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Abstract

We consider the singularly perturbed equation —e?Au + V(2)u = K (z)uP~!
on a domain  C RY which may be bounded or unbounded. Under suitable
hypotheses on V, K we construct layered solutions u € H}(£2) which concen-
trate on certain high-dimensional subsets of €2. This gives a positive answer to
a problem proposed by Ambrosetti, Malchiodi and Ni in [1].
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1 Introduction and main results

In this paper, we are concerned with the existence of solutions which concentrate on
some higher dimensional subsets of RY for the following singularly perturbed elliptic
equation

(1.1)

—2Au+V(z)u = K(x)u’™, u>0, x €,
u € Hy(Q)

on a domain 0 C RY which may be bounded or unbounded.
A basic motivation for the study of (1.1) comes from looking for standing-wave
solutions

(x,t) = exp(—iEt/e)u(x)
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of the nonlinear Schrodinger equation

(1.2) iéa—w = —%Aﬂ) + (V(2) + E)¢ — K(z)[[P~%  for (t,2) € R x Q,

where ¢ is the Planck constant. Plugging the standing-wave ansatz into (1.2) one is
lead to equation (1.1) for u. Equation (1.2) arises in many applications, for instance
in nonlinear optics, plasma physics, and in condensed matter physics. The presence
of many particles leads one to consider nonlinear terms which model the interaction
effect among them. We shall find solutions for € > 0 small, i. e. in the semiclassical
case which describes the transition from quantum to classical mechanics. Another
motivation for studying equation (1.1) are models for pattern formation in mathe-
matical biology or reaction-diffusion equations with small diffusion coefficients; see
[21].

Equation (1.1) has been in the focus of research in nonlinear analysis in the last
two decades since the pioneering work [17] of Floer and Weinstein. This is of course
due to its importance in applications but also to the fascinating complexity and
richness of the structure of the solution set of (1.1) and the necessity to develop new
techniques to investigate this. Most papers deal with single- or multi-peak spike-layer
solutions, i. e. solutions u. which develop as € — 0 one or several spikes whose peaks
are located at critical points of the potential function V. We refer to the recent
papers [3, 6, 7,9, 10, 11, 12, 15, 16, 18, 19, 23, 24, 30, 31] and the references therein.
In all these papers, the authors used the least energy solution of the related limiting
equation in R to construct spike-layer solutions for problem (1.1). Furthermore, all
the solutions concentrate near one or more isolated points.

Malchiodi and Montenegro [20] seem to be the first to construct solutions of (1.1)
which concentrate on higher-dimensional subsets of RY. They considered (1.1) with
Neumann boundary conditions on smooth bounded domains in R? and for V, K = 1.
The new type of solutions found in [20] concentrate on the boundary of the domain.
Recently, Ambrosetti, Malchiodi and Ni [1] extended [20] to higher-dimensional lay-
ers for problem (1.1) on Q = RY with K = 1 and V(z) = V(]z|) being radially
symmetric. Under certain conditions on V' they found radial solutions which concen-
trate near an (N — 1)-dimensional sphere {|z| = p}. In [1] they considered the case
of a ball or an annulus with Dirichlet or Neumann boundary conditions. Del Pino,
Kowalczyk and Wei [13] considered (1.1) on R? with K = 1 and without any symme-
try conditions on V. For certain values 0 < ¢ < 1 they obtained solutions of (1.1)
concentrating on a prescribed curve I' C R? which is stationary and nondegenerate
for the weighted area functional fr Vo, o= ]% — %

In [4], we considered problem (1.1) in the non-autonomous case with V' and K
being radially symmetric. We constructed constructed radially symmetric solutions
which concentrate simultaneously on several spheres. Recently, Dancer and Yan [14]
studied (1.1) with V' = K = 1 on certain domains {2 and obtained solutions which
concentrate near (m—1) dimensional spheres, 1 < m < N. In the terminology of [21],
these solutions are (m — 1)-dimensional layer solutions. In this paper, we extend the
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work of [14] to the non-autonomous case. Whereas in [14] the location of the spheres
was determined by the geometry of the domain, in our case the potential functions
V and K are essential. Our techniques also allow to find solutions concentrating on
other types of manifolds like tori.

Now we describe the class of domains 0 C RY and potentials we consider.

(2) There is an integer m, 1 < m < N, and a relatively open subset Qy C R} x
RYN=™ such that Q = {z = (2/,2") e R" x RN"™ =RN . (]a/|,2") € Qo}

For z = (z/,2") € R™ x RN™™ we write 7 = (|2/], 2”) € Ry x RN—™.

(VK); There exist functions Vg, Ky € C'(Qg, R) such that V(z) = V4(z) and K(x) =
Ky(z) for z € Q.

(VK)y V, K are bounded and inf V' > 0, inf K > 0.

The solutions we obtain will have the same symmetry, there is a limiting equation
on RY=m%1 5o the critical exponent is

_J2(N=m+1)/(N-m~—1) ifm<N-1,
Pe ™ o ifm>N—1.
For 2 < p < p. we define
P N-m+1
p—2 2
and the function I' : Q5 — R by:

(13> F('ZO; R Zme) = Zgnil (VE)(Z(], e 7ZN—m>)9(K0(ZQ, . ,ZN,m))_Q/(p_2).

Our last assumption concerns the localization of the spheres where the solutions
concentrate.

(VK)s I has k critical points Z; = (Zjo,...,ZjN-m) € o such that Z;o > 0,
D?T'(Z;) exists and is nondegenerate, j = 1,...,k

In order to formulate our results let U € HY(RY=™%1) be the unique solution of
the problem

—Av4v=v"1 >0,
(1.4) v(0) = maxwv,
v E Hl(RNf’erl)'

For given z € RV ™% we set

- 1/(p—2)
o) = (,fo(j)> and B(=) = VI(E).

