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1 Introduction

In this paper we study the asymptotic behavior of classical solutions of prob-
lems of the form

u — Au = f(|z],t,u, Vu), xref t>0,
u =0, r €I, t>0, (1.1)
u(z,0) = up(x), x €,

where ) is a radial domain in RY (that is a ball, an annulus, an exterior
of a ball or the whole of RY), wu is radially symmetric and f behaves like
the power nonlinearity |u|P~'u, p > 1, for large values of u. (If N = 1
then the radial symmetry of 2 and ug is not needed.) Solutions of (1.1) are
radially symmetric in the z-variable and we will often consider such functions
as functions of the radial variable r = |z| and ¢. Hence, without fearing
confusion we use both the notation u(x,t) and u(r,t). The key ingredient of
our study is a Liouville-type theorem for radial solutions of the corresponding
limiting problem

uy — Au = |u|P ", reRY, teR, (1.2)

which enables us to derive universal estimates on solutions of (1.1).

We start with a short description of analogous results for elliptic problems
which play an important role also in the parabolic case. It is well known (see
(19, 9] or [35] and the references therein) that the problem

—Au = |ul"u, r € RN, (1.3)

possesses positive classical solutions if and only if p > pg, where pg is the
critical Sobolev exponent:

=

2
—+2, it N >3

Ps = -
0, if N e {1,2}.

The theorem on nonexistence of positive solutions of (1.3) in the subcritical
case, often refered to as a Liouville theorem for (1.3), is very useful in the
study of nonnegative solutions of problems of the form

—Au = f(x,u, Vu), x € ), (1.4)
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where ) is an arbitrary domain in R" and f behaves like the power |u[P~ u
for u large. In combination with scaling arguments, the Liouville theorem
is very effective for derivation of a priori estimates on positive solutions (see
[30] for recent theorems on universal a priori estimates and a discussion of
earlier results).

It is well known that the Liouville theorem for (1.3) is not valid for nodal
solutions, that is, solutions which may change sign. However, one can hope
that it does hold (and, as a consequence, a priori estimates for (1.4) can be
established), if the class of solutions considered is restricted by an additional
structure. An example is the class of solutions with finite Morse index. The
nonexistence of nodal solutions of (1.3) with finite Morse index (or, more
generally, solutions which are stable outside a compact set) for all subcritical
and even some supercritical values of p was proved in [4, 17].

Another interesting and natural class is that of radial solutions with a
finite number of zeros. As we explain below, in the context of parabolic
equations this class is more relevant, thus we discuss it in more detail. Given
an open interval I C R and v € C(I), we define

zi(v) ==sup{j :3z1, ..., x50 €1, 11 <@y < -+ < Tjqq,
v(x;) - v(xipy) <0fori=1,2,... 5},

where sup(()) := 0. We usually refer to z;(v) as the zero number of v in I.
Note that z;(v) is actually the number of sign changes of v; it coincides with
the number of zeros of v if v € C''(I) and all its zeros are simple.

The following result is an elliptic Liouville-type theorem for radial solu-
tions with finite zero number. It is a direct consequence of [28, Theorem 2.5].

Theorem 1.1. Let 1 < p < pg and let uw = u(r) be a classical radial solution
of (1.3) with 2 (u) < 0o. Then u=0.

The same result remains true for non-radial solutions uw = u(x) if N =1
and zg(u) < 00.

We remark that the result in Theorem 1.1 is not true without the as-
sumption z(g,e0)(u) < 00 (or zr(u) < 00).

Finally, we mention a yet another class of solutions admissible for the Li-
ouville theorem, namely solutions (not necessarily radially symmetric) lying
in the energy space

& :={ve P RY): Vve L*RY)}, }

(1.5)
[vlle = HUHLPH(RN) + |WUHL2(RN)-
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In fact, if u € £ is a solution of (1.3) then the Pohozaev identity and the
equality [on [Vul?dz = [ox [uP*! dz (which can be proved by using the same
cut-off function as in the proof of the Pohozaev identity [37, Theorem B.3))
guarantee u = 0.

Let us now turn to parabolic problems, first considering positive solutions.
A natural extension of the elliptic Liouville theorem for positive solutions
would state that for any subcritical p there are no positive classical solutions
of (1.2) (note that in (1.2) we are dealing with entire solutions, that is,
solutions defined for all times ¢ € R). So far such an extension has been
proved only for exponents p € (1,pg), where pg := N(N +2)/(N — 1)?, see
[6] or [35, Theorem 21.2]. In particular, if N = 1 then the following theorem
is true.

Theorem 1.2. Let N =1 and p > 1. Then equation (1.2) does not possess
positive classical solutions.

The restriction p < pp in the result mentioned above is hardly optimal.
On the other hand, if we restrict ourselves to the radial solutions then the
following result due to [29, 31] is valid for the optimal range of exponents.

Theorem 1.3. Let 1 < p < pg. Then the equation (1.2) does not possess
positive classical radial solutions.

Similarly as in the elliptic case, Theorems 1.2 and 1.3 can be used for
proving optimal estimates of positive radial solutions of problems of the form
(1.1), see [31]. In particular, one can deduce initial and final blow up rates of
local solutions, as well as decay rates for global solutions, all with universal
constants.

The previous discussion raises a natural question whether as in the elliptic
case a Liouville-type theorem and a priori estimates are valid for a suitable
class of nodal solutions. Unlike in elliptic equations, the class of solutions
with finite Morse index does not seem to be appropriate. While one can
make sense of a Morse index along a solution u(-, t), defining it for each fixed
t using the “elliptic part” of the equation, a discrete quantity defined this
way is not a Lyapunov functional for the parabolic semiflow (cf. [18]), hence
it can increase along a solution of (1.1) and possibly be unbounded. For this
reason, extensions of the elliptic Liouville theorem for solutions with finite
Morse index to parabolic equations are probably not very meaningful.

On the other hand, it is well known (see [3, 12]) that the zero number is
a discrete-valued Lyapunov functional for radial solutions of many problems
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of the form (1.1). Therefore, we focus our attention on radial nodal solutions
with finite zero number. Our main aim is to extend Theorems 1.2, 1.3 and
their applications in [31] to such nodal solutions. It is also well known that
for many parabolic problems, the usual energy functional serves as a real-
valued Lyapunov functional, at least for solutions in a suitable energy space.
Hence, the class of solutions with finite energy can also be considered and
we prove several results for such solutions, as well. In fact, we use energy
estimates at several places to complement zero number arguments.
Our first result is the following Liouville-type theorem.

