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Abstract

We study semiclassical states of the nonlinear Dirac equation

3
—ihyp = ich Y opdpty — mc* By — M(z)y + f([Y))y, tER, x € R?,

k=1

where V' is a bounded continuous potential function and the nonlinear term f(|2)|)
is superlinear, possibly of critical growth. Our main result deals with standing wave
solutions that concentrate near a critical point of the potential. Standard methods
applicable to nonlinear Schrédinger equations, like Lyapunov-Schmidt reduction or
penalization, do not work, not even for the homogeneous nonlinearity f(s) = sP.
We develop a variational method for the strongly indefinite functional associated to
the problem.

Keywords. Dirac equation, semiclassical states, standing waves, concentration, strongly

indefinite functional

1 Introduction
Standing wave solutions for the nonlinear Schrodinger equation

—ihOpp = =AY + V(x) + (1))

anon-relativistic wave equation, have been in the focus of nonlinear analysis since decades.
In particular, semiclassical states that concentrate near a critical point of the potential V'
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have been widely investigated ever since the influential paper [24] by Floer and Weinstein
who treated the cubic nonlinearity |1/|%¢ in one-dimension.
Much less is known for the nonlinear Dirac equation

3
—ih0pp = ich Y opdpty — mc®Bip — M(x) + f(x, [W])y,  tER, z € R,
k=1

a relativistic wave equation and a spinor generalization of the nonlinear Schrédinger equa-
tion, not even in the case of f being a pure power with subcritical nonlinearity. Here
W(t,x) € C*, c is the speed of light, A is Planck’s constant, m is the mass of the particle
and oy, oo, a3 and [ are the 4 x 4 complex Pauli matrices:

. I 0 . 0 O .
6_(0 _[)7 ak_<0k 0)7 k_]-72737
0 1 0 — 10
=) = (00) =)

The external field M (z) represents an arbitrary electric potential depending only upon

with

x € R3. The nonlinear coupling f(x, |¢|)v describes a self-interaction. Typical examples
for nonlinear couplings can be found in the self-interacting scalar theories; see [22,123,
31]] and more recently [7,20, 21,125,126, 137,43]. Usually, in Quantum electrodynamics
nonlinear Dirac equations have to satisfy symmetry constraints, in particular the Poincaré
covariance. Nonlinear Dirac equations modeling Bose-Einstein condensates break this
symmetry, and often the nonlinearity is a power-type function that depends only on the
local condensate density (see [28-30] for more background from physics).

The ansatz (¢, z) = ¢™!/"u(z) for a standing wave solution and a change of notation
(in particular ¢ instead of h) leads to an equation of the form

3
— i Z arOpu + afu+V(z)u = f(x, [u))u, we H'(R? CH. (1.1)
k=1
This type of particle-like solution does not change its shape as it evolves in time, hence has
a soliton-like behavior. In this paper we investigate the existence of semiclassical states,
1.e. solutions u, of for small € > 0, that concentrate as € — 0 at a critical point z( of
the potential V. There are many results of this type for nonlinear Schrodinger equations

—2Au+V(z)u=gu), ue H(RY), (1.2)

beginning with the pioneering work by Floer and Weinstein [24] and then continued by
Oh [38,139] and many others, e.g. [2-6,8-11,140]. It has been proved that there exists
a family of semiclassical solutions to for small £ which concentrate around stable



critical points of the potential V' as ¢ — 0. The proofs are based on Lyapunov-Schmidt
type methods, penalization, and variational techniques.

Very few results are available for the nonlinear Dirac equation (I.I) compared with
the nonlinear Schrodinger equation. A major difference between nonlinear Schrodinger
and Dirac equations is that the Dirac operator is strongly indefinite in the sense that both
the negative and positive parts of the spectrum are unbounded and consist of essential
spectrum. It follows that the quadratic part of the energy functional associated to has
no longer a positive sign, moreover, the Morse index and co-index at any critical point of
the energy functional are infinite.

In order to compare our result with the existing literature we first present in short the
state of the art. The first result for concentration behavior of the nonlinear Dirac equation
(L1) is due to Ding [13], who considered the case V = 0 and f(z, |u|) = P(z)]ul[P~?
with p € (2, 3) subcritical, inf P > 0, and limsup,|_,, P(z) < max P. He obtained a
least energy solution u. for ¢ > 0 small that concentrates around a global maximum of
P as e — 0. A similar result has been obtained in [14] where f = f(|ul) is subcritical
and V satisfies a < min V' < liminfjy0 V(2) < |V]s < a. Here the solutions u,
concentrate at a global minimum of V. In both papers [[13,/14] the solutions are obtained
via a mountain pass argument applied to a reduced functional. In [18,44] the authors
considered the case of a local minimum of V' using a penalization approach analogous to
the one in [[10,[11].

All papers mentioned so far consider a subcritical nonlinearity f. The only papers
dealing with a critical nonlinearity, i.e. where f(t) grows as t for ¢ — oo, are [15,[16]].
Both papers assume, in addition to various technical conditions, that V" has a global min-
imum. The least energy solution is obtained again via a mountain pass argument applied
to a reduced functional. It is essential that the mountain pass level is below the threshold
level where the Palais-Smale condition fails. In [15]] the authors were also able to obtain
solutions with energy above the mountain pass level using the oddness of the equation
and Lusternik-Schnirelmann type arguments, but again the energy levels of the solutions
are below the level where the Palais-Smale condition fails.

The distinct new feature of our result is that we find solutions of

3

— iéZakaku+aﬁu+V(:c)u = f(|u])u (1.3)

k=1

localized near a critical point of V' that is not necessarily a (local or global) minimum of
V. The model nonlinearity we consider is f(t) = st + AtP~2 with k, A\ > O and p € (2, 3).
We can deal with local minima, local maxima, or saddle points of V', both in the critical
(k > 0) and subcritical (k = 0) case. As a consequence, a least energy solution may not
exist, and in the variational setting there is no threshold value below which the Palais-
Smale condition holds, so that the methods from [15,116] do not apply. We have to work



at energy levels where the Palais-Smale condition fails which, in the critical case x > 0,
leads to a subtle interplay between x, V, A, p. Our results are new even in the subcritical
case where so far only local minima of V' have been treated. They are of course new in
the critical case where only global minima of 1 have been considered.

The paper is organized as follows. In the next section we state and discuss our main
theorem. After collecting some basic results on the Dirac operator in Section 3] we inves-
tigate the family of equations

3
— iy owdsu+ afu+ V(&) = f(|ul)u (1.4)

k=1

parametrized by ¢ € R? which appear as limit equations. This will be done in Section [l
In Section [5 we introduce a truncated problem, set up the variational structure, and prove
the Palais-Smale condition for the truncated functional in a certain parameter range. Then
in Section [6l we develop a min-max scheme that can be applied to the truncated problem.
The proof of a key result, Proposition[6.4] that is needed for the passage to the limite — 0
will be presented in Section [7l The delicate analysis in Section [7is not needed in the case
of a local minimum of V" because in that case the lower bound estimate of Proposition[6.4]
is automatically satisfied. In the final Section[8 we show that the solutions of the truncated
problem are actually solutions of for e > 0 small enough, thus finishing the proof of
the main theorem. The proof of a technical lemma will be presented in the Appendix.

2 The main result
Weset -V := Zizl a0y, so that equation (L3)) reads as
—iea- Vu+ afu+ V(z)u = f(|lu|)u, ue H(R? CH).
Throughout the paper, we fix the constant @ > 0 and assume that the potential 1" satisfies
(V0) V e C¥Y(R3) N L*>°(R?) and |V < a.

Here we use the notation | - |, for the various LP-norms. We also require one of the fol-
lowing hypotheses:

(V1) VisC!in a neighborhood of 0, and 0 is an isolated local maximum or minimum of
V.

(V2) Vis C? in a neighborhood of 0, 0 is an isolated critical point, and there exists a
vector space X C IR3 such that:

(a) V|x has a strict local maximum at 0;



(b) V|x. has astrict local minimum at 0.

In the case of (V/2) we may assume that {0} # X # R3 so that 0 is a possibly degenerate
saddle point of V.

The domain of the quadratic form associated to the Dirac operator is H %(Rg, C).
This space embeds into the corresponding L?-spaces for 2 < ¢ < 3, and the embedding
is locally compact precisely if ¢ < 3. Therefore the nonlinearity f(|u|)u has subcritical
growth if f(s)s ~ sP~! with 2 < p < 3, and it has critical growth if p = 3. In (3.8) below
we define for A > 0, p € (2,3) a constant (1, \,p) > 0 that appears in the following
assumptions when the nonlinearity is critical. Here F'(s) := [ f(¢)t d¢ is the primitive of

f(s)s.
(f1) f €C°0,00) NCY(0, 00) satisfies f(0) = 0 and f’(s) > 0 for s > 0.

