in [17, Lemma 2.4] shows that |ty |00 + |Vn]co
is bounded. If v := lim inf ,, (0) > 0 we consider
n—oo

3
U U U U
—~A—" Ap—e = »(0)2 i p—_—
oot gy = O (1) R
Then u“—(o) — u as n — oo along a subsequence, which is a nonnegative radial
function satisfying

—Au > ulegﬂg.

Now [20] implies & = 0, contradicting 4(0) = 1. Therefore |u,|o — 0, hence
u, — 0in C7 _(RY) along a subsequence. Since v,, = (—A + 1)~ (uov3 + Buvy,)

and |u,|eo — 0, we see that |vy, | is bounded away from 0. Then ¥ := lim v, is a
n— o0

positive radial solution to
—Av+v=pv®, wv(zx) = 0as|z| = oo,

which implies © = Uy ,, and v, — Uy ,,, in CF (RY).
c) It is standard to prove that v,,(2) — 0 exponentially and uniformly in 7, so there
exist C, R > 0, independent of n such that

vn(z) < Ce 2%l forall |z| > R, alln € N.

As in b), or [14} Step 3 in the proof of Theorem 1.1], one sees that v,, is bounded in
H 1(RN ). Observe that this argument is not valid for w,, because A,, — 0. Then we
have, up to a subsequence:

vp — vin HY(RY), v, — vin L*(RY), and v, — v ae. in RY,
which implies v = Uj ,,. Now we recall that |uy, | — 0, hence B|u,,v,|3 — 0. Using
(Vo3 + [val3 = palvali + Blunvn3
and v, = Uy, in L*(RY), we deduce
Vo3 + [vnl3 = #2lUtps |3 = VUL s [3 + U7 pia 3.

This yields v,, — Uy ,,, in H*(RY).
d) Setting |Vu,|3 = o, |u,|3 we have

(UTL + An)‘un@ - ,ul‘untl; + ﬁ|unvn‘§~

Now a) and b) imply 1 |un|] + Blunvn|3 = O(1)|u,|3, hence |Vu, |3 = O(1)|u, 3.
Thus if wu,, is unbounded in H*(RY) then u,, must be unbounded in L?(R") and
p(Anaﬂaunavn) - s — 0. O

T onl2

Lemma 5.2. Let (uy,v,), n € N, be positive radial solutions to equation @1) with
A =X\, = oo. Then a,(x) := \/%vn (x/\/)\n) and Uy () = \/%un (I/\/)\n)
satisfy (along a subsequence):

15



a) Un(z) + Up(x) — 0as |x| = oo uniformly in n.
b) [tin|oo = 0, [Unloc < C, and (tin, o) — (0, U, ) in CF, o (RY) x Cf (RY).
) Uy, — Uy, in HY(RY)

d) |Viin|a = O(1)|ty|2s if iy, is unbounded in H*(RN) then p(A, B, un, vn) —
0.

Proof. A direct computation shows that (a@,,, U, ) solve
—Au+ s-u = poud + fuv?  inRY,
—Av + v = v + Bou? in RV,
The result follows from Lemma[5.1land

_ |un|2 _ |’Dn‘2
|vn|2 ‘an|2

p()\n7 B, unavn)

O
Now we prove Theorems and Observe that (u,v) is a positive solution to
(T2) if and only if
1 ( 1
() = —u (= )\2), Ex)::—v(x )\2),
(@)= Tz (e/v ( Tl GAY

solve (I.2) with \; = X and Ay = 1, i.e. (.I). Therefore ist is sufficient to consider
this case.

Proof of Theorem|2.4, a) Arguing by contradiction suppose that for fixed 5 > po there
exist a sequence A\, — 0 and positive solutions (uy,, v,) to @I) with A\ = \,,. Then
we have

(Vy,, Vu,) + /\n/ Up Uy, = ,ul/ uivn + 6/ unvf’l
RN RN RN
and

<Vu7l7 V'Un> +/ UnpUn = ,U:Q/ Uiun + B/ ’U’,LU,?L.
RN RN RN

These identities yield
(1=X)(Vuy, Vo,) = /N[(ﬁ — A1)V Uy + (11 — A B)vpul],
R

which implies (Vu,,, Vv,,) > 0 for n large enough. On the other hand, we also have

p 5 7 B
(1 - 7)<Vuna Vv7l> + (An - 7) /RN UnUp = / (Ml 2 )Unun-

H2 H2
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Now |t |oc — 0 by Lemmal5.1] so that