3



Finally we define
(u,v). = /(€2VUVU +V(r)uww)dz and ||ul? = (u,u)..
Q

The main result of this paper is the following:

Theorem 1.1. Let () and (VK), — (VK)3 hold, p € (2,p.). Then for e > 0
sufficiently small, (1.1) has a solution u. € Hg () of the form

w(a) = Za 2. (820 (22 + wa)

with T = (|2'],2") as above and
Zej € Q0 |2y =25l = O (™) | w2 =0 (eY7"F), Jweeo = O(e).

This result can be extended in various directions. We state one such variation
dealing with the case where the critical points are allowed to be degenerate.

(VK)y T has k isolated critical points Zi, ..., Zy € €y with nontrivial local degree:
deg(VI', B5s(Z;),0) # 0 for 6 > 0 small, j =1,..., k.

Theorem 1.2. Suppose (2), (VK)y, (VK)a, and (VK)4 hold, p € (2,p.). Then for
e > 0 sufficiently small, (1.1) has a solution u. € Hg(2) of the form

W) =3 a7 (32 (F22)) et

j=1

with
ZEJ € QO? ‘ZEJ - ZJ| = 0(1>7 Hwaug =0 (€N7m+3) ) |w5’oo = O<€>

Theorem 1.1 and Theorem 1.2 continue to hold with Neumann boundary condi-
tions if the boundary is non-empty.

Our arguments can also be used to construct other types of solutions. Fix integers
Ni,...,N, € Nwith Ny +...4+ N, = N and write

= (v1,...,7;) ERY =R x ... x R

accordingly. Setting

z=z(x)=(21,...,2 with z; =



we require Q = {z € RN : 2(z) € Q}, V(z) = Vo(2) and K(z) = Ky(z) with
C'-functions Vy, Ky : Q9 € R" — R. Thus Q,V, K are radially symmetric in z; for
all + with N; > 2. In Theorem 1.1 we have h = N —m + 1, Ny = m, N; = 1 for

1 =2,...,h. Here we consider the function
Ni—1 Np—1 2__h 2
Dz, ..c0zm) =20 ooz, Vo(z)p2 2 Ko(2) 72,
and assume that I" has k& nondegenerate critical points Zi,...,Z; with Z;; > 0, if

N;>2 j=1,...,k, i =1,...,h. The critical exponent here is p. = 2h/(h — 2) if
h > 2 since the limiting equation lives on R”.

Theorem 1.3. Suppose p € (2,p.). Then for ¢ > 0 sufficiently small, (1.1) has a
solution u. € H}(Q) of the form

W) = a0 (920 (F222)) +wete

with z = z(x) as above and
Zej € 0oy |Zey— Zjl = O™ w2 = O("?),  |weloo = O(e).
where U 1is the unique solution of equation

—Av+v=1v""1 v>0,
(1.5) v(0) = maxw,
v e HY(RM).

The solutions of Theorem 1.3 concentrate near the k manifolds M; = {x € RY :
2(x) = Z;}, g =1,...,k. Observe that each M; is diffeomorphic to the product of
spheres SM—1 x ... x SNn—1

In the subsequent paper [5] we construct yet another type of solutions of (1.1)
which concentrate simultaneously on a prescribed number of (m — 1)-dimensional
spheres and such that the spheres converge towards the same sphere as € — 0. Thus
these solutions have the form as in Theorem 1.1 with Z,. ; — Z as ¢ — 0 for all j.

In the radially symmetric case m = N, our result with £ = 1 is the same as that
of [1]. We believe that our arguments are simpler and can be applied to more general
cases. The case k > 1 is new even if m = N.

Our arguments are based on variational methods. The basic idea is to use the
least energy solution of the related limiting equation in RY="*! as a building block
to construct solutions for (1.1). We first reduce the problem we are dealing with to
a finite-dimensional one by a kind of Lyapunov-Schmidt reduction (see [8] or [28]).
For this reduction it is essential to work in the subspace

H, = {u € Hy(Q) : u(z) = up(|2’], 2")}.
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of H}(Q) consisting of functions having the same symmetry as the problem. The
reason is the lack of control in some directions for the corresponding linearized op-
erator Lv(z) := —Av(z) +v(z) — (p — 1)(U(|x’|,x”))p_27j(:z:) in H'(RY). This leads
to spectral problems for L which disappear in H!(R"). After making the reduction
we use the Brouwer degree and apply energy comparison techniques. In order to
obtain the existence result in the supercritical range p € (2N/(N — 2),p.), we also
employ a penalty function argument which needs some truncation. Consequently we
use a local approach in the finite dimensional reduction. This is essential for finding
a fixed-point in a subspace where the functions are L uniformly bounded. In [1]
where m = N, Strauss’s inequality[29] and Green’s function were used in the proce-
dure of reduction. But it seems that the argument of [1] fails to work in our case since
we do not have Strauss’s inequality if 1 < m < N. We also improve the techniques
developed in [14]. We believe that our arguments can work well to generalize most
of the results obtained in the case m = 1 to the case 1 < m < N.

The paper is organized as follows: in Section 2 we first introduce some notation
and explain the framework of the proof. Then we prove some preliminary estimates
which play a key role in the rest of the proof. In Section 3 we reduce the problem to
the study of a finite dimensional variational problem. The proofs of the main results
are given in Section 4. Finally, in the Appendix we prove a technical result.

Throughout this paper, we will use C, c and C}, j € N, to denote various positive
constants. O(t), o(t) means |O(t)| < C|t| and o(t)/t — 0 respectively ast — 0. Given
Dy C RY=m*! guch that f(|a’|, 2”) is integrable over D := {x € RN : (|2'|,2") € Do}
we write [, f(|2'],2")dx = [, 2" f(2)dz. So z = (20, ..., 2y-m) and [ dz includes
the factor w,, 1, the (m — 1)-dimensional volume of the unit sphere in R™.