(f2) There exist A > 0, p € (2,3), k € [0,Rr) with & = k(V, \, p) defined in (3.8) such
that f(s) > ks + AsP~2 for s > 0, and f'(s) — k as s — oo.

(f3) There exists § > 2 such that 0 < 0F(s) < f(s)s* + &2ks? for s > 0.

These conditions imply that s — f(s)s is strictly increasing and superlinear. Condition
(f3) is a weakened Ambrosetti-Rabinowitz condition. If x > 0 then the nonlinearity has
critical growth.

Theorem 2.1. Assume that V satisfies (V0) and one of (V1) or (V2). Suppose that f
satisfies (f1), (f2) and (f3). Then (I1) has a solution u. for ¢ > 0 small. These solutions
have the following properties.

(i) |ue| possesses a global maximum point x. € R3 such that x. — 0 as € — 0, and

lue(z)] < Cexp ( - E|x — :)38|>
£
with C, ¢ > 0 independent of ¢.

(17) The rescaled function U.(x) = u.(ex + x.) converges as € — 0 uniformly to a least
energy solution U : R? — C* of

—ia- VU + aBU + V(0)U = f(|U|)U.

Remark 2.2. Thus in the subcritical case x = 0 equation always has solutions with
shape as in (7) and (7). We do allow critical growth but the factor s cannot be too large.
The constant < depends on |V |, sup V, A and p. It is bounded away from 0 by a positive
number provided V' is bounded away from —a and sup V' < 0. Moreover kK — 0 as
|V |so — a.Itis an interesting open problem whether the restriction on ~ can be removed.



3 Preliminaries

We write L¢ = L(R3,C*) for ¢ > 1 and H® = H*(R3,C?) for s > 0. Let D, =
—ia - V + af3 denote the self-adjoint operator on L? with domain D(D,) = H*. Itis well
known that the spectrum of D, is purely continuous and o(D,) = 0.(D,) = R\ (—a, a).
Therefore L? possesses the orthogonal decomposition

=L L, uv=u"4u", (3.1)

so that D, is positive definite (resp. negative definite) in L™ (resp. L™). Now let £ :=
D(|Dg4|'/?) be the form domain of D, endowed with the inner product

(u, v) = Re(| Dol /?u, | Da] *0),
and induced norm || - ||; here (-, -), denotes the L?-inner product. This norm is equivalent

to the usual H'/2-norm, hence E embeds continuously into L? for all ¢ € [2,3] and

q
loc

compactly into L; . for all ¢ € [2,3). Clearly E possesses the decomposition
E=E"®E" with E* = FEnL*, (3.2)
orthogonal with respect to both (-, -), and (-, -). Since o(D,) = R\ (—a, a), one has

alul3 < ||ul|* forallu e E. (3.3)

The decomposition of F induces also a natural decomposition of L? for every ¢ € (1, c0)
as proved in [18]].

Proposition 3.1. Serting E := E* N L9 for q € (1,00) there holds
L7 =, Ef @, By

with cl, denoting the closure in LI. More precisely, for every q € (1,00) there exists
dq > 0 such that
dg|u®|, < |ul, forallu e ENLY.

Moreover, the decomposition is invariant when taking derivatives.
Proposition 3.2. For u € H' we have Oju® = (Opu)*.

Proof. The Fourier transformation of D, is given by

ey 0 23: &eon a 0 .
(D) (€) = ( s e =% )u+ ( .« 0 )u



where 4, a C*-valued function, denotes the Fourier transform of v € LZ2. It has been
proved in [18]] that the Fourier transforms of the orthogonal projections P* : [? — L*
are given by

u

e (1 a I %)\ .
0= (5 5m=) (m0 a0 )
P (©) = (5+ 5 7men) (S 39
with 7 being the 2 x 2 identity matrix and

A = VETEL ) =y S

)

a+ /a2 + [€]? —a+a?+|E?

and

The proposition follows from the fact that these matrix operations commute with the
multiplication by &, for k = 1,2, 3. U

The proof of our main results will be achieved by variational methods applied to func-
tionals J : £ — R of the form

1 1
I =5 (P =)+ 5 [ WelPde— [ Glelu)de. G4

RS

The following reduction process will be very useful.

Theorem 3.3. Let W € L™ satisfy |W s < a and suppose G : R® x R — R has the
form G(xz,s) = [ g(x, t)tdt where g is measurable in z € R?, of class C' in s € R and
satisfies

(i) 0 < g(x,s)sforall v € R3;
(ii) g(z,s)s = o(s) as s — 0 uniformly in v € R?;
(i) 0 < 0,(g(z,s)s) < Csforallz € R?, s > 0, some C > 0.
Then the following hold for J as in (3.4).
a) There exists a C'-map hy : E¥ — E~ such that forv € E* and w € E~
DJ(v+w)[¢] =0 forallp € E- = w = hy(v)

and Wl
2[W 2a
h 2<% g2 7/ G dz.
s < ol + i [ Gl e



b) Setting J"* : EY — R, J"°U(v) := J(v + hy(v)), the sets
MF(J) = {v e B\ {0} : DJ(v)[v] = 0}
and
M(J) = {v+hs(v) € E\{0} v € MT(J)} = {u € E\{0} : DJ(u)|rupr- = 0}

are C'-submanifolds of E, diffeomorphic to an open subset of the unit sphere SE+ =
{veE":||v|]|=1}

c) If (vn)n is a Palais-Smale sequence for J"* then {v,, + h;(v,,)}n is a Palais-Smale

sequence for J.

d) If |g(z,s)] = O (|s|P~2) as |s| — oo for some p € (2, 3) then h; is weakly sequen-

tially continuous.

The proof of Theorem [3.3]is standard. We refer the reader to [1,[18,42] for this kind
of results. The diffeomorphisms to an open subset of SE™ are simply given by u
ﬁ. In the case W = v € (—a, a) the manifold M(J) is the Nehari-Pankov manifold
associated to J. It will be useful that the decomposition £ = E* & E~ is independent of
W and does not necessarily correspond to the decomposition of £ into the positive and
negative eigenspaces associated to D2.J(0) = Pt — P~ + W (z). We call J"*? the reduced

functional, h; the reduction map, and (J"¢, h) the reduction couple of J.

Remark 3.4. In the setting of Theorem [3.3] for each v € SE* the map ¢, (t) = J"¢(tv)
is C? and has at most one critical point ¢, > 0, which is a nondegenerate maximum. There
holds:
M) ={t,v:ve SET, ¢ (t,) =0}

If G grows super-quadratically in ¢ as ¢ — oo then J(tu) — —oo as t — oo and ()
has a unique maximum for each v € SE™. Then M(J) and M (J) are diffeomorphic
to SET. It is clear that M(J) contains all nontrivial critical points of J, and that for
u € E '\ {0} there holds:

DJ(u)=0 = u” = hy(ut)and DJ"(ut) =0

Finally, the infimum of J on M|(J) can be described as follows:

v(J):= inf J(u)= inf sup J(u)

ueM(J) vEET\{0} yeRvB E-
: d . d (3.5)
= inf maxJ(tv)= inf J"v)
veE+\{0} t>0 veM+(J)

If v(J) is achieved then it is the ground state energy.



Theorem applies in particular to the following functional which depends on the
parameters i = (k, A\, v,p) with ks, \ > 0, |v| < aand p € (2, 3):

_ v A K
Ja(w) = = ([[u*]]* = lu=|*) + §|u|§ - 5|u|§ - §|u|§- (3.6)

N —

In order to define the constant 5 from Theorem let

[Vul3

0£ucH! |ul?

S =

(3.7)

be the best constant for the embedding H'(R?, C*) — L5(R3 C*). Then we define for V
asin (V0), A > 0,p € (2,3) asin (f2), (f3):

]
N

_ a® —|VI% 3 - -
=(———=) Si(6v(Jz,)) with iy == (0, \,sup V, p). (3.8)

a2
The following technical result will be needed later.

Lemma 3.5. Forv € E*\ {0} the function H(t) = I(tv) — $I'(tv)[v] is of class C' and
satisfies H'(t) > 0 for all t > 0.