B =
/RN(,ul i Yopu, = o(1) /RN Up Uy

In the case § = pq, we deduce

ﬁ Uy Uy = 0(1)/ UnUp,
K2 JrN RN

a contradiction. And if 8 > p2 we obtain

b - £ 0 Up ¥
(1= 2P, Vo) = (& + (1))/RN o, >0,

which implies (Vu,,, Vv, ) < 0 for n large enough, a contradiction again.
b) This follows from a) using the transformation from the proof of Lemmal[5.2] O

Now we recall [17, Lemma 2.3].
Lemma 5.3. The linearized problem
A¢ — Ao + 3uiup + Bv3p + 2Buvh =0,  x € RN,

A — b + 30 + Buy + 2Buvd = 0, x € RV,
o =p(r), o =0o(r),

has exactly a one-dimensional set of solutions for X > 0 and 5 = 1(N), (u,v) =
(UA,#UO) orﬂ = 52()‘)’ (U,U) = (07 Ul,ug)-

We have a similar result for A = 0.
Lemma 5.4. The linearized problem
7A¢ = /BU127H2¢7 T e ]RNv

A¢—¢+3/~L2U12,#27/1:0» x GRNv
¢ = ¢(7”)7¢ = w(r>

has only the zero solution if 0 < [ # Toue. If 8 = Toua then the set of solutions has
dimension one.

Proof. 1t is well known that the eigenvalue problem

—A¢+ ¢ =vpswi ¢ = vwi ¢

has eigenvalues v1 = 1, 9 = --- = vn41 = 3,v, > 3for k > N + 2, and that the
eigenfunctions corresponding to v = 3 are not radial. It follows that ¢ = 0. If ¢ #£ 0
then ¢ > 0 by the maximum principle, and ¢ is a minimizer of 55(0) = ps79. The
result follows from Lemma 3.4l O
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Now we return to study the asymptotic behavior of the positive solution for A small
or large and improve on Lemmas[5.1]and [5.2] And then give the proof of Theorem [2.3]
to end this section.

Lemma 5.5. a) Let (up,v,), n € N, be positive radial solutions of equation (1)) with
A=A\, = 0. Then

b) Let (un,vy), n € N, be positive radial solutions of equation @.1) with X =
A, — 00. Then

(2/ V) ,vn<x>) = (Ut (@), Un (@) in G (RY) x CEo(RY).

1
—u,
(=
Proof. a) We first consider the case A\, — 0.
STEP 1: liminf, ﬁun(O) > 0.

We argue by contradiction and assume that u,,(0) = o(1)+/A,, after passing to a
subsequence. The function

(2/v/2) ,vm)) = (U1 (@), U (@) in G (RY) x CFo(RY).

Un(x) = %(O)un (x/\/g)

solves
— Aty () + tin(x) = u”/\(g)Qulﬂn(x)f’ + Bty ()0 ()2 (5.1)
with .
Ba(2) = = (x/\/E) .

Observe that @,, — %in C?, (R™) along a subsequence and %(0) = 1 because |, | =
un(0) = 1. By Lemma we have v, — Uy, both in H*(RY) and in C?,_, and
vn(x) — 0 as |x| — oo uniformly in n. It follows that ,, — 0 uniformly outside an
arbitrary neighborhood of 0. For a test function h € D(RY) and ¢ > 0, there exists 7.

such that

1

3
[ lut@n@le <l ([ m@par) <5
jol<ro jo|<re 2

Therefore [ t,02hdx — 0. Testing (5-I) with h we see that @,, — 0 in H*(RY),
contradicting @, — @in CP (RY).

STEP 2: limsup,,_, ﬁun(O) < 00.

Assume by contradiction that v/\,, = o(1)u,(0), after passing to a subsequence.
The function

u = Lu T/u
n(@) = 203 2 (VAn/ua 0)

18



satisfies |y, |00 = U, (0) = 1 and

Vi
un (0)

Then @, — @ > 0in C7 (R"), along a subsequence, with @(0) = 1, and @ satisfies

—Au, + U, > us  in RV,

—Aw > i inRY.