2 Preliminaries

Recall that the unique solution U € H*(RY=""1) of (1.4) is radially symmetric and
satisfies
U'(2)

lim |z|N ™24 (2) = anmy, >0 and  lim =—1,
\zHoo' | (=) Nomop |2j—00 U(2)

where oy, is a constant depending only on N, m and the exponent p. Moreover, U

is non-degenerate, that is, the kernel of the operator w +— —Aw +w — (p — 1)UP 2w

in H(RY=™%1) is spanned by {0U/0z : 1 =0,..., N —m}; see [6] or [8] for instance.
For fixed € > 0 and y € Qy C RY""*"! we define

o o (=)

where




It is easy to check that U, , satisfies
(2.1) —?Av(2) + Vo(y)v(z) = Ko(y)v(z)P™t  in RN
Moreover, there exist constants ¢, C, A > 0 such that

U.,(2) < 06—/\(2—?4)/6,
(2.2) Ul (z) < Ce e Xemwle 4 emele,
Us"y(z) < Ce2eMemw/e 4 ocle,

The function [7571,(1:) = U, () satisfies

- EQAﬁa,y + ‘/()(y)ﬁa,y

~ m —1]2'| — yo By (T —y)
= Ko(y)U?,' — €B; U=
O(y) £,y 55]0»/3/ ’$’| |a~c—y| c

(2.3)

with = (|2/|, 2").
Set £ = min{dist(Z;,0Q) : j=1,...,k} and let n € C°(R¥=™*1 [0, 1]) be such
that

n(z) =1, if z € Q, dist(z,0) > k/4,
n(z) =0, if 2 ¢ Qo or dist(z,08) < /8.

The function

Ws,y(x) = n(j)Ua,y('r)y

satisfies

(2.4) —? AW,y + Vo(y)Wey = Ko () U2, + foy(x)  n Q,
Wey =0, on 0€,

where

B ~ m—1[2'| —yo, ., (By(@ —y)
feu(@) = —n(@)ebyoy lz’] |2 =yl v ( € >

— 2e0,3,V(2)VU (M) — &%, U (M) An(z).

Hence we can easily check that f., depends smoothly on = and y. Moreover,

(2.5) | fey| < CeU (M) .

Fix § > 0 small so that Bys(Z;) C int Qy and Bys (Z;) N Bys (Z;) = 0 for i # j,
i.j=1,.... k. Set

(2.6) Ds = Bs(Zy)) x ... x Bs(Z;,) ¢ REW=m+D

7



and B; = {x € Q: % € Bs(Z;)}. We replace the nonlinearity u?~! by

(2.7) g(@,t) = ZXBjtz—jl-_l + (1 - ZXBg) 9o(1)

where xp; is the characteristic function of B; and

t}fl for t < a,

go(t) =
aP=2t for t > a,

with a := kU(0) + 1
Now we consider the following new problem

(2.8)

—*Au+V(z)u = K(z)g(z,u), u >0, in €,
u € Hy ()

The functional associated to problem (2.8) is

1
I(u) = 2/9( e Vul|® + V() dx—/K

where G(z,t) fo x,s)ds. For any x € B;, we have |2/| > ¢ > 0, so I. is well
defined in H for 2 < p < p.. It is easy to check that I. € C'(H,), hence its positive
critical points are solutions of problem (2.8).

For Y = (Yi,...,Y%) € Ds we define the subspace

E.y ={veH,: (v,0W.y,/0Y;;) =0, j=1,....k 1=0,....,N —m}

of Hy of codimension k(N —m + 1). We restrict our arguments to the existence of
critical points of I. of the form

U= ZW€7§/]. + we,

=1

where Y; is close to Z;, w. € E.y and ||w.||? = o(e¥~™*!). In order to do this we
consider the functional

k
JE(K ’LU) = IE (Z WE,Yj + U))
j=1

defined for Y € RFN=m+1) and w € H,. Clearly J. is of class C'. We need to
constrain J; to the k(N — m + 1)-codimensional submanifold

Ms,g = {(Y, w) Y € D(;, w e Es,y}

of RF(N=m+1) » [,



Lemma 2.1. There exist 69 > 0 and €9 > 0 such that if ¢ € (0,g0] and § € (0, ],
then (Y, w) is a critical point of J. constrained to M. s if and only if

k
u = Z WE,Yj -+ W,
j=1
is a critical point of I. in Hy.

Proof. The proof of Lemma 2.1 proceeds analogous to the proof of [4, Lemma 2.3].
We therefore just give a sketch. We define

k
QO(Y) = Z WE,Y]-
j=1

and, for 6, > 0,
W(s,e)={uc Hy: |ju—pY)|. < 5™/ for some Y € Ds}.

Then one shows that there exist dg,£9 > 0 such that if § € (0, o] and € € (0, g¢], then
given u € W (4,¢) the minimization problem

(2.9) inf{[lu —(Y)[lc : Y € Ds}

is achieved in Dys and not in Dys \ Das. If Y € Das is a minimizer of (2.9) then
w:=u — p(Y) satisfies

WeXi ) 0 forj— 1, =1, N—m+1
w, v, 5_ orj=1,....k, I=1,..., m+ 1.
Finally one shows that (2.9) admits a unique solution provided dg, g are small enough.

m

We notice that, according to the Lagrange multiplier rule, (Y, w) is a critical
point of J. constrained to M, 5 if and only if there are scalars A;; € R, j =1,...,k,
[=0,...,N —m, such that

o.J. i (GQWE v )
2.10 Y, w)= Aipg | =——=,w | ,
( ) aY}’l ( ) % Js ay}jnay}’l .
and
oJ. L 1
(2.11) (Y w) = ; ; Aj oY,

In order to prove Theorem 1.1, we show first that for given Y and ¢ small enough,
there exist w.y € F.y and scalars A;;, j =1,...,k, 1 =0,...,N —m, such that

9



(2.11) is satisfied and the mapping Y + w. y is C''. We then show that for sufficiently
small e, there exists a point Y € Ds, such that (Y, w.y) € M. s solves (2.10).
Expand J.(Y,w) near w = 0 as follows

Jo(Y,w) = J.(Y,0) + h.y (w) + %Q&y(w) — R.y(w),

k

hg,y(w):Z/(EVWwa—l—V Wy, w) /K (
W,

/ ( ZWE,YJ, +w> —% K(z) (Z We,yj)
_ QK(JE) (ZWE’YJ> w

Lemma 2.2. h.y : E.y — R is a bounded linear map satisfying
ey (w)| < CeNT V2 (e 4 e7¢F) .
for some constants ¢, C' > 0.