Theorem 1.4. Let 1 < p < pg and let w = u(r,t) be a classical radial
solution of (1.2). Assume that there exists Z € N such that

2000y (u(-, 1) < Z (t €R). (1.6)
Then u = 0.

Similarly as in the elliptic case, the finiteness of z(g ) (u(-,t)) for some ¢ €
R is necessary for the nonexistence result in Theorem 1.4, in general. On the
other hand, if we restrict ourselves to bounded radial solutions with suitable
spatial decay then the assumption (1.6) is not needed, see Corollary 2.8.

In dimension one, we can treat nonsymmetric solutions as well. The
following two theorems are results of independent interest, but also they will
be needed, together with Theorem 1.4, for the derivation of a priori estimates
on radial solutions of (1.1).

Theorem 1.5. Let N =1, p > 1 and let uw = u(z,t) be a classical solution
of (1.2). Assume that there exists Z € N such that

r(u(-,t) < Z (te€R). (1.7)
Then u = 0.

Theorem 1.6. Let p > 1 and let u = u(z,t) be a classical solution of the
problem

Up — Upy = |ufP ", z € (0,00), t €R, (18)
u(0,t) =0, teR.
Assume that there exists Z € N such that

Then u = 0.



The proof of Theorem 1.5 for bounded solutions is based on zero number
arguments only, see Proposition 2.1. On the other hand, in the proof of
Theorem 1.4 for N > 1 we employ zero number arguments as well as energy
arguments. First, the bound on the zero number of the solution u(-,¢) is used
in order to get a uniform bound on u(-,t) in the energy space £. This bound
is very useful since the Cauchy problem

uy — Au = |u|Pu, zeRN t>0,
(1.10)

u(z,0) = up(x), r € RY,

is well posed in &€ (see the case A = 0 in [35, Example 51.28]) and the
corresponding solution satisfies the energy identity

E(u(-,ty)) — E(u(-, 1)) = —/tQ/RN u?(z,t) d dt, (1.11)

where
1

1
E(v) := = Vo] = —— vt ) d
(U) /RN<2IVU| p+1|v| ) v

is the energy functional. Using the energy estimates, we reduce the proof to
the problem of nonexistence of nontrivial equilibria which is guaranteed by
Theorem 1.1.

As a by-product of various energy estimates derived in this paper, we
obtain two alternative proofs of Theorem 1.3. These proofs are completely
different from the proof of the main result in [29], hence they might be of
interest to some readers. The first one (see Remark 2.6) makes use of the
nonexistence result in [6] in the one-dimensional case. The second alternative
proof is essentially self-contained but requires the additional assumption p <
3 (see Section 3).

Let us now discuss some consequences of our nonexistence results. Using
Theorems 1.4, 1.5 and 1.6 we obtain the following universal estimates.

Theorem 1.7. Let 0 < Ry < Ry < oo and I = (R, Ry) if Ry > 0,
I:=10,Ry) if Ry = 0. Consider the problem

w — Au = f(|z|,t,u, Vu), e, te(0,T) (1.12)
w0, red, te(0,7) |



with Q == {z € RY : |z| € I} and T € (0,00|. Let Z € N, p € (1,ps),
q€(0,2p/(p+1)) and let f be a Carathéodory function satisfying

[f(r,t, 5,6 < CLl+ [sI” +[¢]7) (rel, t€(0,T), se€R, §€RY),
and, for all (r,t) € [Ry, Ro] x [0,T],

: fp, 7,5, |s|PT02¢)
lim —
[s|—00, Ix(0,7)3(p,r)—(r,t) |s[PLs

={(r,t) € (0,00),

uniformly for & bounded. Then there exists a positive constant C = C(f,Q), Z)
such that any radially symmetric solution u of (1.12) satisfying

Ari o) (u( 1) <7 (1€ (0,T)) (1.13)

fulfills the following estimates.
(i) If T < oo then

lu(z,t)| < C(A+t7 V0D (T — ) YDy (2 €Q, te(0,T)).
(ii) If T = oo then
lu(z,t)| < CA+t Y0y (zeQ, t>0).
(iii) If T = oo, Q =RY and f(r,t,s,£) = |s|P~1s then
lu(z, t)| < Ct7 Ve (z e RN ¢ >0).

Of course, analogous statements are true for non-radial solutions if N = 1.
The universal a priori estimates stated in Theorem 1.7 extend those proved
earlier for positive solutions (i.e. Z = 0 in (1.13)), see [31, Theorem 4.1,
Corollary 3.2 and Section 6].

We now present consequences of the above a priori estimates.

An application of Theorem 1.7 shows that global solutions of the model
Cauchy problem (1.10) with 1 < p < pg satisfy the decay estimate

(-, t)|| Lo rvy < CH D (1.14)

provided ug € L™ is continuous, radially symmetric and z( ) (o) < oo (and
we consider classical solutions satisfying u(-,t) € L=(R") for all ¢ > 0). The
assumption z( ) (o) < 00 is also necessary since there exist radial stationary
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solutions v of (1.2) with 2 «)(v) = co. Estimate (1.14) has interesting
consequences for global solutions of (1.10) with initial data in H'(R") and
p < ps. In this case it is known (see [36, the proof of Theorem 2]) that

[u( D)l 2@y = o(t), t— oo (1.15)
Interpolation between (1.14) and (1.15) yields
[, )| Lorr@yy — 0, ¢ — oo (1.16)

We will prove that the same estimate is true without the assumption uy €
H'(RY) provided N = 1, ug € C' and the zero numbers of uy and uj, are
finite. In addition, in this case Proposition 5.4 below also shows

[u(-t)lle = 0, t— o0 (1.17)

Let us mention that (1.17) is well known for initial data with exponential de-
cay (see [24], [25], [35, Proposition 20.13 and Example 51.24]). On the other
hand, it seems to be an interesting open problem whether (1.17) remains true
for all global solutions of (1.10) with p < ps and ug € £.