This implies u = 0, a contradiction.
The conclusion about v, () has already been proved in Lemma

1
STEP 3: ’lj,n(l') = \/?Un (1’/ V )\n) — Ul,/n (33) in CZQOC(RN)
Observe that "
— Ay, + Uy = o + —un ( /\F) in RY

—Av, + v, = ugvi + Buy, (\/Eﬂn (m))z in RY.

By STEP 1| and STEP 2 we may assume that %, — % > 0in CZ _(RY) and %(0) > 0,
hence % > 0in RY. By \,, — 0, we may assume that \,, < 1 for all n. Recalling that
there exist C', R > 0, independent of n such that

vn(x) < Ce~21* for all |z| > R, alln € N,

we have that

1
ﬁvi (w/\/ An) < BC2A—e“z'/m forall |z| > R, alln € N.
Fix R > 0, then BCQ%He_R/ VAn 5 0 as n — oo, which implies that

(m/\/ ) — forall |x| > R, and large n.

Then it is standard to prove that @, (z) — 0 exponentially and uniformly in large n.
Thus, lim @(x) = 0. A similar argument as that in STEP 1 implies that @ is a weak
T—00

solution of

~Atu+a=ma*, a(z)—0as|z| — oco.

U
So we obtain that & = U ,,, and thus 4, (x) = Uy, (z) in Cloc( M.
3 1

b) Using the transformations \,, := 3= — 0, @, (z) := vy (x/+v/An) and

Up(x) = ﬁun (z/v/An), we see that (u,,,v,,) is a solution to

—Au+ M = pu’ + fuv? in RN
—Av 4+ v = pov? 4 Bou? in RY
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if and only if (4, T, ) is a solution to

{—Au + Au = pou’ + fuv? in RV, 5.2)

—Av+v = pv? + Bou? in RV,

We can apply the conclusion of a) to system (3.2)) and obtain that

<\/1>\>Un (I/\/z) 7U?’L(m)> — (U17H2 (x)7U1,M1 (33)) in C?OC(RN) X OZQOC(RN)’

that is,
(it (/VA0) @) ) = 100 Vi) in CE(RY) x C(RY)

O

Corollary 5.6. a) If (uy,, v,,) is a positive radial solution to equation @) with A = \,,
and A\, — 0 then p(Ap, B, tn,vy) — +00.

b) If (un, vy,) is a positive radial solution to equation @) with A\ = \,, and \,, —
oo then p(An, B, Un, vp) — 0.

Proof. a) Lemmaﬂn(m) = \/%un(\/%) — Uy, (). So we have that

1
|unl3 = An 2 [n]3 = 400
and
[vn]3 = U7 pua 3
Hence, p(An, B, tn, vp) — +00.
b) Apply a similar argument as in a), and note that \,, — oo, we have that
_1
[Un|3 = An 2 |tin|3 — 0.
O

Proof of Theorem a) Suppose there exists two families of positive solutions
(uf\l), vf\l)) and (uf\2 ,vf\2)) to problem @) with A — 0. Let

(@ (2), 9 (2)) := (%u&”(\%)w&”(x)) L i=12

Then (ﬁg\l)(x), 175\1) (), (ﬂg\z)(x), Ug\z)(x)) € FE are two families of positive solutions
to problem

—Au(z) + u(x) = pru(z)® + Bu(x) (%v(%)f in RV,

—Av(z) + v(x) = p2o(z)?® + Bu(z) (\f/\u(\f)\m))Q in RV, ()
0<u,ve HY(RYN), N =3.
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By Lemmal[5.5]
(@) (2), 5 (2)) = (Upy, Uryy) in CZ(RY) x C2(RN),i = 1,2.

Indeed, one can prove that this convergence also holds in E due to the fact that @} (z) —

0 exponentially and uniformly in small \.