Proof. We set o, (t) = I(tv) so that H(t) = @,(t) — 5¢,(t). Since

1

H'(t) = 56,(1) = 5¢0(0) = 52 ¢ (1) — @i, (1),

it is sufficient to check that ¢/ (1) — ¢(1) > 0 for all v € E*+ \ {0}. Setting K (u) =
Jgs G(z, Ju|) dz, we have by the definition of h,

—(hs(v),®) +Re | W(z)(v+ h;(v)) - ddr — K'(v+ hy(v))[¢] =0 3.9
R3
for all p € E~. It follows for z, = v + h;(v) and w, = h/;(v)[v] — h;(v) that
O (1) = ||v]|* +Re | W(z)z,-Tdx — K'(2,)[v] = J (2,)[20 + wa]. (3.10)
R3

Since (3.9) is valid for all v € E*, differentiating yields for all p € E~:

0=—(h;(v)[v].9)+Re | W(z)(v+h;(v)[])-@dr—K"(v+hs(v))[v+h;(v)[], ¢

RS



10

Choosing ¢ = h/;(v)[v] in the above identity, so that z, + w, = v + ¢, we get
(1) = ||lv||* + Re/ W(z)(v+ h;(v)[v]) - vde — K"(2,)[20 + wy, V]
R3

= ol = ol + [ Wi+ o do = K"zl + w0+ o
= J"(2) 20 + Wy, 2y + W,
= ol = s+ [ Wizl do = K7z 02

R3

+2 (— (hj(v),w,) +Re | W(x)z, w,dx — K"(z,)[z, wv])

(Sl [ W o - K )
= (1) + (K0 ] — K7 (20) 2 2a]) 2K () ] — K (z0)[z0, )
- K)o = P+ [ W de

Finally we obtain:

R v _v 2
(1) — (1) > / G (@, 2w + Gz, o)zl (J20] + =) da > 0
R3 ‘Zv‘
=
4 The limit problem
For |v| < a the problem
—ia-Vu+afu+rvu = f(Ju))u, weE, 4.1)

appears as limit equation of (L.I). We begin with the model case
—ia - Vu + afu+ vu = MulP?u+ klulu  u € E.

and recall the associated energy functional .J; from (3.6) with /i = (k, A\, v,p) and K, A, p
from (f2), (f3).

Proposition 4.1. The infimum ~(.J;) is attained provided v satisfies

( a2_2>%'“2'7(Jﬁ)<

a?—v

(4.2)

where v_ = min{0, v}.



11

Proof. We only give the proof for x > 0 since the subcritical case x = 0 is much easier.
Let (Jged, h;) denote the reduction couple of .J; and let (v,,),, be a minimizing sequence
for Jred in M (J;). Setting u,, = vy, + hj(v,) it is not difficult to check that (uy, ), is
bounded in £, hence it is either vanishing or non-vanishing up to a subsequence (see [34]).
If (u,), has a non-vanishing subsequence then we are done, so let us assume to the
contrary that (u,), is vanishing, hence |u,,|, — 0. We first show that this implies

v(Jz) > v(Jg,)  where jig = (x,0,v,p). (4.3)

In order to see this let ¢, > 0 be defined by ¢,,v, € M™(J;). Observe that ||v,]| is
bounded away from O and the nonlinearity in .J;, is super-quadratic, so that (¢,),, is

bounded. Theorem [3.3]d) now implies |k, (t,v,)|, — 0 where hj, is the reduction map
for Jj,. Now follows from

’Y(Jﬁo) < Jﬁo (tnvn + hﬁo (tnvn))
= Ja(tpvn + hg, (thv,)) +0,(1) < J}fd(vn) +0,(1) = v(Jz) + 0, (1).

Next we show that

re 1 (v + v
“%%WZEE<__EE_£ for all v € M*(Jy,). (4.4)

For this we consider the functional

w1 — llu”|* + vul3

Jul3

I:E\{0} >R, uw~

For any v € E™ it is easy to see by a direct argument that sup,,cp- [(v + w) > 0 is
achieved by some w, € E~. Moreover, for any ¢ > 0 the set {w € E~ : I(v 4+ w) > ¢}
is strictly convex because

w e [ol* = [lwl® + vjo + wl; — clv + w3

is strictly concave on E~. This also uses |v| < a. Hence w, is the unique critical point of

w +— I(v+ w). On the other hand, for v € M™(.J;,), we have

0= DIz (v)v] = [0l* = Iz, (0)I* + v + ha, (0)[5 = slv + hg, (0)[5, (4.5

hence
120]

re re 1 re K
i (v) = Tt () = DI ()] = Flo + hgy (0)5-

A direct calculation gives

DI(v+ hg(v))|,.- =0 and I(v+ hgz(v)) >0

E



12

which implies hz, (v) = w,. Now (@.4) follows, using (4.5]) once more:

red _ Kk 3 1 3 I s
Jpt(v) = E\U + Ry (V)]53 = @I (v + hgy(v)) > @I (v)

Finally, the proposition follows from (4.3)), (4.4)) and

2 2

(a _ ”‘)55% for all v € M*(Jz,). 4.6)

2 2
o] + vlol3
> (%

0[5

For the proof of (4.6)) we pass to the Fourier domain and recall from [18] that
ol = [ @+l Haas foraue B
R3

Since |v| < a we have

1
2 2

3
(a2—|—t2)5+1/2( _) |t| forallt € R

which implies for v € ET \ {0}:

ol + vol3 _ Juolla? + 617)% +) - o dg _ ( 2 )é Jus €110 d

[0[3 [vl3 a? Jul3

1
2,2\ 2
2 a 178 S%
CL2

Here the last inequality follows from

Jes [EP1A2dE |Vulz Va2

ulg  Julg ulg

> S forallu € H'(R? C")

and the Calderén-Lions interpolation theorem (see [41]]). O

Now we consider the energy functional /, : £ — R associated to given by

() = 5 (17 = o) + Sl = [ Flluhd. @7

1
2
The hypotheses (f1) — (f3) imply that I, satisfies the assumptions of Theorem [3.3 for

lv| < a.

Lemma 4.2. If vy € (—a,a) satisfies (A.2) then ~(1,) is achieved for all v € (—a, 1).
Moreover, the map v — (1,) is continuous and strictly increasing.

Proof. For v € (—a,vp| C (—a,a) assumption (f3) implies I, < Jz
f1 = (K, A\, vo,p) and fis = (0, A, v, p). It follows that y(1,) < v(Jgz,)
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similar argument as in the proof of Proposition [4.1] implies the existence of a nontrivial
critical point w,, for I,, such that «} is the minimizer for 1" on M™*(I,,).

In order to prove the monotonicity of () we consider —a < 1y < vy < 1. Let
u € M(I,,) be a minimizer for v(I,,) and define s > 0 by su™ € M™(I,,). Then we
have, with (I7°%, h,,, ) denoting the reduction couple for I,, and u; := tyu™ + h,, (su™) €

M(1,,):

re Vo — 1 re Vo — 1
V(L) < L (su®) = L, (ur) = L, (uy) — w [5 < I (tu®) — 5 a3
re Vo — 11 Vo — 11
< max 12 (tut) = 2 = (1) = 2 il

Choosing a minimizer v € M(I,,) for v(1,,), defining ¢ > 0 by tv* € M™*(1,,), and
setting ug := tvt + h,, (tv*) € M(I,,), an analogous argument shows that

Vo

— UV
(L) < 3(0) + 252 sl

For the continuity of y(v) it remains to prove that s, ¢ are bounded for v, 5 in a compact

subset of (—a, 1] because then |y(1,,) —v(I,,)| = O(v2 — v1). This follows for s from
2 dpA
0 < I (sut) < S ([ + mafut ) — 287,
p

where d,, > 0 is from Proposition 3.1l The bound for ¢ is proved analogously. ]

S The truncated problem

For a subset A C R3, let A denote its complement, and A° := {:)3 e R3: ex € A},
e > 0. By the change of variables x — ez and setting V.(z) = V(ex), the singularly
perturbed problem is equivalent to

— i - Vu + afu+ Vo(x)u = f(|u])u. (5.1)
In the sequel, we will modify the function f similar to [9,10]. For
0<dp < 4 (5.2)
we define f = f, € CI(RJF) by f(0) = 0 and

(f< )s) = min { f'(s)s + f(s), & }.

|V‘°° will be fine. For the

critical case K > 0 we need to make dy smaller in the course of the proof. Let F (s) =

In the subcritical case x = 0 of Theorem 2.1l the choice dy =

fo t)t dt be the primitive of f (s)s. By our assumptions on V' there exists R > 0 so that

V(z) ¢ Rz forall z € R® with || = Ry and V(z) = V(0), (5.3)
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see [8]]. We define the cut-off function x : R® — [0, 1] by

1, if |JJ‘ < Ry
() = 2lE it Ry < Jaf < 2R, (5.4)
0, if |z| > 2R;.

and consider
gz, s) = x(x)f(s) + (1 = x(2)) f(s)
as well as

G(z,s) = /Osg(x, ttdt = x(z)F(s) + (1 — X(x))ﬁ(s)

For later use, associated to the above notations, we denote B; = B(0, R;) and By, =
B(0,2R;) the open balls in R? of radius R; and 2R;. The following lemma is easy to
prove.

Lemma 5.1. The function G(z, s) satisfies the conditions (i) — (iii) from Theorem[3.3]
We will consider the truncated problem
—ia - Vu+ afu+ Vo(x)u = g.(z, |ul)u, weFE (5.5)

where we write g.(z, s) = g(ex, s); we also use the notations x. and G, for the dilations
of x and G, respectively. The corresponding energy functional is

0.0 = 5 (1 1P = o) + 5 [ Vel da = [ Gl

1
2 2 s

As a direct consequence of Lemma 5.1} we can introduce (®7°? h.) as the reduction
couple of P..