Another result, in which Theorem 1.7 is a key ingredient, concerns non-
trivial periodic solutions for a class of periodic-parabolic problems. In Sec-
tion 6 we consider the model problem

u — Au=m(t) f(u), r e, te(0,7),
u=0, r e, te(0,T), (1.18)
u(z,0) = u(x,T), x €,
where
m € W([0,T]) is positive, m(0) = m(T), (1.19)
f € C'(R), f(0)=0, f(0) <0,
@] < OO+ ™), v < ps, } (120)
and
J(w) =1 for some p € (1,ps). (1.21)

Jul—oo |u|P~1u
Existence of positive solutions of (1.18) in a bounded domain 2 was proved
in [14, 15, 21, 22, 34] under various additional assumptions on m, f and p.
Here we assume that © is a ball or the whole of RN, If Q = Bp := {z €
RY : |z| < R} then we find infinitely many radial solutions of (1.18). More
precisely, we prove the following theorem.
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Theorem 1.8. Consider problem (1.18) with @ = Bgr and assume (1.19),
(1.20), (1.21). Fiz Z € {0,1,2,...}. Then there exists a radial solution
u=u(r,t) of (1.18) satisfying zo r(u(-,t)) = Z for all t.

We also consider equations on Q = RY, in which case we fix f(u) =
|u|P~u —u for simplicity. We prove the existence of a positive radial solution
of (1.18) (with the boundary condition v = 0 on 92 x (0,T") replaced by the
condition u(z,t) — 0 as |z| — oo, t € (0,7T)), see Theorem 6.1 below.

It is clear that if m is independent of ¢, then Theorem 1.8 guarantees
the existence of infinitely many radial equilibria of the autonomous problem
(1.18). Applications of the uniform a priori estimates of global solutions go
even farther; one can use them to show additional properties of equilibria
and establish the existence of connecting orbits between equilibria (see [1, 2,
32, 34] and the references therein).

An interesting aspect of the construction by way of Theorem 1.7 is that
the resulting equilibria or periodic orbits belong to the boundary of the do-
main of attraction of the zero solution. This has a curious consequence for
the problem

uy — Au = |u|Pu, re, t>0,
u=0, xed, t >0, (1.22)
u(@,0) = uo(z),  weQ,

where 2 = Br and 1 < p < pg. Using scaling invariance one easily proves
that given Z € {0, 1, ...}, there exists a unique radial equilibrium u satisfying
20,r)(u) = Z and u(0) > 0 (see [7]). On the other hand the proof of Theo-
rem 1.8 shows that there exists a radial equilibrium w satisfying z( gy(u) = Z
on the boundary of the domain of attraction of the zero solution. Using these
observations and the symmetry of the problem, we conclude that in fact all
radial equilibria of (1.22) belong to the boundary of the domain of attraction
of zero. This result is well known for positive solutions, but seems to be new
for nodal solutions (cf. [§]).

2 Liouville-type theorems for nodal solutions

We first consider problem (1.2) with N = 1.



Proposition 2.1. Let u be a bounded classical solution of (1.2) with N =1
and p > 1. Assume that there exists Z € N such that zg(u(-,t)) < Z for all
teR. Then u=0.

A crucial ingredient of the proof of this result is the following lemma on
the zero number of solutions of a linear equation

U = Uge +a(z, t)v,  (z,t) €R x (s,7T), (2.1)

where —o0 < s < T < oo and a is continuous on R x (s,7). Given a
solution v of (2.1), we examine the function ¢ — 2z, )0,(1))(v(-, 1)), Where
either (0(t),0(t)) = (—o0,00) for all t € (s,T) or #; < 6, are continuous
functions on (s, 7). In the latter case, we shall also assume that

V(01(1),1) £ 0 £ v(0(t),t) (s <t <T). (2.2)

Lemma 2.2. Let v be a nontrivial solution of (2.1). Then for eacht € (s,T)
the function v(-,t) has only isolated zeros; in particular, z(gr, r,)(v(-,1)) < 00
for each bounded interval (Ry, Ry). Further, with 01, 05 as above, assume
that (2.2) holds if 01, 05 are finite; in case they are infinite, assume that

Z(gl(tLgQ(t))(U(-,t)) < 0 (t € (S,T)). (23)
Then the following assertions hold true.
(1) t = 29,0),000))(V(:, 1)) s @ monotone nonincreasing function on (s,T);

1) if for some t; € (s,1) the function v(-,t1) has a multiple zero in

(ii) if [ (s,T) : P
(01(t1),02(t1)), then t — 2@, )0.00)(v(-, 1)) is discontinuous at t = 1,
(hence, by (i), it drops at t = t;).

These are standard results in case 6y, 0, are independent of ¢ (see [3, 10]).
It is straightforward to extend them to the case of variable 6, 6. Indeed,
the monotonicity property, which is a consequence of the maximum principle
and Jordan curve theorem (see for example [26]), is proved in the same way
as for constant 6, 6. The finiteness and dropping properties are derived
from the local structure of the nodal set of v near points (xg, to), where x is
a multiple zero of v(-, ) [3, 10]. These apply in our setting in the same way.
An interested reader can also verify that the results for variable 6, 6, can
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be derived from those for constant 6;, f; via an approximation argument.
For this one first chooses neighborhoods of the graphs of #,, 5 on which v
does not vanish. Approximating the functions 6, 6, by suitable piecewise
constant functions 0~1, §2, with graphs in the nonvanishing neighborhoods,
one can prove the desired conclusion by repeatedly using Lemma 2.2 on
time-independent intervals.

Observe that if (2.3) holds (in particular, if 6y, 62 are finite) then state-
ments (i), (ii) of the lemma imply that v(-,¢) can have a multiple zero in
(01(t), 02(t)) only for isolated values of t. Regardless of (2.3), we can say that
given any bounded interval (Ry, R»), the function v(-,t) can have a multiple
zero in (Ry, Ry) only for isolated values of ¢. To show this, fix any ¢, and en-
large the interval (Ry, Ry) slightly, if necessary, so that v(Ry,t) # 0 # v(Ra, t)
for t & ty (this is possible by the first statement of the lemma). Then we can
use statements (i), (ii) on the interval (6(t),02(t)) = (R1, Rs) for t = t,.

In applications of Lemma 2.2 below, we set v = u; — ug, where uy, us are
solutions of (1.2) with N =1 and p > 1. Such v is a solution of (2.1) with
a(z,t) = p|C|P~ (x,t), where ((z,t) is between u;(z,t) and us(z,t).