_(1
i E\)—U,\)|Loo (RN)

Case 1: lim sup o < 00
A—=01 A"LL —’LL)\ |Loo (RN)
We study the normalization
=(1) _ =(2)
Uy — U
&= —g A ;

|uE\ — ’U,/\ |LOC(RN)

Then up to a subsequence &£, — £ in C2_(RY). Then we have

3
@ [ —m () }
|y — “A ‘L“ (RN)

i {( g)) +alVa <2>+( (2)) }
=3 U7, €in CL (RY) as A — 0,

and

1 B 1 ~ T 2 ) 1 i . 9
@Y — ﬂ(Az)'LOC(RN) lﬁugl)(x) ()\vgl)(ﬁ)) — 8 (x) </\v§2)(\ﬂ)) ]

_ 1 (1) (1<1> k2 )2_ _(2) <1<1> k2 )2
mg\n_af\z)hx(m) [BUA () ﬁv* (\A) Buy” (x) )\U,\ (\5\)
1

|U(1) ﬁg\2)|L°°(]R<N)

_ 1w 1@ (@) (30 () 4 0@ x .
s () o) (0 + o) YR

For any h € H'(R?), one can prove that

2
—(1) B _
iy [ ﬁﬁx( e ﬁ)) hd = 0 (53)

and

: (@) () L
fim | @

So we see that £ is a weak solution to

— A+ E=3mUT ¢ (54)
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By |¢|L~ = 1, a standard elliptic estimation indicate that £ is a strong solution. Then
by the decay of Uy ,,, applying the comparison principle, we can obtain that § expo-
nentially decay to 0 as || — oo. Hence, & € H'(R?) and then (5.4) implies that

3
oU,
— bii”“
m& o
for some suitable b; € R. On the other hand, by the definition, we see that ¢ is of radial,
and thus b; = 0,7 = 1,2,3. So £ = 0, a contradiction. Hence,
a&l) = a(f) for small A,

and then we also have

@E\l) = 5&2) for small A

due to that
1
. ) A3\ 2
1 R —Au) +al — (a&”) L,
—=v (—F=) = - ;o 1=1,
—(1)
\f/\ \A ﬁu;

‘1—}(1) _ 77(2)|LOO .
Case 2: lim sup ,\(1) ’\(2) ®Y) —
A—0t )\‘ﬂ)\ — fb)\ |L°°(RN)

In this case, we study the normalization

55\1) . 55\2)

X -

)

=0 @
\Uf\ ) - UE\ )|L°<‘(]RN)

And up to a subsequence, 1), — 7 in C’ZQOC(RN ). Apply a similar argument as above,
we obtain that

—An+n=3U%,,m.
By 7 is a radial function, we also obtain that

17&1) = 'UE\Q) for small ),

and

ﬂf\l) = aE\Q) for small \

by

. . A\ 3\ 2
~AT) + 5 — (17&”)
B

Combining the cases 1 and 2, we see that (4.1)) has at most one positive solution for
A small enough. And using the transformation in Lemma one can prove the case
of A large.

b) It is well known that (I.2) has a mountain pass type solution for § < ua7y <
B2(A) = min{B1(X), B2(A)} for A > 0 small. It follows from a) that this is unique. The
second statement in Theorem [2.3]b) for 5 < ju; 7 follows by applying a transformation
as in the proof of Lemmal[5.2] O

. i=1,2.

\f/\a(;)(ﬁa:) =

22



6 Proof of Theorem 2.1 and Proposition [2.2]

Due to Lemma@ it is sufficient to consider the case Ay = A and Ay = 1, i.e. sys-

tem (4.1).

Proof of Theorem a) For 8 < 79 min{p1, uo} the existence of normalized solu-
tions for every a, b > 0 follows from Corollaries.10and[5.6] For 3 > 7o max{y1, pt2}
let Sf , © = 1,2, be the connected sets of positive solutions from Proposition e).
It 516 N 825 # () then the existence of normalized solutions for every a,b > 0 fol-
lows from Corollary Now we suppose 85 N 826 = (). Then Proposition e)
yields that Pl(S ) contains one of the intervals (0, ¢;(3)) or (¢;(5),00), ¢ = 1,2. If
(41(B),0) C Py (Sf ) then the existence of normalized solutions for every a,b > 0
follows from Corollary The same argument applies if (0, (5(8)) C P1(SY). Now
we show that the case S” NS5 = () and (0, Zg(ﬁ)) ¢ Py(SY) cannot happen, conclud-
ing the proof of a). Similarly one can show that Sl NSY = Pand (£1(8),00) ¢ P, (Sf )
leads to a contradiction.