In order to establish a compactness result for ®., we first prove a bound for Palais-
Smale sequences of ®, that is uniform in €.

Lemma 5.2. For ¢ € R fixed, (PS).-sequences of ®. are bounded uniformly in c.

Proof. Given a (PS).-sequence (u,,), for ®. we have by our conditions on f:

/R3 Xe () f ([tn]) [tn] - |1t — uy, |da

2

< ol el Qblun? = 2P () -+ Sl
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where Cy > 0 only depends on the constant # > 2 in ( f2). It follows from (5.2) that

Vo - -
(1= )l < i =]+ [ ool - =

2
< Co (202 (un) = @ (ua)ua] ) luall + 260]unl3 + of[uall):
Now the lemma follows using (3.3)):

(1= V200 2 < G (2 4+ 0(0) + o) el + o). 56)

O

Now we can prove the Palais-Smale condition for ®.. Recall that the nonlinearity G
in @, depends on a constant Jy; see (5.2).

Proposition 5.3. If

[\VJ[oV)
(SIS

KJ2.CO< <%).S_

a? 6’
then there exists 0y > 0 such that the truncated functional . satisfies the (PS).-condition
forall c < ¢y, all € > 0.

Proof. We choose dy > 0 so that

2 12 \ 2 g 2 _ 2\ 3 b
(oY S (= Wlarhryist o

a? 6 a? 6

Let (uy,), be a (PS).-sequence for . with ¢ < ¢y, any ¢ > 0. By Lemmal[5.2]there exists

q
loc

u € FE such that, along a subsequence, u,, — u in £ and u,, — u strongly in L; for

q € [2,3). We want to show that w,, — u strongly in E.
Set 2, = u, — u so that z, — 0in E and |[u||? = |Ju®||? + ||25||* + 0,(1). Note that

lim f(s) = limwz() and lim f(s) = lim m—/-fJ:O.

s—0 s—oo 8§ s—0 s—oo 8§

By the Brezis-Lieb lemma (see for instance [45, Lemma 1.32]) there holds

[ Gt = [ G+ [ (= xle)Fnh+ 5 [ xelolel + o)
and
ol = [ acatudlal+ [ (=x@) Fabizf [ vt on ).

Therefore
D (un) = Oc(u) + Pc(z,) + 0n(1),
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and

DO, (uy)[un] = DO (u)[u] + DO (2,)[2n] + 0n(1).

Obviously, D®.(u) = 0, hence DP.(z,)[2,] = 0,(1). We claim that
D®.(z,) - 0asn — oc. 5.7

In fact, consider ¢ € F with ||| < 1 and set g'(z, s) = g(z, s) — kx(x)s. We have

DO.(u)le] = (uf ~ ) +Re [ Vilwhun o Re [ g(oifunlun o

= (zr.0") = (2, 90‘>R+ (u,9") = (u7, soRj>

+Re/ \/E(x)zn-cp+Re/ Ve(z)u - @

R3 R3

Re / 01 |7ul)2n - @ — Re / oM lul)u - @
R3 R3

—H-Re/ (@) 20 + 1wl (2n + 1) - &+ on(lll]) (5.8)
R3

where we used u,, = z, + v and D®.(u) = 0. The estimate for the subcritical part

Re / 01, Junun - @ — Re / 01 |7ul)2n - @ — Re / oM@, lul)u - @ = on(llil)
R3 R3 R3

follows from a standard argument in [12, Lemma 7.10]. To estimate the last integral in
BG.8), we set 1, := |z, + ul(z, + u) — |zn|2n — |u|u and observe |, | < 2|z, - |u|. By
the Egorov theorem there exists O, C Bj5 such that meas(B5 \ ©,) < o and z, — 0
uniformly on ©, as n — oo. Thus, by the Holder inequality, we have

Loxe@ll e [ -l + [l

2

< /@J ¥l - || + 2 (/35\60 Z"3>é . (/Bs\@a Mg) | (

The first integral in the last line converges to 0 as n — oo and the remaining integrals go

Wl
Wl

/ |¢|3)
B\O,

2

to 0 uniformly in n as ¢ — 0. This shows

/RS Xe (@)Yl - ol = on(llll) asn — oo
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and consequently, using again D®_(u) = 0,
DO (un)[p] = (21, 07) — (207 ) + (uT07) —(u™,97)

+Re [ V@ prRe [ Vo
R3 R3

“Re [ gtz @ —Re [ glafubu-e
R3 R3

— kK- Re/ Xe(@)|zn|2n - @ — K- Re/ Xe(@)|ulu - @ + of[le]])

R3 R3

= DO (z)[] + DPc(u)[] + on(lll])
= DO (z) (] + on(ll o)

It follows that D®_(z,) — 0 as n — oo as claimed in (3.7). Now D®_(z,)[z} — 2z, ] =
on(1) reads as

Jaal? +Re [ Vela)s, T =)
= [ =@ b G =5 +neRe [ xalolealsn T 5+ onl)

Then, by using the fact f (s) < do and (4.6), we obtain

<a2 — (V] + 5o>2) gl ( / 3 Xa(:):)|zn|3d9:)% <k / (@)=l dr 4 0a(1).

a?

If b := limy, o0 s X=(@)]2[>dz = 0 then ||z,|| = 0,(1) and u,, — u strongly in E, as
claimed. Suppose to the contrary that b > 0 so that

<a2 — (|V]oo + 80)?

a2

3

2
) % < k3. / Xe(@) |2 = K - b+ 0,(1).
R3

In case k = 0, this is a contradiction. In case x > 0, using

1
0.0 = [ ot fuDluf? = Gl ul) 2 0

aswell as . (u,,) > .(z,)+0,(1) and DP.(z,)[2,] = 0,(1), we obtain the contradiction

3
K2+ c+o,(1) > %~b+0n(1) > (

— +o0,(1).

a? — (\V\w+50)2)% 1%
6

a?

O

We finish this section with a couple of notations that will be of use later. For simplicity,
when v belongs to the range of V() thatis v € {V(z) : = € R3}, we denote v, = V(0)
and correspondingly

Ly =Ivy, L= I, (L) = v(Iv))- (5.9
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Moreover, given arbitrarily y € R3, we can define the functional o, F— R,

(0 = 5 (11 = 1) + S22 - [ Gl fupas,

1

2

and (®7°¢, h,) the reduction couple associated to ®,,. Plainly, the critical point of ®, are
Yy Y Y Yy

solutions of the problem
—ia-Vu+afu+ V(y)u = g(y, |u|)u.

When y € B, we have &, = Iy, and h, = hy(,. Let us point out that, by virtue
of [19, Lemma 4.3], we can conclude the following splitting type result, whose proof is

postponed to the appendix.

Proposition 5.4. For y € R?, let us define the functional ., : E — R,

1 _ 1
Buy(w) = 5 (1P = )+ 5 [ Vot pluPde = [ Gleo . lulds

2 R3
and (97 h. ) the associated reduction couple, we have that

€7y ’

(1) let {y.} C R® be such thaty. — y for some y € R® then, up to a subsequence,
he . (W) = hy(w) as e — 0 for each w € E™;

(2) let {y.} C R® be such that y. — y for some y € R? and let {w.} C E be such
that w, — w for some w € E™ then, up to a subsequence,

Hh&ys (w€> - hs,ys(we - w) - hy(w)H = 05(1)
ase — 0;

(3) let {y.} C R® be such that y. — y for some y € R? and let {w.} C E be such

that w. — w for some w € E then, up to a subsequence,
o (w,) — 7 (w, — w) — &1 (w) = 0.(1)

and
DO (w.)[] — DL (we — w)[p] — DPy(w)[e] = 0-(1) [

uniformly for p € Et ase — 0.

6 The min-max scheme

In this section, we will prove the existence of solutions to the truncated problem (5.3]) and,
by virtue of Lemma 4.2l we will restrict ourselves in the barrier 0 < x < & where & is
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define in (3.8). We would like to emphasize that such a choice of % can be interpreted as
we choose ¢y = 7(J;, ) in Proposition [5.3] With all these notations, for such choice of
k, we can fix the constant §, > 0 properly small so that the Palais-Smale condition holds
automatically in the energy range ¢, < v(J;, ).

To begin with, let us mention that, under our hypotheses on V/, there always exists a
vector space X C R3 such that:

(a) V|x has a strict local maximum at 0;
(b) V|x. has astrict local minimum at 0.

In fact, in case (V'1), X = R? if 0 is local maximum or X = {0} if 0 is local minimum,
whereas, in case (V'2), X is the space spanned by eigenvectors associated to negative
eigenvalues of D2V (0). Let Px : R® — X be the orthogonal projection (in the case
X = {0}, Px is simply the trivial projection).