Proof. By (2.4), we have

+2;/§2V(a:)wanw—é/g%(mwaw
+é/QKO(Y]) (WEY)p_lw - QK(JT) (; Wsyﬂ>plw

On the other hand, by (2.2),

()T ) w = 37 | Ko()) (Wey)"




k
<Y [ Ko 023 = w2y ul
j=179
=0 e ))|w.,
k k
Z/V(x)Waij—Z/VO(Y)Wgyw
j=17¢ j=1"%
k
<> [ V@)~ V¥ Wes o
j=17¢
3
< ([Ive -wpwz,) ul
= O(ee” 57)|wll.,

ST Ko(V;) (Wey,)" w - QK(x) (Z WE,YJ) v
=3 [ 1) = K@z,
( ( /WaYWsY|w|> (2<p<3)
i#£]
( /Wg’y2 ) (p > 3)
\ i#£]
<> ([ 10 - kP2 ) .

2
[ ) ul.  @<p<3)
%
([ )nwng 29

)Hw|le+0<sw P9

[ ] < ([ |f€]|2) Jull = O™ ull.
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Adding the above four inequalities we obtain the desired estimate. O

3 The finite-dimensional reduction

In this section, we solve equation (2.11) for any given Y = (Y1,...,Y%) € Ds. Associ-
ated to the quadratic form Q). y : H; — R is the bounded linear map L.y : Hy — H,
defined by

k p—2
(Leywy, we). = /(52Vw1Vw2 + V(z)wiwse) — (p— 1) /K (Z WE,Y}> Wi Wsy
Q oy

so that Q.y(w) = (L.yw,w). Constraining Q. y yields the quadratic form Q
E.y — R which induces a bounded linear map Lgy : B,y — E.y given by LE Yw =
PL.yw with P : H; — E.y the orthogonal projection (with respect to the scalar
product (-, +).).

Proposition 3.1. For ¢ small enough and Y € Ds, the operator LF oy 1s invertible
with uniformly bounded inverse. In other words, there exist constants €9 > 0 and
7 > 0, such that for each ¢ € (0,&0] and Y € Dy

ILZywle > Tlwl.,  for allw € E.y.

The proof of Proposition 3.1 will be postponed to the Appendix.
Let

]-},Y:{wEH |<Zne s/ +C’es},
where v,0 > 0 are small constants to be determmed later. The following estimates
were essentially observed by Dancer and Yan in [14].

Lemma 3.2. For any w € F. we have, provided £ > 0 1s small:

(3.1)  |Rey(w)] < CeNTrmHl (em W m2IN=ma D214 [2772) 4 Cem/e w2

(32) |RLy(w)o| < CeWmmHDRmHHDW=mt b2 1[4 o] 4 Ce™* w]c|jv]|.
(3.3)  |RLy(w)[or,va]| < Ce™ NI 4 =) oy | [|va |-

where p* = min{1, p — 2}.

k

Proof. For any w € F. and small ¢, we have |w| <  and ). W.y, < % in Q\U?Z1 B;.
j=1

This implies

Ry (w ‘ /K (im,ﬁw)p —%/QK(%’) <Z:W€,yj>p
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k k p—2
_/K(x) (ZWE,YJ w——/K (ZWE,;/j) w?
Q j=1 7=1
C / lw|P" 2+ C /
y BJ' Q\U':l BJ

Jj=1

< C / [w|P" 2 o / w?
U, B; U ) OUL, By

Jj=1

IN

< C |w p*’2+Ce’C/EHwH§.

k
j=1 B;

Fix some j =1,...,k and set w(z) = w(ez+Y;) and B. ; = {2z : e2+Y] € Bs(Z;)}.
By the fact that |2/| > ¢ > 0 for x € B;, we see

I
Bj

P2y = / 2 Hw|P 2dz < C lw|P" ~2dz
Bs(Z5) Bs(Z5)

B ; B

€,J

(p*—2)/2
_ CgN_m+1 5—(N—m+1)/ (62|Vw|2—|—w2)dz
Bs(Zj)

< O€N_m+1 (5_( *—2)(N-m+1)/2 _2>

Combining the last two estimates, we obtain (3.1). (3.2) and (3.3) can be verified
similarly. n

(" ~2)/2
(|Va|? +w2)dz>

€,

Now we are in the position to state the main result of this section.