Proof of Proposition 2.1. The proof is by contradiction: we assume u % 0.
By Theorem 1.2 and Lemma 2.2, u(-,¢) must have at least one zero for each
sufficiently large negative t. Lemma 2.2 further implies that there exists
7o € R such that zg(u(-,t)) > 1 is constant on (—oo, 7] and therefore all
zeros of u(-,t) are simple if t € (—o0, 79]. For t < 7y we let n(t) < £(t) denote
the smallest and largest zero of u(-, ), respectively. By the implicit function
theorem, ¢ and n are C''-functions on (—oo, 79]. Clearly, u is of one sign in
each of the sets {(z,t) € R* : x > £(t), t < 70} and {(z,t) € R? : x <
n(t), t < 1}. Replacing u with —u, if necessary, we shall assume below that
u(z,t) > 0 for z > £(t), t < 7p.
We distinguish the following two possibilities:

(a) Either £(¢) is not bounded from above or 7(t) is not bounded from
below.

(b) There exists Ry such that —Ry < n(t) < &(t) < Ry for all t < 7.

Consider case (a) and for definiteness assume that £(¢) is unbounded from
above (the case of n(t) being unbounded from below is analogous). For any
T € (—00, 7] and A > &(7) set

QY= {(w,1) : £(t) < w < A, t € (sa(7), 7]}, (2.4)
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where
sx (1) :==sup{s < 7:£&(s) = A} (2.5)

Since A > £(7) and & is unbounded from above, s)(7) € (—o0, 7). Define
further
oM, t) = u2X — x,t) —u(z,t)  ((z,t) € R?). (2.6)

Then v* solves a linear parabolic equation (2.1) on @Q = R? and v* > 0 on the
parabolic boundary of Q?; more specifically, v*(\,t) = 0 and v*(£(t),t) > 0
fort € (sx(7), ) (the latter follows from the positivity of u(z, t) for z > £(t)).
Therefore, by the maximum principle, v» > 0 in Q2 and then, by the Hopf
boundary principle,

0> v\ t) = —2u, (N 1) (t € (sa(7),7]). (2.7)

In particular, u, (A, 7) > 0. Since A > &(7) was arbitrary, we conclude that
for each 7 < 7

ug(z, 7) >0 (z>&(7)). (2.8)

Now choose any sequence vy, — oo and consider the function
ug(z,t) == u(r +y, t)  ((z,t) € R?).

Since u is bounded, parabolic estimates imply that u,, replaced by a sub-
sequence if necessary, converges locally uniformly on R? to a solution % of
(1.2). Now, (2.8) implies that for each fixed ¢ < 7y the limit @(x,t) is positive
and independent of x (it is equal to lim, .. u(y,t)). Consequently, @ is an
entire positive z-independent solution of (1.2), which is absurd.

Next we consider case (b), dividing it further into the following two pos-
sibilities.

(b1) [Ju(-,t)||zeo(—r,r) — 0 as t — —oo for each R > 0.

(b2) There exist a sequence t;, — —oo and positive constants Ry, [y such
that ||u(-, tx)| Lo (—ry,ry) = Bo for each k =0,1,....

For 7 < 19 and X\ > £(7) we define v*, Q2 as in (2.6), (2.4). The value
sx(7) is as in (2.5) with the understanding that sup ) = —oc.

Assume (b1). We show that in this case, too, (2.8) holds for all sufficiently
large negative 7 and this leads to a contradiction as above. As in case (a),
(2.8) follows from the Hopf boundary principle if we prove that for each
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A > £(7) one has v» > 0 in Q). This holds, by the same arguments as
in case (a), if sy(7) > —oo. We thus only need to consider the possibility
sx(T) = —o0, that is, £(t) < A for all ¢t < 7.

Let 1, @1 be, respectively, the principal eigenvalue and a positive eigen-
function of the eigenvalue problem

Oax T =0, € (-Ro—1,A+1),
=0 re€{—Ry— 1,2+ 1}

By (b1), for each sufficiently large negative 7 < 7

max{[u[P~ 2\ — ., ), |uf " (z, t)} < 5—; (€ [-Ro, N, t<7). (29)

Fix any such 7. Observe that in the equation (2.1) satisfied by v*, we have
a(z,t) = p|¢[P~(z,t), where ((z,t) is between u(x,t) and u(2\ — x,t). By
(2.9),

(I(ZE,t) < ,ul/2 ((xat) < [_R07 >\] X (_0077-))‘

Also note that for each t < 7
A1) = 0> —1(A) and 0 ME(D),8) > 0 > —pr(€(2)).

Therefore, using a comparison argument on the set Q(s) :== QXN (R x (s, 7]),
with an arbitrary s € (—oo, 7), we obtain the following conclusion. If € > 0
is a constant and v*(-,s) > —ep; on [£(s), ] then v* > —ep; on QX(s).
Now, in view of (bl), we can take € > 0 arbitrarily small, upon taking s < 0
large enough. Sending ¢ — 0 (and s — —oc) we obtain v* > 0 on Q. The
strong maximum principle then gives v* > 0 on @Q?, as desired. We have
thus completed our argument in case (bl).
Finally, assume that (b2) holds. Set

ug(z,t) = u(x,tpy +t) (r €R, t € (=00, 10— tg)).

A suitable subsequence of these functions converges locally uniformly on R?
to a bounded solution @ of (1.2) such that ||@(-,0)||ze(=r,,r,) = Bo and @ > 0
in (Rp,00) x R. By Lemma 2.2 and the strong maximum principle, @ > 0 in
(Rp, 00) x R. Similarly, @ does not vanish in (—oo, —Rp) x R, hence

for each t all zeros of 4(-,t) are contained in [—Rg, Ro). (2.10)
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Moreover,
Z(,RO,LROJA)(&(-, t)) =m (t € R), (2.11)
where
m = 2r(u(-, 8)) = Z(—Ro,ro)(u(-,5)) (5 < 70).