In the next, solutions of (5.3)) will be obtained as critical points of ®,, and a key ingre-
dient for the construction of a min-max scheme is using the reduction couple (®7¢¢, h,).
However, due to the lack of information on the exact behavior of the reduction map
h. : ET — E~, it seems hopeless to make a “path of least energy spikes” by proper
scaling as was employed in [8,/32].

Recalling vy = V'(0), let us focus on functions in the subspace £*. Denoted by By :=
B(0, Ry) for some Ry, < R;. Let us choose a minimizer U € M(I,,) for v(I,,) and
consider the path p. : B — M™(®.) defined as

Pe()(z) =te Ut (x =€), z€eR’,

where M*(®,) = {w € E*\ {0} : D®r*)(w)[w] = 0} and t¢ . is the unique ¢ > 0 such
that
teUT(-— &) € MT(D.).

We also define a family of deformations on M (®,)
.= {p: MT(®.) = M™*(®.) homeomorphism : ¢ (p.(£)) = p-(£) if { € 90BN X }.

Then we define the min-max level

7= inf max ®I(p(p:(€))). 6.1)
¢€le e BsNX
We point out here that, in the case X = {0}, 7. = (®.) = inf s+ (a,) P2 A technical
point we would like to emphasize, which constitutes a crucial difference with min-max
quantity defined in [8], is the fact that the elements p.(£) + h.(p-(£)) do not resemble a
least energy solution of I, since not much is known about the map h, : E* — E~.



20

Proposition 6.1. There exist €y, § > 0 such that for any € € (0, &)

e (D] e < 7o) — 6

Proof. To simplify notation, we use subscript ’¢” to indicate the coordinate translation of
a function u € E, that is, u¢(z) = u(z — &). Then, on a fixed bounded interval ¢ € [0, Tj)
with some 7 large, we have

e 1 1
BL0Ve) < 5 (WP = W) )+ 5 [ VelaleWe + e

_ / F(|tWe + ho (tWe) ) da.
By

Let us first remark that there exists ¢ > 0 such that V(§) < vy — o for all £ € 0B§ N

X. Since t € [0,Tp] is bounded and Ry < Ry, by (1) in Proposition [5.4] h.(tW;) =

he(tW)e = _Zv(e)(tW) uniformly in ¢ as e — 0. Thus, we deduce

Ored(tWe) < Jrt (tW) 4+ 0.(1) V€ € 0By N X.

vg—0o
Finally, since J,,,_, < J,, strictly on compact subsets, we have that
red
max Tl (tW) = max Joo—o(tW 4+ _Zy—o(tW))
< max Joo (AW + _Z0—o(tW))
< red —
< max JiE (W) = (),

which completes the proof. ]

Proposition 6.2. We have that

limsup . < v(Jy,).

e—0

Proof. 1t suffices to show that

limsup max ®°(p.(€)) < v(J,,). (6.2)

e—0 €EB§NX

In the following we take a sequence € = ¢,, — 0, but we drop the sub-index n for the sake
of clarity. For every ¢, there exists a maximum point {, € Bj N X such that

max  O7(p(£)) = L(p:(&.)).
£e€B5NX

And we see that
re 1 1
B0 (6) < 5 (W = W) + 5 [ Velw)ltaWe, + u(t.We )P

RS

= [ Pt + hufeWe)l)ds,

1
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where t. = t¢_.. Since we have {¢.} is bounded (up to a subsequence), we can assume
that t, — t; and £, — & € By N X. Then we can conclude that

| —

0 (p.(6) < 5 (V2 = [ Ao o)1) + 252 [ ol 4 stV

_/fwmv+fmwmwmm+%a)
R
= Ty (W) + 0=(1).
Notice that V(&) < vy, then
Tty (t0W) < mae JiE(0W) = 5(y),
and hence (6.2)) holds. O

In the next, we will show that . is a critical value of ®.. Motivated by [8./11], we are
going to give an estimate from below on 7. and show that 7. > ~(J,,) + 0-(1). And in
order to do so, we need to compare 7. with another auxiliary minimization value. Firstly,
set By = B(0,3R;) the open ball of radius 3R; and ¢ : R* — R? be a cut-off function

x if |z| < 3Ry,
((x) = : (6.3)
3Ryz/|x|  if |z| > 3Ry,

and let Q. : R® — X be defined as Q. (x) = Px(((ex)). Then, let us define the barycenter
type functional B : £\ {0} — R,

od
&pr@@ W'? foru € £\ {0}
Jgs |ul?dx
where 0 € (2 3) is the constant in (f2). Recall that (®7°? h.) is the reduction couple for
®, and M (®,) = {w € ET\ {0} : DO (w)[w] = 0}, let us consider the following

subset of functlons in M*(D,):
MH®,) = {w e MH(®,) : B.(w) =0}.
We also define the corresponding auxiliary minimization

b.= inf ®T(w). (6.4)
wEM+(CI>s)

When X is trivial, i.e. X = {0}, we have .//\/\ljf(fbe) = M™(®,.) and then b, = ~..
The next lemma shows that b, is well-defined in general.

Lemma 6.3. There exists g, ¢ > 0 such that for € € (0, ),

Ve > b > 0.
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Technically, the crucial difference with the barycenter quantity defined in [8,11] is that
the integrations in 3. are taken over the whole space R3. The reason is twofold: firstly, the
orthogonal projections associated to the decomposition £ = E @ E~ are of convolution
type with some tempered distributions p* (see an abstract result in [27] for operators that
commutes with translations), and thus, making the choice of compact-supported functions
in £+ by simply multiplying smooth cut-off functions would be in our situation hopeless
since the convolution with p* do not commute with the multiplication in general. Sec-
ondly, the barycenter of an element w € E™ does not exhibit the location of the mass of
those u € E with u™ = w. Therefore, it is not enough if we only consider the barycenter
integrations over a bounded domain as was introduced in [8,/11].

Proof of Lemmal6.3 Since b. > o follows directly from (f1) — (f3) for some ¢ > 0, we
only need to prove that 7. > 0. for all small ¢.
Motivated by [8]], let us take an arbitrary ¢ € I'.. We define 1, : By N X — X as

?/)5(5) = Ba (‘P(pa(g/g)))

We point out here that, by the definition of T, ¢(p.(£/€)) # 0 forall ¢ € ByN X, and so
1. 1s well defined.
For £ € 0By N X, it can be seen from the definition of B, that

Y.(§) = €+ 0.(1) uniformly in £ € 9By N X, as ¢ — 0.
Therefore we can choose ¢ small enough (independent of ¢) so that, for all ¢ € (0, &¢),
deg(v., BoN X, 0) = deg(id, BoN X, 0) = 1.

Then we can conclude that for every ¢, there exists £, € By N X such that ¢).(£.) = 0.
Therefore, since £, /e € Bi N X, there follows

max_ I (p(p.(€))) > PL(p(pe(&:/2))) = Do,

£eBsNX

which concludes the proof.

Proposition 6.4. We have that
liminf b, > ~(J,,).
e—0

The proof of this proposition contains the main difficulties of the paper. It will be pre-
sented in the next section. Assuming the conclusion for the moment, jointly with Propo-
sition[6.2] we can obtain the following
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Proposition 6.5. We have that
lim v, = ()

e—0
for all small ¢ > 0.

3 3
a?—\V|§o> 2 5%
a2

From Proposition[6.Tland[6.3] we can get 7. > ®7°(p. ()|, gy
0

Recall that we have restricted x € [0, %), it follows that x* - v(J,,) <
which guarantees the compactness. Thus, by Proposition we easily obtain

Theorem 6.6. There exists €g > 0 such that for ¢ € (0,¢) there exists a solution z. of
the problem (3.5). Moreover, ®7°Y(z) = ®.(z.) = ..

7 Proof of Proposition 6.4

The proof will be divided into several parts. As a first step, we prove the existence of a
minimizer u, to be auxiliary problem (6.4]).