Proposition 3.3. For ¢ sufficiently small, there exists a C*'-map Ds — H,, Y
Wey, such that w.y € E.y and (Y,w.y) satisfies (2.11) for some A;; € R, j =
Lk, 1=0,...,N —m. Moreover,

(3.4) |wey||? < CeNTmts,

Proof. Lemma 2.2 implies that the map h.y|g_, is represented by an element of £, y
which we denote by hZy. So hfy € E.y satisfies

(hfy,w)e = hey(w), forallw € E.y.
Thus, solving (2.11) is equivalent to solving
(3.5) hly + LEyw+ (REy) (w) =0, weE E.y

where (RFy ) (w) € E.y represents R,y (w)|g., . As a consequence of Proposition 3.1,
QFy is invertible. So we can rewrite (3.5) as

w=—(Qy) " (hey + (REy) (w)) =t Acy (w).
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For v > 0,0 < 0 < v, and v > 0 to be determined later, define

k -
C.:= {w € E.y : Jw(x)] < 762776_”"”_Yj|/€ + e /E, |wl|e < ve(N_m+3)/2} )
=1

Now we prove that for a suitable choice of v, the map A,y is a contraction on
the set C. endowed with the norm || .||.. For any wy,wy € C., we have by (3.3),

[ Ay (w1) = Aey (w2)]|
< CI(REy) (wr) — (REy) (w2) |-
< C(e P N HEIR w4 (1 — g)wa||?” + e7/%) [y — wy.
< CyP e lwy — wa.,

where ¢ € [0,1]. Thus A,y is a contraction for ¢ small enough.
For w € C. we have

Ay (w)]le < Cllheyll- + ClI(RZy) (w)]-
< C(€€(N_m+1)/2 +e—c/€)
+ Ce(N—m—l—l)/Q(5—(p*+1)(N—m+1)/2

S Ooe(N_m+3)/2(1 + 'yp*+1gp*),

(3.6)

)+ Ce .

In order to see that A.y(w) € C., it suffices to prove that for a suitable v > 0,

k
A (w) ()] < ye > me I 4 yemol,

j=1
Setting w; = A,y (w) we obtain
Lgywl = _hgy - (ng)'(w)
that is,
k N—m
oW.y,
(3.7) Leywy +hey + RLy(w) =) ) " Ay v
j=1 1=0 2

k., 1l =0,..., N—m; here we identify the bounded linear

for some A]l eER,j=
): H —> ]R with elements of H using the scalar product (-, - )..

maps hey, R.y(w
We clalm that

(3.8) A < CLe? (14711, j=1,...,k 1=0,...,N —m.

In fact, first, we can easily check that

OW.y. OW.y,
&1 &1 —C N—-m—1 9] N—m —g
( a}/}’l ) ayj’l )8 € + (6 € )7
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<awe,yj OW..y,

AR ) = 0N 4N memE), P4 jorl#n.

Thus, taking the scalar product in Hg of (3.7) with 202% for j=1,...,k,
[ =0,...,N —m, respectively, we get a quasi-diagonal hnear system with A;; as
unknowns, which yields,

N—m—

1
40l < Ce™ 2 ([Jwnlle + ey lle + 1Ry (w)le)

< Og—(N—m—l)/Q (COE(N—m+3)/2(1 + ,yp +1 ) + 05 (N—m+3)/2

+ C,yp*—lg(N—m+3)/2€p*>
< CLe®(1 4P Hierh),

By duality, (3.7) can be written as

—&*Aw, + V(z)wy — (p— 1)K (z) < i Wg%>7’2w1

i(”KO 2, + Jeg) + K (@) (iWEYJ) +i(V<:v>—%(Yj>>WE,Yj

j=1 J=1
e 2wsy+w>—<iwa,n>“— (3 w) )
j=1 j=1
k Nom dge; O :
w32 3 G~ T )
= GE,Y(QC),

Gej = nKo(Y;) U3 + foy.

Since w € C., we have |w| < 1/2in Q\ U?Zl B;. Therefore,
(3.9)

‘K(x)g(m, iWE,Yj + w) — K($)<iW5,Yj>p_l —(p— 1)K(x)<iws,y>p

Jj=1

—2
w’

15



Now direct calculations yield:

(3.10)

=3 ()02, + K0 (ZWay)” |
<|- i( V)W - K@)z,

() -3

p—1
=S owI |+ O )
j=1
CY WEVEPWE DR 9 <p<s

&, X4

i#]
<COY |E-Y;|WP 4+ 0(e %) +
Z = C Yo W Wey, p>3
i#j !
<OZ|x—Y| PO,
and
k
(3.11) Z V)| Wey, < CZ|;1:—Y|W€Y + O(e™/).

On the other hand, it follows from the definitions of W; y; and f. ; that for j =1,...,
<C€71Up71 (ﬁj( )) +CU <ﬁ]<a~;_lfj)> .
o € €

Hence combining (2.2), (2.5) and (3.8)-(3.12), we obtain

Gy ()| < Cé\:ﬁ— y;|ur! (63( - )) +CZ’$ - Yl (M)

7=1

dqe;  OVo(Y))
3.12 ZI- IZW,
( ) aifj,l a}/;.’l Y

k

+C1 Y (5(1 + AP U (ﬁj (@ _8Yj>>) + Ce ™ 4+ Clwr™*!

Jj=1

k
|7 — Yj|e~prAYsl/E CZ |7 — Y| NE-Yal/e
1 j=1

k
+Cy Z ((L 4+ A7 e )e MEYlE) 4 Cemele

Jj=1

M-

<C

J

k
+ C’}/p*+1€p*+l Z ne—(p*+1)u|az4/j|/a + C«,yp*Jrlef(pfl)o/e.
j=1

16



It is easy to check that for 0 < v < AXand r >0

7“67)\71/6 671

< .
ge vr/e T N —v

Consequently,

Cos(1 477 1P ) N oy e /e
(5.13) Gy ()] < - Y e ENIE 4 Gy
. s

4 Cz,yp“rlef(p*Jrl)a/e7

where Cy, ¢, v and ¢ are independent of v, 0 < v < A.
We claim that there exists C'3 > 0 independent of v, such that

Indeed, setting

k p—2
9oy (z,w1) = =V (z)w + (p — 1) K(z) <Z Wa,Yj> wy,

and wy(z) = wi(ez +Y;), 2 =1 = (|2/|,2"), then
=AW (2) = Gey(ez +Y)) + ge(ez + Yj,01) in Bej,

where B, ; ={z:e2+Y; € Bs(Z,)}.
For any z € B, ;, since |2'| > ¢ > 0 in B;, we have