Indeed, if 2(_gry—1,Rre+1)(U(-,t)) < m for some t, then the same is true for
any larger ¢ and hence we can assume in addition that all zeros of u(-,t) are
simple. Then, since u(-,t; +t) — u(-,¢) in C'[-Ry — 1, Ry + 1], we have
2(—Ro,Ro)(U(+, tr + 1)) < m for each sufficiently large k, a contradiction. The
inequality z(_pgy—1,ro+1)(@(,t)) > m is ruled out by a similar argument.

By (2.11), all zeros of u(-, ) are simple and hence the largest zero, which
we denote by £(t), is a C' function of ¢. Clearly,

£(t) = klim E(ty +1) < o :=limsupé(s).

Our goal is to prove that the points of local maxima and minima of (-, t)
in (£(t), 00), if there are any, are independent of ¢. We then show that that
leads to a contradiction.

First we show that for each 7 € R one has

Uig (A, 7) >0 (2.12)

whenever £(7) < A < 0. Obviously, (2.12) holds (with the strict inequality)
at the simple zero A = &(7) of @(-,7). Hence, it is sufficient to prove (2.12)
for any A satisfying £(7) < A < o (if there is no such \, i.e. if £(7) = o, the
previous argument alone gives the desired conclusion).

Fix any 7 € R and g(r) < A < 0. For all sufficiently large k£ we have
E(T+tx) < A Also, A < o implies that s\(7 + tx) > —oo. Therefore, as in
case (a), u,(\, 7+ tx) > 0. Taking the limit as k — oo, we obtain (2.12).

Now let A > 0. For a sufficiently large 71 < 79 we have £(t) < A for all
t < 71. Let 9* be defined as v* with u in (2.6) replaced with @. Since o* # 0
(we have ?*(£(t),t) > 0) , we can fix < 7y such that v*(-, ) has only simple
zeros in [—Ry — 1,2\ + Ry + 1]. It then follows from the convergence

Mty 4+ 1) — 0 1)
in C'[—Ry — 1,2\ + Ry + 1] that there is M such that
Z(g(tk+f),2>\—§(tk+f))(UA(" te + f)) <M (2.13)
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for all sufficiently large k. Note that 0 < v*(£(¢),t) = —v 2\ — £(¢),t) for
each ¢t < 7. Hence, Lemma 2.2 and (2.13) imply that z@2x—eq) (0*(-, 1))
is independent of ¢ for large negative t, say for t < 7 (75 may depend
on ). Using Lemma 2.2 again we infer that v*(-,¢) has only simple zeros
in (£(t),2\ — £(t)) for t < 75, In particular, since v*(\,t) = 0, we have
—2u, (A t) = v\, 1) £ 0 for all t < 7.

The above considerations show that for each A > o, there exists

Jim signu, (A, t) € {—1,1} (2.14)

(this argument was inspired by [11]). This has the following consequence on
@: if A > o then either @,()\,-) > 0 on R or u,(A,-) < 0 on R. Combining
this information with the fact that (2.12) holds whenever &(7) < A < o, we
conclude that either @(-,t) is monotone nondecreasing on (£(t), 0o) for each
t € R or else there is A > ¢ such that @,()\,-) = 0 (namely, A\ = inf{u >
o @ Uy(A,-) < 0on R}). The former leads to a contradiction, as we have
seen above. In the latter case, the function ©*(-,t) has a multiple zero at
x = X for each t € R, which is possible only if #* = 0. In case X\ > £(t) for
some t this contradicts the positivity of u(-,¢) in ({(t),00). If £ = X then
—2ii,(£(t),t) = ©)(-,t) = 0 contradicts the simplicity of £(¢) as a zero of
a(-,t).

We have thus finished the arguments is case (b2) and thereby completed
the proof. O

Remark 2.3. In order to make the proof of Proposition 2.1 self-contained
we have based it entirely on the maximum and intersection-comparison prin-
ciples. At some steps we could have used alternative arguments and perhaps
it is worthwhile to mention the following ones. Inequality (2.8) could also
be ruled out using results of [27] (see (5.1) below). Case (b2) in the proof of
Proposition 2.1 could also be resolved by energy arguments similar to those
used in Proposition 2.4 below. In fact, the boundedness of @, (2.10) and [31,
Theorem 3.1(ii) and Remark 3.4(e)] used with Q = {z : |z| > Ry} guarantee
estimate (2.15) with u replaced by a.

Next we consider bounded radial solutions of (1.2).

Proposition 2.4. Let 1 < p < ps and let u be a classical bounded radial
solution of (1.2). Assume that there exists Z € N such that (1.6) is true.
Then u = 0.
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The main ingredients of the proof of this result are the Liouville-type re-
sults of Proposition 2.1 and Theorem 1.1, energy estimates, and the following
Doubling Lemma of [30].

Lemma 2.5. Let (X, d) be a complete metric space and let ) # D C X C X,
with ¥ closed. Set I' = ¥\ D. Finally let M : D — (0,00) be bounded on
compact subsets of D and fix a real k > 0. If y € D s such that

M (y)dist(y,I") > 2k,
then there exists x € D such that
M (zx) dist(x,T") > 2k, M(z) > M(y),

and
M(z) <2M(z) forallz € DN Bx(z,kM~'(z)).

Proof of Proposition 2.4. The proof is by contradiction: we assume u % 0.
First we prove that there is a constant C' > 0 such that

lu(r, ) [P =Y 4 |, (r, )P/ D < ¢ (>0, t € R). (2.15)
Assume on the contrary that there exist r, > 0 and t; € R such that
fulris ti)lr ™ 4 g (s ) 7Y = e
Set
M(r,t) == |u(r, t)| P~V 4 |u,(r, 1) | P~/ (1 > 0, t € R).

Passing to a subsequence we may assume M (ry,tx) > 2k/r;. Notice that
ri, = distp((rg, tx), 0Q), where distp((r1,t1), (12, t2)) := |11 — 12| + \/|t1 — t2]
denotes the parabolic distance and @) := (0,00) x R. Now the Doubling
Lemma (Lemma 2.5 with X = R?, dist = distp, D = Q, ' = 9Q) guarantees
the existence of (7y,1x) € Q such that My := M (7, 1) > 2k /7, and

~ k
M(r,t) < 2M; whenever |r — 7| + /|t — t] < —.
Mj,
Set >\k = 1/Mk and
uk(py s) = X PVUF + Aep, T + As).
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Then
|0 (0,0)| P72 4 19,0,,(0,0)| P~ D/ P+ = 1

[or(p, )72 4 19,0, )| PV <2 (Jp] + /Is] < k),
2(0,00)(V(,8)) < Z (s €R),

and v solves the equation

N -1
Opvy, — 8ppvk = mapvk + |Uk|pilvk.