Lemma 7.1. There exists g > 0 such that for any ¢ € (0,¢y), there exist u. € E \ {0}
with B.(ul) = 0 and \. € X such that

+

— i+ Vue + afue + Ve(z)ue = ge(z, [us|)ue + (A - Qe(x)\uﬁe_zu;’) (7.1)

and

O, (u.) = be.
Moreover, the sequence {u.} is bounded in E.
Proof. We sketch the proof as follows. For € > 0 fixed, by the Ekeland variational princi-

ple, there exists a sequence {w, } C /\/;ljf(@g) which is a constrained (PS)-sequence for
<I>£Ed at level b., moreover, it can be deduced that there exists {\,,} C X such that

<I>fd(wn) —b., asn — oo, (7.2)
)\n e n -2 n +
DO (w,) — (A Q (T”“']g' W) 0 asn - oo (7.3)
Wy Y

Now, let us set u,, = w, + h.(w,). Since B.(u,) = B.(w,) = 0, by and (Z.3),
repeating the arguments of Lemmal[5.2] we get that {u,, } is bounded in E (uniformly with
respect to €) and, therefore, up to a subsequence, it converges weakly to some u. € E.
Since we have assumed 0 < k < &, it follows that b, < 7. < v(J,,) + 0-(1) < v(Jz,)
for small . By Proposition[3.3] {u, } converges strongly in F, i.e. u,, — u. as n — oc.
Note that u. # 0, liminf._,yb. > 0, also the sequence A, is bounded, we have . is the
desired minimizer and this concludes the proof. U

Lemma 7.2. We have that uly Bg IS non-vanishing.
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Proof. We only consider the case x > 0 since it is much easier when x = 0. To the
contrary, we assume that u y: vanishes. Then we have u}xp: — 0in L for all ¢ €
(2, 3). At this point we first claim that

ufxps # 0 in L°. (7.4)
Accepting this fact for the moment, let us consider the function
t— d(tul)

and denote ¢. > 0 the unique maximum point which realizes its maximum. Then {¢.} is
bounded. Set z. = t.ul € ET, we have that D®_(z.)[z.] = 0 and hence

el + [ Ve@laPda = [ (0= xloDFadledn+x [ xelalenfd+ o.(1),

Since uf xps # 0in L?, similarly as that was argued in Proposition [5.3] we soon have
that

CL2—(|V|OO+50)2 % 3
. ) 55

K3 /RS Xe ()| 2|2 dx 4 0.(1) > (

And hence, thanks to our choice of x € (0, &), we get

W.(2) = 2 (e(2) — 5 (20)[=])

a2 — (|V]eo + 80)2\ 3 52
> L2

( a? ) 6
> Kz’Y(‘Lﬂ/)’

+ 0:(1)

Therefore, we have that
Y(Jgy) < Pe(ze) < max o (tul) = b. < v(J,,) ase— 0

which is impossible due to Lemma4.2]

Now, it remains to show (7.4)) is valid. Indeed, it follows from Lemma that, for
some C' > 0,

red
be = . (u.) = max & (tul) > max P (tul)

t2 Ve + 6
> max [_(1 - M) |12 — C/-ft?’/ |u:|3dg;].
2 a BS

t>0

Then, if uf xp: — 0 in L3 as e — 0, we can choose Ty > 0 (independent of ¢) large
enough such that . (Tout) > 2v(J;, ) for all small € > 0, and we soon have that

. . . . + .
hgl{:)ﬂf be > hzgn_}élf Q. (Toul) > v(Jz,)

which is absurd. U
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Lemma 7.3. We have that {\.} C X is bounded.

Proof. Let us assume that A\, # 0, otherwise we are done. In the sequel, let us set A =
Ae/|Ac|. By elliptic regularity arguments we have that u. € N >2WH4(R?, C*) and then,
jointly with Proposition[3.2] we are allowed to multiply by 05_u.. Then, we have

Re/ ( —ia - Vue + afu. + Vo(z)ue — ge(x, |u€|)u€) - 05 ue dx
R3

(7.5)
= Re/ A Qe(2)[ul " Pul - Oy uf d.
R3
Now, let us evaluate each term of the previous equality. We get
0= Re/ O5. (i - Vu,) -z |de = 2Re/ (—ia - Vu) - 05 u.dx
R3 R3
and so
Re/ (—ia - Vug) - 05 ucdr = 0 (7.6)
R3
Analogously, we have
0= / O, [Vela) ue|?] dx
R3
= 5/ 8;5V(5x)|ua|2da7 + 2Re/ Vo(z)u. - O5_u.dx
R3 R3
and so
Re / V(2)u. - 95 weds = —= / 05V (ex)|u|?dz = O(e). (7.7)
R3 € 2 R3 €
It also follows that
Re/ afBu. - O5_u.dr = 0. (7.8)
R3

For the nonlinear part, let us recall the definition of G,
05, G<(, lu|) = €05 x(ex) (F(lue|) = F(lue|)) + Re ge(w, [ue|uc - O5_uc,

then we have

and it follows that
Re [ g ulyu. - B wade = O(). (7.9)
R3
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Finally

_ i _ +10
0= /]RS 95 [Ae - Qc(x)|ut "] da

&[ (e w)?

=¢e|A / ul|®dx + |\
| E| B§| e| | E| |)\a|2|x|2

[tz e
R3\B§ glz|

+ 9Re/ A - Qe(2)[ul |’ Put - Oy ufda
R3

Observe that 0 < 95 . - Q-(z) < e|X.| for all z € R*\ B; this is the key point of our
estimates. And hence

- A
Re [ - Qualfu Oz = = [z
RS 0 B3
Ae R e - )2
_€| ‘ 3 [1_( 2x)2:||u;- 2d[l§'.
0 R3\B§ elz| | Ac[?|2]
(7.10)
By (Z.3)-(Z.10) and Lemma([7.2] we conclude the boundedness of A\, € X. O

In what follows, we consider a sequence ¢;, — 0 and assume that \., — A\ € X. For
simplicity, we still denote ¢, by <. For a small 9 > 0, let us define

H.={zeR: X\ - Q-(z) <5}

The next proposition gives a complete description of u. as ¢ — 0. We recall the
notations By = B(0,2R;) and Bs = B(0,3R;).

Proposition 7.4. Passing to a subsequence if necessary, there exist y! € H., y, € By and
up € E\ {0} with

—ia - Vuy + afur + V(y)ur = gy, [ua])ua,
such that X -y, = 0 and
eyl =y, ue —wi(- —yH)|| =0 ase—0.

Proof. We divide the proof into different steps:

Step 1. v} |z, /4 0 in the L?>-norm and L’-norm.
Let us first show that uX 4 0 in L?( H.). Suppose contrarily that

/ luf|%dr — 0, ase — 0.
He



27

Since B.(uf) = 0 and A € X, we have
0:/ X-Qe(x)|uj\9dx:/ X-Qe(x)|uj\9dx+/ X Qu(a)|ut|"da
R3 H. He
> 5/ \uj\edx—i—/ A Q) uf|dr.
He H.

Therefore

5/ uf e < )/ X- Qu(a)|uf da| < |)\|R3/ juf ' da

Hé H. H.

and so
/ luf|%dr — 0, ase — 0.
Hg

Then we get uf — 0 in LY which is a contradiction with Lemma Now, by the
boundedness of {u.} in £ and so in L3, we can conclude by interpolation: for a suit-
able p € (0,1)

0 < e < flud poqry < Nud e llud sl < Cllud 2 -

Step 2. Passing to be limit by concentration-compactness.
By Step 1, we can conclude that {u|y_} is non-vanishing. And hence, by concentration-
compactness arguments (see [34]), there exist y! € H. and 7 > 0 such that

/ luf|? > ¢ > 0.
B(yl,r)NH.

Therefore there exits u; € £\ {0} such that v! = u (- + y!) — u; in E.

Claim 7.1. {ey!} is bounded and, up to a subsequence, ey} — 1y, € By as ¢ — 0.

To see this, let us assume that ey! € B, and dist(ey?, Bs) /e — oo. Observe that v}
solves the equation

: - +
—ia Vol +aful +V (ea+ eyl = gleteyd, [olet+ (A Qula g ot 20
and if we assume that V (ey!) — vy as € — 0 (passing to a subsequence), we have that u,

is a weak solution of

+

—ia - Vu+aBu+viu= f(lu)u+ (X gilut)’"?u’) (7.11)

where y; € Bj is given by
li_l)f(l)éyel if ey. € By,

b= 3Ry}

lim e

e—0 ‘y€1|

ifey! € BS.
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Since y! € H., we have that )\ - §j; < § and, by the definition of f, we easily get that
X - g1 > 0 (otherwise u; should be 0). Now we let ; : £ — R denote the associated
energy functional for (Z.11)), that is

=~ 1 _ 141
Bat) = 3 (1P = ) + 2 = [ Fuiyir =22 [
2 2 R3
Remark that, for any v € E with u™ # 0 and arbitrary v € E, there holds that

- _ Reu™ - v+\2
A-glf lut |02 ot [2dz + (0 — 2)>\-g1/ |u+|9—2(|u+| + u) dz > 0.
R3 R3 |ut|
As a consequence of [1, Theorem 5.1] (see also [[19, Lemma 4.6]), we have that Theo-

rem[33]applies to the situation here. So, we can take (®7°“, h;) to be the reduction couple
for ®; and let 7, stand for the critical level realized by u;, we then have

Gio= Buf) = max B te) > max @ (tu})

2

t )\
> max—(”u1 1 = (|V|oo + 60)|u1l3) yltG/ Juf | da

>0
t? 2 0 +10
> max = ([[uf [I* = (IV]eo + do) ual3) ——t \u "dz.
Since ||uy]] < [[vl]| = |lue|| < oo, we can conclude that §; > 27(JVO) provided that ¢ is

fixed small enough. However, by Fatou’s lemma, we get

. ~ 1 ~ 1~ - 1 1.¢ .
1= Py (uy) — §D‘1>1(U1)[U1] = / 5f(|u1|)|u1|2 — F(Ju|)dz + (5 — 5))\ ~huf )
RS

1- 3
< [ 5FusDluf? = F(furds + 00)
:
1
< 0() +liminf/ Lo(ex + ey, D0l = Glex + ey, o)) da
e—0 R3 2
= 0(9) + lim ionf D, (u:) < 2v(Jy)
e—

which is impossible. This proves the claim.