/B s g 0 /B jwn[Pdz < Cem =m0 gy |2
1(z A

= Ce W=t A ywl|? < CCe(1 4 4¥" He?).
So, we deduce from (3.13) that

|01 |0 (B (2)) < Cllge,y (62 + Y, W01) || 2(B,(2)) + ClGey (62 + Yj) Lo By (2)
< Cllinllz22)) + ClGey =@
< Cie(1 + AP T1er")
- A—v '
Thus, our claim follows.
For a smooth function 1 satisfying ¢¥» = 0 in B;, define

@) = K(@) (Z Wg,yj<x>> v(@)

17



It is easy to see that a. — 0 uniformly in 2 as € — 0. It follows from (3.14) that w;
satisfies

— e’ Aw; + (V(2) = (p — Dac(x))wy

p—2
(3.15) Cae(1 + AP +er k
< Gorle) + P E) (S )
j=1
Setting
k
v = /yé‘ Z 776_”':2_}/].‘/6 + 76_0'/8.
j=1

direct computations yield that for € sufficiently small, there exists Cy > 0 independent
of € and ~ such that

—®Av+ (V(z) — (p— Dac(x))v

> (V(z) = (p— Dac(z) — ) (’78 > ne I 4 yem! )

J=1

2 k
Ui ) <7€ZGV|EYJ'|/5 +7€U/€)
n =1

N—m a
+0 (alvm + g2 Z ‘8:5182
()

S Cae(l 477 THert)
- A—v

Z ne—u|5c—Yj|/s + 046—0/5 + C4’7p*+16_(p*+1)0/5
j=1

p—2
Cye(1 4 A7 +1er")
> Gy () + 25 +7 : (ZWey> :

provided 0 > 0 is small, 0 <v < X\, 0 < 2 < XA and (A — v?)y/4 > Cy/\ —v).
Using the comparison principle, we obtain

k
wl S v = ’76 Zfr]e_l/'j—)/]'/s + 76_0/6.
j=1

Therefore, choosing v > max{2Cy, 4Cy/(A —v)(A—v?)} and 0 < 0 < v < X , where
Cy is from (3.6), we see that wy € C.. Thus, A,y is a contraction from C. into itself.
As a consequence, there exists w.y € C. satisfying w.y = Acy(w.y), that is, w.y
satisfies (2.11) for some scalars A;;, j=1,...,k, 1 =0,...,N —m. Moreover,

(3.16) |wey||? < CeNTmts,

18



Finally we claim that w,y is C*—smooth with respect to Y. Using similar argu-
ments as in [8], we can deduce that there exists a unique C'-map Wey : Ds — E.y
which satisfies (2.11). As a consequence of the uniqueness, w. y = W,y and the claim
follows. m

4 Proofs of the main results

In this section, we prove the main theorems stated in section 1.

Lemma 4.1. Let w.y and A;;, 7 =1,...,k, 1 =0,...,N —m be as in Proposi-
tion 3.3. Then for each j =1,... k and l =0,...,N —

Y 7

d.J. 1 (Y;) n-
e Y. —(2_2)\p m+1 N—m+1+min{1l,p—2}
g ) = (5= ) B e ot )

where B = / UPdz.
RN m—+1
Proof. For w :=w.y €C.,j=1,...,k, 1 =0,...,N —m, we have:

&]6 2 i aWsY- i aWaY-
—~ _, 2 LY, 2 d
v /Q<€V<ZW,YZ+IU) an,l +V(2) (;W,yl—i—w I

i=1

8W5y b GWEY'
_ 2 Y;
_ /( V(ZWEY> o V) (ZWY> 7 >dm
"ow,
e
_/QK(x) <ZZI Wg,yi+w> v, T

For ¢ # j, 4,7 =1,...,k, the exponential decay of Wy, and 2= implies:
/ A V)W, Wer ) 4
o va eY; a}/yl T eY; a}fjl T
oW,y 8W€ Y;
= Ko(Y)UPy! . d

o ¥,
+Awm—%mmwyﬁﬁ

_ O(gN—me—c/e)
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for some ¢ > 0. Hence

= - Ly, ———2 | d
GY}J /Q( VW yv 8Y}l ‘f‘V(ZL‘)W,yj ay}ﬂ) X
p—1
(4.2) / oW.y. Nem
— | Kz W,y +w 23 da 4+ O(eN"mec/e
[ k(@) Z » v + 0l )

= Il + ]2 + O(gN—me—c/s)'

A direct calculation gives

0
2I, = /(SZ‘VW57%‘2+V(Z')|WE7Y],’2) dx
Y1 Ja
0 ~
— (/ nKO(Y})UleWE,deij/fajWE,yjdij/(V( ) — V()(Y))Waydx)
(9Y},l Q r Q Q
0 ~ 0
= Ko(Y))UPY' Wy d / Wy d
8}/}’1/977 O( ]) &,Y; ,Yj w+aY7l ny] )Y €
0
Y
ol UG R AN
= [3—|—I4—|—I5.
Moreover,

0

Iy = 2K (YAUP d
3 8Y77l/;2n 0( ]) E,Y}' X

0 ~ o _
= Ko(Y)UP. d 2 D)Ko (YHUP, d

aY}',l/Q 0( J) £,Y; :L‘+8Y;'71 /{;(n ) O( j) e,Y; x
9
_8}/}1 RN

-1 D ( Y)ﬁj N—m _—c/e
8le/ /me Ky(Y;)a?U (—5 )dz—l—O(s e )

m—1
N m—+1
a}/;l 5JY RN—-m

VoY) Ko(Y;) 720" (2)d>
+ 0(5 —mg c/a

N m—+1 m— 1 —2/(p—2

6}/][/5JY /RN'rn(

+ O(EN m 70/5

Ko(Y;)U?y dx + O(eN e ™/%)

j0+—20

€
Yio+ 21
B

B 1@78‘1> VOO@)@KOMMUP(Z)}

= gt 0 F(Y)/ UPdz 4+ O(eN"mF2) 4 O(eNmee/e).
8}/” RN—m+1
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Similarly we obtain