Since 7 /A = T My — 00, it is easy to pass to the limit to get a nontrivial
bounded solution v of (1.2) with N = 1 satisfying (1.7). However, this
contradicts Proposition 2.1. Consequently, (2.15) is true.

We now complete the proof using energy arguments. Estimate (2.15)
guarantees |u(-,t)|le < C and |E(u(-,t))] < C with C independent of ¢
(recall that the space £ is defined in (1.5)). This also implies (cf. (1.11))

// u? dr dt < oo.
R JRN

Choose t, — —oo such that [ uf(x,t;) dz — 0. Then
(-, te )] Lo vy — 0. (2.16)

Indeed, if not then we may assume |u(:, )|/ @y) > ¢ for some ¢ > 0.
Choose 75, > 0 such that |u(rg, tx)] > S[lu(, k)| pe@y). We may assume
that either r, — 7o, € [0,00) or rp — oco. In the former case a subsequence
of v(r) = ug(r,tx) converges in C,.([0,00)) to some function v which is
a radial solution of —Av = |v[P"'v in R¥Y, the zero number of v is finite
and v(rs) > ¢/2, which contradicts Theorem 1.1. In the latter case we set
vg(r) := u(rg + 7, tx). Then a subsequence of vy converges in Cj,.(R) to a
nontrivial solution v of the limiting problem —v,, = [v[P"lv, r € R, and
2r(v) < oo, which contradicts Theorem 1.1 again. Hence indeed (2.16) is
true and parabolic regularity estimates guarantee

(e, te + D)l poe ey + [[Vuls tg + 1) || poo vy — 0.
Analogous arguments show the existence of #;, — oo such that

Ju(, Tk + 1) Loy + V(- T + 1) || Lo @yy — 0.
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Now estimate (2.15) enables us to show E(u(-,t; + 1)) — 0 and E(u(-,t; +
1)) — 0 which implies E(u(-,t)) = 0 and w, = 0. However, this contradicts
Theorem 1.1. [

Proof of Theorems 1.4 and 1.5. Propositions 2.4 and 2.1 prove the Liouville
theorems under the extra assumption of boundedness of u. To remove this
assumption, thus showing that Theorems 1.4 and 1.5 follow from Proposi-
tions 2.4 and 2.1, respectively, one uses scaling and the Doubling Lemma in
the same way as in the proof of [31, Theorem 3.1]. We omit the details. [

Proof of Theorem 1.6. Set u(x,t) := u(z,t) for x > 0 and ¢t € R, a(z,t) :=
—u(—x,t) for x < 0 and t € R. Then @ is a solution of (1.2) satisfying the
assumptions of Theorem 1.5 (with Z replaced by 27 4 1), hence u = 0. O

Remark 2.6. In the proof of Proposition 2.4 we showed how energy and scal-
ing arguments can be used to derive the Liouville result for radial solutions
from the Liouville theorem for nonsymmetric solutions of the one-dimensional
problem. This sort of reasoning can of course be applied to positive solutions
as well. Specifically, if u is a positive bounded radial solution of (1.2) (with
N > 1 and p > 1) then one can use Theorem 1.2 instead of Proposition 2.1
in order to prove estimate (2.15). Consequently, the proof of Proposition 2.4
(and the doubling arguments used in the proof of Theorem 1.4) give one of
the alternative proofs of Theorem 1.3 mentioned in the introduction.

Estimate (2.15) was used in the second part of the proof of Proposition 2.4
in order to prove a uniform bound for u(-,t) in the energy space €. It is clear
that the same bound can be obtained if we replace estimate (2.15) by the
estimate

lu(r, )|r* + Ju(r, )7 < C (r >0, t €R), (2.17)

for some @ > N/(p+ 1) and § > N/2. In what follows we find a sufficient
condition guaranteeing (2.17). Our estimates will also be needed in the
subsequent section.

Proposition 2.7. Let p > 1 and let u be a radial solution of (1.2) satisfying
lu(r,t)] < Cymin(1,r™%) (r >0, t € R), (2.18)

where 0 < o« < 2/(p—1). Fiz f < a(p+1)/2. Then there exists a constant
C =C(Cy,N,p,a,3) such that

lu,(r,t)| < Cmin(1,77?) (r>0, t €R). (2.19)
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In particular, if p < ps and (2.18) is true with some o > N/(p + 1) then
(2.17) is true with some o > N/(p+1) and 3 > N/2.

Corollary 2.8. Let 1 < p < ps and let w = u(r,t) be a bounded radial
solution of (1.2) satisfying (2.18) with some o > N/(p+1). Then u = 0.

Proof. The result follows from the remarks preceding Proposition 2.7, the
proof of Proposition 2.4 and the nonexistence of non-trivial stationary solu-
tions in the energy space £. O]

In the proof of Proposition 2.7 we will need the following lemma.

Lemma 2.9. Let p > 1 and let u be a radial solution of (1.2) satisfying
(2.18) with some o € (0,2/(p—1)]. Let R>1, T € R and q € (1,00). Then
there ezists Cy = Co(Ch, N,q) > 0 such that

T TR 1/q
( / / urs )7 drde) " < CoRS (2.20)
T—-2R2 J3R

Proof. By C' we denote various positive constants which depend only on
C1, N, q. Given r € (0, R], denote

Qr(R,T) :={(2,t) e RN . BR —4r < |z| < 5R+4r, T —8* <t < T}

and Q, = Q,(1,0). Set also v(y,s) := u(Ry,T + R?s), (y,s) € Q1. Then
vs—Ayv = R*[v|P~ v and |v] < C;R™ in Q. This fact and interior parabolic

LP-estimates guarantee
1/q 5 1/q
((f )™ (] ) ™)
Q1 Q1

1/
(o) <
Q12
(R~ + R*™P*) < OR* P,

<

Consequently,

T R 1/
C’R(N_l)/q</ / [ty (, t)|qdrdt> !
T—-2R? J3R

9 1/q
< < |Dzul? dx dt)
QR/Q(RvT)

) 2 N+2 1a N+2)/q—
— R (/ |D2v|"RN* dyds) < CRW+/apo.
Q12
which concludes the proof. O
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Proof of Proposition 2.7. Obviously it is sufficient to prove the result for 3
sufficiently close to a(p + 1)/2. We may thus assume that

a(p+1)/2 > > max(a, pa — 1).