Suppose by contradiction that S° N SY = () and (0,05(8)) ¢ Pi(S5). Then
(£2(B),0) C P, (35 ). Recall from Theorema) that (@.T) has at most one solution
for )\ large. It follows that there exists a family (A, B, ux g,vx ) € X, A > A(8), so
that

8% 0 ([A(B)00) x P) = 87 N ([A(B),00) x B) = {(A, Byur3,02,8) : A = A(B)}-

The fixed point index computations in Section [} in particular Propositions .4} [{.11]
and Corollary 4.5 imply for A > A(j3):

indp(A)\ﬁ, (U}wg,v)\,g)) = ioc — ind]p(AAﬂ, (U>\7M17O))
— ind]p (AAﬁ, (0, Ul,,uz)) — ind]p (A)\ﬁ, (0, 0)) (61)
=0+0+1-1=0

Observe that 7'2B U SQB is a connected component of the set Z = 7o U 73 U T2 U S of
all solutions because Sf N 55 = (). Then there exists an open set O C X* with the
following properties:

i 1P usico
(i) Z2N00 =0

(iii) There exists § > 0 so that

Oﬂ(( ] x {B}XP)—{ ,Byu,v) 2 A € (0,0], (u,v)EB(;(O,ULMZ)}

The last property (iii) can be achieved because (0, /¢2(3)) ¢ Pi(S5), hence S5 c
[0,00) x {8} x P for some small § > 0. Using the notation Oy g := {(u,v) € P:
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(A, B,u,v) € O} it follows for A > A(3) that:

M
ind]p(AAﬁ, (uk,g,l})\ﬁ)) = indp(AA By O)\ 5) — indp(AAﬁ, (O, Ul,,uz))
indp(As,8,0s,8) — indp(Ax,g, (0,U1,,,,))
1nd]p=(A55 0 U1 Hz)) — indP(A)\ﬁ, (07 Ul’uz))
=0+1=1

This contradicts (6.1).

b) We only prove the case po < p;. The case p11 < po can then be deduced
using the transformation from the proof of Lemma Let S2 be the connected set of
positive solutions from Proposition4.6{d). Then Proposition4.6(d) yields that P; (82/3 )
contains one of the intervals (0, ¢5(3)) or (£2(8),00). If (0,05(8)) C Pi(SY) then
the existence of normalized solutions for every a, b > 0 follows from Corollary [5.6] If

(£5(B),00) C Pi(SY) then

§:= max p(\B,u,v) >0
(\B,u,v) €SS

Since p(A, 8, u,v) — 0as A — oo, andas A — £5(3) on S5, we see that p(S) D (0, 4].

Finally, if 5 € (Toue, p2) then there exists the solution (1, 3, ug,vg) € S from
Remark which has fixed point index 1. Let 863 C S” be the connected component
of (1,3, up,vs) in S”. An index count as above yields that P, (Sg ) C RT is bounded
away from 0. Since it cannot bifurcate from 7; it must bifurcate from 75, i.e. Sg = SQB .

This implies
B — min{puq, po}
6 > p(1, B,ug,vg) = \/5 — max{ i, p2}

O

Proof of Proposition[2.2, We only prove the case of up < 8 < T4, the second part
result is easy by using the transformation from the proof of Lemma[5.2} By Theorem
b), there exists 72 () > 0 such that problem (@.1)) has no positive solution provided
A < 12(f). On the other hand, by Theoremb), problem @ has a unique positive
solution (uy,vy), which is of mountain pass type, for A > A(j3) large enough. By
Corollary[5.6] we have that p(X, 3, ux,vy) — 0 as A — co. So

q1 = {,0()\,6,11,)\,’0)\),)\ > 5‘(5) } < 0.
Observe that according to Proposition@ a), see also [[12, Lemma 2.1],

sup ~ (|u|% + |v]3) < o0
(X,B,u,v) €SB m2(B) SASA(B)

Then we have that

q2 = Sup{p(Aaﬁ7u7’U) : ()‘7Bau’ U) S 857 772(6) S A S S\B} < Q.
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Indeed, if there exists a sequence (\,,, 53, tn, vy) With A, — A € [12(B), As] such that
p(An, B Un,vn) — 0o. Then we see that |v,|3 — 0 and it is standard to prove that
(tn,vy) = (Uxpy,0) in HY(RY). And thus, 8 = B1(\) > /\lim B1(\) = Tou1, a
—00
contradiction. Then ¢ := max{qi, g2} is the required bound.
O
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