8 —m —cC/€
Iy = Y1 Jr~ fa’jWS»dea"FO(sN e /°)
<Z - Y)ﬁ —m —c/e
anl/ /RNm faj ) < - dz—I—O( )
a c m—1
— gN-m+1 / o i—N-‘rm—l Yo+ —2 s "
aY;‘,l RN-m+1 B 3,0 Bj 0 f ]( 5] ) ( )
+ O(eN"memcl%)
= O(eN"m+2) £ O(eN e )
and,

Is = dYj, / /]RN . — Vo(Y)))a3U? <w> dz + O(eN"me /)

m—1
N—m+1 2np—N+m—1 V Y ~ — V(Y U2 d
—° 0Y;, /RNm+1 GP; ( ( +B]z) o ])) (2)dz
+ O(eN"mec/%)

— O(ngerZ) + O(ngmefc/a)'

Yo+ —21
B

Therefore

@3 2n =l / UPdz + O(eV~"42) + O(eN e %),
gl RN—m+1

Since w € C. we deduce from the exponential decay of Wy, and ‘%W

oW,
Izz/K( W”1 Jd+/K W”1 s
“ i#]

,Y; aYl .Y 8)/3[
oW,y OW.
+(p—1)/K($)Wpy.2w Yz + (p— 1) /K Wf;? Y5 de
Q =% 0Yy Yo Ty,
i#j Js
w 3YJZ €T

IWey,
K Wp 19 i /) p—1 K WP2 & N da
/!

dz + O(eN e 7).

ayﬂ
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On the other hand, similar computations as for I; lead to

oW,
[t e =0 ([ gz de - [ (G - Koy de )
Q Jsl l Q
— N- m+11 0 F(Y])/ Updz—i—O(eN_”H'Q)
pa RN—m+1
+O< —Me c/a)’

aWEY
K(z)WP P w——"dx
/Q () £,Y; 8}/][

oWy, a[/I/EY‘
— . p— Y p— 1
—/QKO(YJ)WE,Y]_ 8Y31 dx +/(K( ) — KO(Y))W 8}/3-71 dz

_ o OW.y,
= [ a0t 40 (Julimio) [ 15G0) = ol 252 | G
Q

Y1
+ 0(8N7m+1 70/5)

1 oW.y,
p-1\ay, ),

b / (—8\/0(1/})WE w — n—aKO(Y})fjf;,lw _ Ok w) dx
Q

i)

p=1Jo\ 0V 70 Wy TNV
aW 24+N— N—-m+1_—
+ [ () = Vi) s + O 4 0N 1)
Q aY;l
:O(€2+N7m)_|_0<€N m+1 70/5)7
e o, ow,
YVVeYs ,Y;
dv = —2|d
e ot (5|4

S C'eP *+1 (gN—m + EN—me—c/e) )

It follows that

1 *
(4.4) I =¢N" m+1p 88 F(Y)/ UPdz + O(eN"mF2)  O(eN -t
RN-—m+1

Now plugging the estimates for I; and I, into (4.2), we obtain for ¢ sufficiently
small:

%(Y’7 we,Y) — (1 . _) BaF( )gN m+1 + O<€me+1+p*)7

(4.5) 57 ) oV,

as required. N
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Lemma 4.2. For j =0,...,k there holds:

N—
i W,y
Ay | — — 24 N-—m}y
24 (Wj,zayj,n’w) O™

Proof. By direct computation, we have

92Uy
€1 _ O N—-—m—3 .
S| =0
Hence, (3.8) and (3.16) yield
PWey 92Uy
Aj | s <A 2t 4 O(eNmH el
(awym 0)| £ il |5 | Bl + O
— O(€2+N_m)
and the lemma follows. O]

Proof of Theorem 1.1. We have to show that for £ > 0 small, there exists Z. € Ds
solving (2.10), that is

dJ. Wy,
(4.6) v, Yw.y) = Z Ajn <m;w)€

holdsat Y = Z. for j=1,...,k, 1l =0,...,N —m. By Lemma 4.1 and Lemma 4.2,
equation (4.6) is equivalent to

1 1 or N
- _2)\B Y. p
(2 P) 3Yj,l( )+OE)
*W. v

N—-m
= ITNIN AL (— : ,w) = 0O(e)
nz% ” a}/.;vna}/;vl €

forj=1,...,k, 1 =0,...,N —m. We use a degree argument to prove the existence
of a solution. Equation (4.7) has the form ®(Y) = V. (Y) where &, ¥ : D;s C
RFN=m+1) _ RFN=m+1) are continuous, D®(Z) exists and is an isomorphism by
assumption (V K)3, and |U.|o, < CeP". It follows that there exist constants Cp, C, >
0 with C, = 0 as p — 0 such that |®(Y)| > (Cy — C,)p for |Y| = p, hence |O(Y)| >
W (Y)| for |Y] = p = Ce?" /(Cy — C,) and ¢ small. Now the Brouwer degree yields a
solution Z. of (4.7) with |Z.| < Ce?" /(Cy — C,).
k

(4.7)

Now u. = ) W 7., +w. 7, is a critical point of /. by Lemma 2.1. Since g(z,t) = 0
j=1
for t < 0, we see that u. is non-negative. Hence the maximum principle yields that
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u, satisfies (2.8). Moreover, w, 7. € C., and thus |w. z.| < 1 for € small enough. This
implies that for e sufficiently small

k

p—1

g <5€ > Wez., + ’ws,Zs) = (Wez, +wez), -
j=1

k
Consequently, u. = > W,z , 4+ w. z is a solution of the original problem (1.1).
j=1
Recalling the definition of W, y;, the proof of Theorem 1.1 can be finished easily. [J
Proof of Theorem 1.2. The proof proceeds as the one of Theorem 1.1 except that in

the application of the Brouwer degree we only obtain a solution Z, with |Z. ;—Z;| — 0
as € — 0. U

We leave the details f the proof of Theorem 1.3 to the interested reader.