By C we denote various positive constants depending only on C, N, p,a;, (3.

Since |u| < (4, standard parabolic regularity estimates show |u,| < C|
hence (2.19) is true for the restricted range » < 5 and ¢ € R. Now, if (2.19) is
not true in the whole range r > 0 then, given Cy; = Cy/(C1, N, p, o, 3) > 0,
there exists R > 1 and T € R such that

lu.(5R, T)| > Cyy R7P. (2.21)

We show that if Cy; = Cp(Cy, N,p,«, 3) is sufficiently large, as specified
below, then (2.21) leads to a contradiction.
First we prove that for C)y, large enough (2.21) implies

(Vt € [T —2,T —1]) 3y € [AR,6R])  |u.(rs,t)] > V/Cu R (2.22)
Assume on the contrary,
(3to € [T —2,T — 1)) (Vr € 4R, 6R]) |u.(r,t0)] < /OuR™".  (2.23)

We have (u,); — Au, = au,, where a := —(N — 1)/r* + plu[P~!, hence
a < ¢, == pC?'. The comparison principle implies |u,| < v for t > t,,
where v is the solution of the linear Cauchy problem

vy — Av = cau, t > to, v(-,to) = |u.|(, to).
Denoting w := e~%(~%)y and ¢, := €2 we have

wy — Aw =0, t > to, w(, to) = |url(+, to),
and |u,| < cpw for t € [tg,to + 2]. Fix zp € RN with |zo] = 5R. Then
estimates (2.21), (2.23) and the boundedness of u, guarantee

CuR™ < |u,(5R,T)| < cpw(zo,T) < ¢y / e 120V By, 10) dy
RN

< ey /CMRB/ o~ lwo—yl*/8 dy

ly—zo|<R

+ C/ o~ lro—ul*/8 dy
ly—zo|>R

S C V CMR_ﬁa
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so that Cj; < C?. This shows that if Cy; in (2.21) is sufficiently large then
(2.21) implies (2.22).
Fix ¢ > 1 such that ¢((p +1)a — 3) > 3 + a — B. Notice that this choice
of ¢ and the inequality § > pa — 1 imply
0:=q(pa—pB-3/q €[f—al]

where ¢ = ¢/(¢—1). Lemma 2.9 guarantees the existence of ¢y € [I'—2,T—1]
such that

TR 1/q
( / g (1, to)|qdr) < C,R3ape, (2.24)
3R

Due to (2.22) there exists 1o € [4R, 6R] such that

[y (70, £0)| > /O R™°. (2.25)

Using the Mean Value Theorem, Hélder’s inequality and estimate (2.24) we
obtain for any r € (0, R]

/ 1
|U7~(’f‘0 + r, to) — UT(TU, t0)| S 02R3/q—poz+9/q = CQR_B S 5\/ CMR_Q,
provided Cy; > 4C3. This inequality and (2.25) imply

1
[ur(ro +7:10)| = 5V Cu R (r € (0, RY)),

so that
1 1
|U<7"0 + Re,to) — U(To,t0>| Z 5\/ CMR7ﬁ+9 Z 5\/ CMRia,
which contradicts (2.18) for C), large enough. ]

3 Alternative proof of Theorem 1.3

This section is a slight detour from the main course of the paper. We utilize
here the energy estimates derived above in order to give an alternative proof
of Theorem 1.3 under the additional assumption p < 3. As mentioned in the
introduction, although the result is weaker than that in [29], new ideas of
this proof might be of interest to some readers.

In the following three lemmas we assume that 1 < p < pg, p < 3 and u is
a positive bounded radial solution of (1.2). We set B, := {x € RV : |z] < r}.
By C, ¢ we will denote various positive constants which may vary from step
to step but which are independent of r and ¢.
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Lemma 3.1. There exists a positive constant Cy independent of r > 0 and
t € R such that

u(z,t) de < CorN=2/P=1), (3.1)
By
Proof. Set @1 (x) == 7~ N2e 1?1 and y(t) == Jg~ w(@, t)p1(x) de. Then [35,
(17.3)] implies y(t) < (2N)¥®=1 hence

7TN/261/ u(z,t) de < y(t) < (2N)Ye-D,
By

which proves (3.1) for r = 1.
If r > 0 is general, we set v(y, s) := r¥®P=Yy(ry,r%s). Then v is a positive
radial solution of (1.2), hence the above estimate shows

C’OZ/ v(y,s)dy:r_N+2/(p_1)/ u(x,t)d.
B1 r

]

Lemma 3.2. There exist positive constants Cy, oy such that u(r,t) < Cir—

for allr >0 and t € R.

Proof. Parabolic regularity estimates imply |u,.| < Cy for some Cy > 0. Since
p < 3 we can choose a € (0,1/(p — 1) —1/2). Assume u(r,t) > 2Cor=* for
some t and r > R > 2. Then r=* <r/2 and u(p,t) > Cor~* for [p—7r| <1~ ®
due to |u,| < Cs, hence

/ u(l’,t) dx Z C/ u(p7t)pN_1 d,OZ CVTN—I—QCX,
Br jp—ri<r=e
which contradicts Lemma 3.1 for R = R(Cy, C’) large enough. n

Set

a* :=sup{a>0:(3C >0) u(r,t) <Cr *forallr > C, t € R}
=sup{a > 0: (3D >0) u(r,t) < Dr~* for all r > 0, t € R}.