Now by Claim [7.1] passing to the limit, we have v, is a weak solution of
—ia - Vuy + afuy + V(y)ur = g(y1, |ur|)us + ()\ iy |0 2 +)+’
with eyl — 4, € By such that \ - y; < d and there exits ¢ > 0 such that
llucl] > |lua]] > > 0.

Let us define 2, . = u. — uy(- — y2). We consider two possibilities: either ||z, || — 0 or
not. In the first case the proposition should be proved. In the second case, there are two
sub-cases: either zf _|s. — 0in the L%-norm or not.
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Step 3. Assume that 2/ |, # 0 in the L-norm.
In this case, we can repeat the previous argument to the sequence {z; .} to obtain

y2 € H. such that
/ |z P >c¢>0.
B(y2,mr)NH,

Therefore there exists uy € E \ {0} such that v? = z; (- + y?) — us in E. Moreover,
[yl — 92| — 00, ey? — Yo € By, A -y < § and

—ia - Vug + afug + V(ya)us = g(ye, |us|)us + ()\ Yol ugd |?2u )+,
and ||us|| > ¢ > 0. Also, it follows from the weak convergence,
luell* > fluall* + fluzl*

Let us set zp . = uz — u1(- — y2) — uz(- — y2). Suppose that ||z || # 0and z; |5, /4 0
in L, then we can argue again as above. And it is all clear that there exists | € N such
that, after repeating the above argument for [ times, we can get that z;;| u. — 01in the
L’-norm.

Step 4. ||z || — 0ase — 0.
To the contrary let us assume that ||z;"_|| / 0. Since Q.(-) is bounded, it follows from
a standard argument that

Re/ A Qo (z )|u+|9 2 ut cptdx
RS
! _ -
— 3R yRe / (- — )2t (- — o) - e
j=1 =
Re [ A+ Qula)lsl! 5l dn + (D)l
R-

uniformly for ¢ € E as ¢ — 0 and, particularly,

/)\ Qe () |uf ed:)s—Z)\ y]/ | 9d:.17+/ Ae - Qc(x )|zl€| dr+o0.(1). (7.12)

7=1

Since B.(u}) = 0, together with Proposition[5.4] we can deduce from that

0:(1) = | + he(=2)[]* + Re / Vel@) (ol heleil)) - (ol = helel)) o
—Re / 9e (2,155 + he(F)]) (5% + he(5)) - (2 = he(52))da (7.13)
R3

—/ Ae - Qc(x) |2t | da.
R3
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Therefore, by (f2) and Proposition[3.1} we obtain
||Zl—t_a + hE(Zl—i—e)Hz S C|Zl—1—e + hE(Zl—i—e)@ S C/H’Zl—i—e + hf(zl—i—e)||3>

for some C, C’ > 0 which implies there exists ¢ > 0 such that ||z, + ho(2)[| > c. In
what follows, for simplicity of notation, we denote z,. = 2, + h.(z). By (Z13) again,
and a similar argument as in the proof of Lemma[5.2] we get that

2

21l < o / @) (F(mDlzel? = 28 (cD)de ) 15 = 5
+ C/ Ae - Qe(:c)|2f;\9d:c + 0-(1)
R3
2
< Cy(200°(=) — D)) Nl + € /R e Qe@)|F [+ o0:(1)

for some C, Cy, Cy > 0. Remark that z, = 2, — 0in L°(H.). Then, it follows from
|Zic]] > cand (f2) that there exists constant ¢ > 0 (independent of R;) such that

e—0

1
lim inf <<I>fd(zf;) — §D(I>£ed(z;’r€)[z;;]> > . (7.14)

Next, let us distinguish two possible situations.

eCasel. \-y; >0forallj=1,...,1
Since B.(u}) = 0, we have that

0= / A - Qu(a)uf "di + / A - Q. () ut|d.
H. H¢

By virtue of zlJ;|HE — 0 in the L?-norm and X - y; > 0forall j =1,...,1, we know that

l
[ et ias 35y, [ Jultds =0,
He =1 R3

whereas \. - Q-(z) > 36 > 0 in H:. Thus we have
Ay; =0, forallj=1,...,1,

and so

2
We also deduce from that

)
—/ luf|Pde < / Ae - Qe(z)|uf|’dx — 0, ase — 0.
He He

€

/ A - Qe(a))5f P = 0, ase 0.
H¢
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With all those information in hand, by Proposition[5.4], we can estimate the energy ®7°?(u7)
as

oL (ul) = L2, ZW ) + 0:(1).

Moreover, we have that

l
DO ] = DO ()] + S0 DI )] +o0-(1).

j=1

+>

Since \ - y; = Oforall j =1,...,l, we have u]’s are critical points of yy’"?d. And so, we
J

get the estimate

1
lim %ﬁb = lim inf &7 (u)) = lim inf (<I>’"Ed(zl L)— 2D<I>’"Ed EARIEAN ) Z fred

e—0 e—0

Recall that we have denoted z;, . = zf; + hs(z;;), hence, by (Z.14), we have

hmlnfb >c+zyr“l ).
7=1
Since, by Lemma [3.1l we have that ,Z/’;Ed(w) > J{}G(Zj)(w), Vw € ET, forall j =
1,...,1, we can infer that

‘Z/:ed(u;_) > V(JV(yj)% J=1...L

And therefore

limpfhe 2 0~ min 7(Jvg,) + -

Remark that y; € By = B(0,2R;), by shrinking R; if necessary, we can conclude from
the continuity of the map v — ~y(J,) that

1 4
‘V(JV(yj)) - V(JVO)} < 50, for 3.11] = 1> .- .,l,

and then we obtain

1
liminf b, > v(Jy,) + =¢ > y(J,,)
e—0 2

which contradicts to Proposition[6.2] and Lemma

e Case 2. There exists {ji,...,jr} C {1,...,[} suchthat \-y;, < Oform =1,... k.
In this case, similar as that in Case 1, we can apply Proposition[5.4] to obtain

l
1 1
() = (0251~ D))+ D (T ) =5 DI uf ] ) +o.(1).
j=1
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By the definition of G(z,s), we have J/“(u}) — 3 D7, (u])[u]] > 0 for all j =

1,...,1. Then, we conclude that

1
ai(ut) > (@) — S D) [+

9 l,e
k
1
+3 (%:Zd(ujm) - §D%§ifl(ujm)[ujm]> Yo.(1). (715
m=1

To evaluate the above inequality, let us denote M*(Z, ) = {w € E*\ {0} :

DI w)w] =0}, form =1,...,k,and t,, > 0 be the unique point such that t,,u} €
MT(F,, ). Observe that A - y;,. < 0, by Step 2 and Step 3, we get that

DAL A [ P =0

and hence we have t,, < 1. Observe that, by applying Lemma[3.5] we have

e 1 Te e Te
yjmd(u;_m) - §D%jmd(u;:n)[u;n] > %]md(tmu;_m) 2 y d( mu;—n)[tmu;—n]
Then, it follows from tmzﬁr € M*(7,, ) that
9T€d( jm) %:Zd( jm)[ jm] > v(Jv(yjm)), forallm=1,... k.

Finally, by and (IE]), we obtain the inequality

hmmfb = liminf ®"*(u) > k- min i Y(Jvy,,,)) + c.

e—0 m=1,...,

And therefore, as in Case 1, we conclude easily a contradiction.

Step 5. Complete description of u. as € — 0.
As was argued in the previous steps, we know that there exists [ € N and, for any
j=1,...,1,yl € H.,y; € Byand u; € E \ {0} such that
Yl =yl | = o0, ifj# ],

6%%%

‘ Zu _ys

yred( ) )\ yy(|u +160—2 +)+—O.

J

— 0,

Observe that there strictly holds
re 1 re
Tyuh) = 5 DT ] > v,

provided that A - y; < 0. Moreover, Lemma &.2] implies that y(Jy(y,)) > 7v(J,,) — o for
any y; € By, where 0 > 0 can be taken arbitrary small by appropriately shrinking R;.
Therefore, by Proposition[6.2land Lemmal[6.3] we conclude that ! = 1 and X-4; = 0. And
thus we have ||u. — u;(- — yl)|| — 0 as e — 0 which complete the proof. O
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Corollary 7.5. y; € X+ and liminf._,ob. > ~(J,,).