5 Appendix

Proof of Proposition 3.1. The proof can be carried out in a similar way to [4, Propo-
sition 2.1]. However, here we give a different proof which essentially goes back to
[14].

Suppose to the contrary that Proposition 3.1 does not hold. Then there exist
gn— 0, Y = (Yl(”), . ,Yk(")) € Ds and w, € E_ ym, such that

(5.1) I Le, yonwnlle, = on(1)]wnlle, -

So we have for ¢ € £ ym:

k p—2
/(EQanVgo + V(z)w,p) — (p—1) / K(z) ( w_ Y(n)> Wy
Q Q =1 '

(5.2) i
= On(1)||wn En (p||5n

We may assume without loss of generality that

(5.3) lwnlle, = efY =m0z,

For each fixed j =1,...,k let
W (T) = 1w, (8—”1: + Yj‘”)> ,

(my) "/ (n)
where (3, ; = (VO(YJ- )> . Since Y}y’ > ¢ >0, by (5.3),

Vo <ﬁi_"]57 - Yf’”)
(5.4) / Tl i, < C,
R

2
n7j
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for any R > 0 large; here C' > 0 is independent of R and Br(0) is the ball in RY-m+!
with radius R and centered at the origin. After passing to a subsequence we have for
any R > 0,

(5.5) Wy, ; — W; asn — oo weakly in H'(Bg(0)),
and
(5.6) Wy, ; — W; as n — oo strongly in L?(Bg(0)).

We claim that w; = 0.

In fact, as a consequence of (5.2), W, ; satisfies for ¢ € E,
(5.7)

En | Vo (En_nz T Yj(n))
/ TZO + }/}’0 V'lf}nJVQO + ’JBQ TI)nJ‘QO dz
Dn n,J ’I’L,j
o Ko (foz 1Y) (& b2
En (n) (&w‘ J ~
—(p— 1)/ —20 + Y-’0 5 ( Hn,i) Wy, jpdz
Qn, 5n,j ’ 5%3’ ;
= on(D)[llls..

where Q,; = {z € RN+ s 224 v(" € O}, H,;(2) = (WEMW) (7224 7,"),
and

. (n)
- (T — Y,
En,j={so:so<—ﬁ T ))eﬂs,/
En Qn

En (n)
53” 3Yifln)

_|_

where ¢, ; € E~n7j, an;; € Rfore=1,...,k, 1 =0,...,N —m. Then due to the
exponential decay of 8Hn,,»/8Yifln), we obtain for i =1,....k, h=1,...,k, i # j and
i # h:

En (n)

—2+Y,
/Qnﬁ o0

n?j

m—1 Vol fo—z+YD
aHni 0 < n,j > aan
\Y% (T;) Vi + = ’ (’
Yy, P Ay
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and

En

- (n)
met aHn,z aHn,h % </3n,jz + }/; > 8Hm 3Hn7h

En (n)

20+ Y dz = o,(1).
/szn Bug 7" oy oy, . oy, oy
On the other hand,

m—1 2 (5_nZ+Y.(n)> 2
n n a]—In % 0 n,j a]—In 7
/ LI v Py | dz=C>o.
Qn 67’57] ' 8}/;,l /Bn,j a}/M

It follows that a,;; — 0 as n — oo for ¢ # j, while a, ;; — a;; up to a subsequence.
It is easy to verify that for [ =0,..., N —m,

7 — _ oy . ) J
gy ™ 0z en ¥ 5y () en ¥ gy

Jsl J J

(5.8)

Hence, plugging ¢, ; into (5.7) and letting n — oo, we deduce from the fact ijg) >

¢ > 0 that

/ . (Vw; Ve + wjp)dz — (p — 1)/ UP w0 dz
Rme 1

RN7m+1

oU oU oU
‘ b v w2 dr - (p—1 25 2% 02 ) 0.
+ 2:: aj (/sz-m+1 (VwJVaZl + W, 821) z—(p )/sz_m+1 UP~2w; 9 z) 0

From the fact that U solves (1.4), we deduce for [ =0,..., N —m that

ou ou ou
V,V—+w;— |dz— (p—1 UP 20, —dz = 0.
/RN—m-H ( W 825 +wj 8zl) : (p )/RN—m+l b 82“; :

Therefore

(5.9) / X (V; Vo +w,p)dz — (p — 1)/ UP 1w pdz = 0.
RN—-m+1

]RNf'mA»l
Since p € C°(RNY=™+1) is arbitrary in (5.9), the non-degeneracy of U yields that
(5.10) w; € span{0U/0z :1=0,...,N —m}

But (5.8) and w,, € E., ) imply

_ou  _oU
/RNerl (ijva—Zl + w]a—Zl> dz =10

for 1 =0,..., N —m. Therefore, w; = 0, which is exactly our claim.
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Now, for j=1,...,klet B, ;p={r €Q: 2 € B%R(Y})}. Then, using (5.6) we
deduce ’

k p—2 k p—2
/K(a:) (Z W Y_(n)> w2dr = / K(x) (Z W Y_(n)> w?dx
Q = g U;?:l Bh.iR = L

2 p—2
—l—/ K(x) W_ Lo w?dz
Q\U?:1 Bn,j.r s

Jj=1

C’/ widx+03(1)||wn||§n
U§:1 Bn,j,r

o(el =™ 4 op(1)el

IN

where og(1) — 0 as R — oo. Hence from (5.2), we have

o(en ™) = llwallZ, + o(en ") + or(L)ey ™

n n Y

which is impossible. This completes the proof. 0
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