Proof. Since B.(ul) = 0, by Proposition[7.4] we get
0= / Q. (x) |7 (z) Pz
]Rfi
- / P (Clex + eyl))luf (x + ) dz — Py () / jut P
R3 R3

Then y; € X+, and we soon conclude

liminf be > 7 (Jv ) = 7(Jg)-

This finishes the proof of Proposition [6.4]

8 Profile of the solutions

In this section, let us study the asymptotic behavior of the solution z. obtained in The-
orem [6.6 We will show that z, is actually a solution of the original problem (5.I), and
consequently, we can complete the proof of Theorem 2.1l

Let us recall that z. is the critical point of ®. at level ~., that is,

—io - V. +afz + Va(z)za = 95(517, |Za|)za- (8.1)

Moreover, Proposition[6.3implies that ®.(z.) — v(.J,,) as € — 0.
In what follows, we will give the asymptotic behavior of z. as ¢ — 0.

Proposition 8.1. Given a sequence c; — 0, up to a subsequence, there exists {y.,} C R3
such that
gijj _>O7 ||Z€j _Z( _ys])H _>07

where Z € £, (see (5.9)).

Proof. For the sake of clarity, let us write ¢ = ¢;. Our argument here has been used
already in the previous section, so we will be sketchy. First of all, analogous to Proposition
we can conclude that: there exist 7} € R3, 43 € By and z; € E'\ {0} with

—ioe - Va1 +afz + V(o) z = (g1, |21]) 2,

such that
egt > g1, |lze—z(-—y)|| =0 ase — 0.

So, the only thing that need to be proved is that ¢; = 0.
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By regularity arguments, {z.} C N,>2W14(R3 C*). For arbitrary ¢ € R?, multiplying
(8.1) by O¢z. and integrating, we get

- 8§V(5x)|z€|2dx+5/ (F(l2.]) — F(122)dex(ca)de = 0. (8.2)
RS

R3
And if y is C"! around 7, we shall divide by ¢ and pass to the limit to obtain
0:V(y B .
_ sT(ﬂ [ Pde + 9ex (1) / (F(l) = F(|za]))de =0, (8.3)
R R

At this point, similar as that in [8], we consider three different cases.

e Case 1. 7, € B;.

By (83), we get that 9:V (ij;) = 0. Since £ € R? is arbitrary, ¢; is a critical point of V/
in By, and therefore ¢, = 0.

e Case 2.7, € By \ By.

In this case, let us first fix ¢ = ‘g—lﬂgjl. By the definition of x (see (5.4)), we have that
Iex () = —1/R.

Now, using (f3) and the fact F(s) < 50 s2, it follow easily that there exists a constant
¢ > 0 (which is independent of the choice of do) such that

/ F(|z|)dx > ¢,
R3

and so by the boundedness of z; € E (see an argument of Lemmal[3.2)) we get

¢ JaPis < [ (FQa) = FaD)ds

Thus, it suffices to take R; smaller, if necessary, to get a contradiction with (8.3).

e Case 3. 7, € 0Bs.
In this case, observe that x(g;) = 1, and so z; is a solution of

—ioe- V21 +afz + V()2 = f(|z1]) 2.

Since Ji %, (27) = Jy)(21) = v(L,), Lemmad.2implies that V(g1) = 1. Then, by
(3.3), there exists 7 € R3 tangent to B, at 7; such that 9.V (¢;) # 0.

Remark that  is not C'* on 0By, let us go back to consider (8.2)). Take £ = 7 and r <
Ry, we can estimate by the dominated convergence theorem and the strong convergence

of z.(- + 2) that
)/Q&Xw7 (J<]) = F(zc])] e

|z - 7| |yl'7|} _1 - 1
< + ——— | [F(|z(x + 7.)|) = F(|ze(x 4+ 7.)|)|dz
7 Lo i+ e ga) [P 20D = Pl +-7)
1 (2 + ﬂl) 7| 1 ~ —1
+ 4 ———— F(|ze(x + 9.)|) — F(|ze(x +72)|) |dz — 0.
ol A e el G CHCES AR A (ERR AT)
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Dividing by ¢ and passing to the limit in (8.2]), we can conclude
1
587‘/(?31) 212 = 0,
R3
a contradiction. 0

Complete proof of Theorem It suffices to show that |z (x)| — 0 uniformly in R*\ B§
as ¢ — 0. In fact, from the regularity argument in [17, Lemma 3.19], we have that there
exists C' > 0 (independent of ¢) such that |z.|,, < C. Then we can use elliptic esitmate
to get

()] < Co / l22()|dy
B(z,1)

with Cy > 0 independent of both ¢ and x € R®. And thus, by Proposition [8.1] we have
that for any z € R? \ B,

) 1/2 ) 1/2
SC()( ‘Za—Z(-—ya)‘ ) +Co</ ‘Z(—ya)}) — 0,
R3 B(z,1)

as ¢ — 0. Finally, by the decay estimates obtained in [18, Lemma 4.2], it is standard to
prove that there exists C', ¢ > 0 independent of ¢ such that

22(2)] < Cexp (— cfr — wel).

This concludes the whole proof. ]

A Appendix

Here we sketch the proof of Proposition Firstly for later use let us point out that,
under the assumptions of Proposition 5.4, V(e - +y.) — V(y) in LS (RY) as e — 0.
Now, denote V°(z) = V(ex + y.) — V (y), we soon have

Oy 0) = )+ 5 [ VO@Pdr— [ (Gler+ e lu) - Gl lu)dr A

2
for all u € E. We also remark that, for arbitrary w € E* and v € E~, by setting
0 =v—hey (w)and {(t) = ¥, (w+h., (w)+10), one has f( ) =, ys(w+v) 0(0) =
P,y (w + hey, (w)) and £/(0) = 0. Hence we deduce £(1) fo s)0"(s)ds.
And consequently, we have

1
/0 (1= )W, (w+ hey (w) + 57)[5, 7] ds
11
+ §||U|| + 3

(A.2)
/ V(E[lf + y€)|ﬁ|2dx = ¢€7y6 (w + havys (w)) - ¢€7y6 (Z + ,U)?
RN
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where, for notation convenience, we denote W, ,(u) = [os G(ex + y, |u|)dx for u € E
and y € R3.

Observe that assertion (1) follows directly from [19, Lemma 4.3] and that assertion (3)
can be viewed as an immediate corollary of assertion (2). Hence, to complete the proof,
it suffices to show that, as ¢ — 0,

y. — yin R3
oo T [he e (we) = hey, (we — w) — hy(w)]| = o(1). (A.3)
w, = win F
To this end, we first claim that
Ye —>yin]R3 andu, ~uin Fase — 0
(A4)
= (b€7y€ (ue) - ®€7ys (ue - u) - ®€,y5 (u> == 05(1) as € — O

This can be proved similarly as (53.8)) in Proposition[5.3] therefore we omit the details. We
only point out here that, for the nonlinear part, it suffices to check

/3 (Gl(gx T Yes |u€|> - Gl(gx + Yes ‘us - u|) - Gl(gx + Yes ‘u‘))dm = 06(1)
R

where G'(x,s) = G(x,s) — 5x(x)s®. Since G' is subcritical, the proof follows from a
standard argument in [12, Lemma 7.10].
As a direct consequence of (A.4)), we soon conclude that

For any sequence w. — 0 in E", we have that A, ,_(w.) = 0in E~. (AS5)

Indeed, notice that h. ,,_(w.) is bounded (see Theorem [3.3), we may assume up to a sub-
sequence that h. ,_ (w.) — uy € E~. Then u. = w, + h.,_(w.) — ug. Now, remark that

U, ,. > 0, we conclude from (A.4) that

a— V] 2

TH“OH < - (I)e,ys(uo) = 0.y (ue —ug) — D,y (ue) + 0-(1) < oc(1)
as € — 0. And hence ug = 0.

Now we are ready to show (A.3). Let w. — w in E*. We may assume h.,_(w.) = v
in E~. By (A.9), there holds A, ,_(w. —w) — 0. Using (A.4) and assertion (1) (i.e. the
fact that h. ,_(w) — hy(w) as € — 0), we conclude that
D,y (w0 + hey (w.)) = Doy (W +v) + Doy, (we — W + hey, (we) —v) + 0(1)

<D,y (0 + hey (W) + Doy, (we — W + hey, (we — w)) + 0(1)
= ., (w+ hy(w)) + Py (0 — 0+ hey (. — w)) + 0-(1)
= @, (w: + hey (w. — w) + hy(w)) + 0-(1)
as € — 0. Now use (A.2)), we can deduce that
a— |V
2a
and hence (A.3)) is proved.

[ Aey. (We) = hey. (we —w) — hy(w)||2 < o.(1)
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