Lemma 3.3. o* > 2/(p—1).
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Proof. Lemma 3.2 guarantees a® > «a; > 0. Assume on the contrary o* <
2/(p—1). Fix § > 0 small (to be specified later) and set a := a* — ¢,
0 :=a* + 6. We can assume « > 0. By the definition of a* we have

u(r,t) < Dr~® (r >0, t € R), (3.2)
and there exist r, — oo and t; € R such that
w(ry, te) > k. (3.3)

Lemma 2.9 (used with R = r/5 and T' = t), + 2) guarantees the existence of
Tk € [tx + 1,1t + 2] such that

7Tk/5 1/
(/ [t (7, T ) | dr) ! < C’rz/q_pa. (3.4)
3r,/5

Here ¢ > 1 can be taken arbitrarily large (and C' depends on ¢). Since u > v
for t > t, where v is the solution of the Cauchy problem

v —Av=0, t > t, (e, tr) = u(s, te),
estimate (3.3) and the boundedness of u, imply

) > i 7)) > 2tk ” 3.5
u(rg, T,) > Te[t,ﬁigkw]v(rk T) > 2 kr, (3.5)

for some (small) constant ¢* > 0. Estimate (3.4), the Mean Value Theorem
and Holder’s inequality imply

[y (p1, ) — (2, )| < Cry/ | py — pol V7 } (3.6)

(p1,p2 € (Bri/5,7r/5))
(as usual, ¢ = ¢/(q — 1)).
Set 6 := (p — 1)a/2 — 20. Choosing § small enough we may assume

6 € (0,1), hence r? < 2r.,/5 for k large. Taking ¢ > 1 large enough we also
have 3/q —pa+0(1+1/¢) < —B. If u.(rg, 7) > 0 then (3.6) guarantees

(g + 7, TE) > —C’r,i/quarl/q' (r € (0,7r9)),
hence, given r € I := (ry, 7, + r?), we have

U(T, Tk:) > QC*I{JT’k_ﬂ _ CTz/q_pa(T _ 7nk)l—i—l/q' > C*k,rk—ﬁ
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provided k is large enough. Consequently,
/u(r, ) dr > ¢ her Ot (3.7)
I

Analogously, if k is large enough and u,(rg, 7) < 0 then estimate (3.7) is
true with I := (ry, — 7%, 7). Consequently, in either case

which contradicts Lemma 3.1 dueto N =1 —-8+60 > N —2/(p—1) for §
small enough. O]

u(z, ) doe > cr,]f*l /u(r, ) dr > 5kr}1§V—1fﬁ+9
I

Proof of Theorem 1.3 for p < 3. If uis a nonnegative bounded radial solution
of (1.2), then v = 0 due to Lemma 3.3, Corollary 2.8 and the inequality
2/(p—1) > N/(p+1). Once this is proved, the nonexistence of unbounded
positive radial solutions of (1.2) follows in the same way as in the proof of
(31, Theorem 2.3]. O

4 Proof of Theorem 1.7

The proof of Theorem 1.7 mimics the proof of [31, Theorem 4.1] (cf. also the
proof of [30, Theorem 6.1]) so we will only sketch it.

Sketch of the proof of Theorem 1.7. As in the case of nonnegative solutions
(see [31]) it is sufficient to prove assertion (i). Assume on the contrary that
there exist Tj, € (0,00), px € I, s € (0,T}) and radial solutions wuy, of (1.12)
satisfying (1.13) (with 7" replaced by T}) such that the function

M, = |uk|(p—1)/2 + |Vuk|(p—1)/(p+1)

satisfies My, (pr, sp) > 2k(1 + d; ' (sg)), where di(t) := min(t, (T}, — t))¥/2.
Using the Doubling Lemma (see Lemma 2.5), we find r;, € I and t; € (0,T})
such that My (ry, tx) > 2k max(1,d, ' (t)) and

M, < 2Mk(’f’k,tk) in {(7’, t) el x (0,Tk) : ‘7“ — Tk| + ’t—tk|1/2 < k?)\k},

where A\, := M (rg, tx)”'. We may assume r, — ry € [Ry, Ry] and t; —
to € [0,00]. We may also assume that either (a) rp/A\x — po > 0 or (b)
Tk/)\k: — OQ.
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In case (a) we set

vk(p, 8) == /\i/(p_l)uk(/\kp, te + Ais).
The function vy is radially symmetric, it has a bounded zero number,

Ni(p,s) := |ur(p, s)|P~V/2 1 |0,0(p, s)| P~/ PH) < 2
(p < min(k/2, Ry/ ), |s| < k*/4, k large),

Ni(re/ Ak, 0) = 1, vg solves the equation

N -1
Osvy — azpvk - Ta,,uk =fr(p,s), where

fr(p,s) = /\zp/(p_l)f()\kp, tr + /\zs,)\,;w(p_l)vk(p, s),
—(p+1)/(p—1
)‘k (p+1)/(p )8,;1%(,0, S))’
together with the corresponding Dirichlet boundary condition (if  # RY).

Due to our assumptions on f it is easy to pass to the limit to get a nontrivial
radial solution v of the limit problem

vy — Av = £(0, o) [v]P o, peRY seR,

satisfying (1.6) with u replaced by v. However, this clearly contradicts The-
orem 1.4.
In case (b) we set

vi(p, s) = )\i/(pil)uk(rk + Ao, b+ Ais)
and notice that v, satisfies the equation
N —1
P+ /A
Felp, ) = NPV (4 Mopyte + A2, 07 P Vg (o, s),
)\I;(erl)/(p*l)apvk(p’ s)).

OV, — 82pvk — v =fi(p, s), where

Setting 1y, := min(Ry —ry, 7, — R1) we may assume that either (i) /Ay — o0
or (ii) ng/Ar — ¢o > 0. Passing to the limit in case (i) or (ii) we obtain a
contradiction with Theorem 1.5 or Theorem 1.6, respectively. O]
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5 Decay of global solutions in the energy norm

Our aim in this section is to give sufficient conditions for the decay of the
solution u(-, t) of (1.10) in the norm of &€ (see the paragraph containing (1.17)
for a discussion of this problem).

Throughout this section we assume that u is a global solution of problem
(1.10) with N =1, p > 1 and up € C(R), 2r(up) < co. This assumption and
[27, Theorem 1.3] guarantee that the limits lim inf, .o [uo(z)] - |2[* P~ and
liminf, . |uo(x)| - |#|>®~V are finite. Consequently, if there exists

ug(00) := lim ug(z) or wup(—00):= lim wuo(x)
then
up(00) =0 or wup(—o0) =0, (5.1)

respectively. The proof of the following lemma is based on arguments used
in the proof of [27, Theorem 1.3].

Lemma 5.1. Let u be a global solution of (1.10) with N =1, p > 1 and
uy € C(R), Z := zr(up) < o0o. Let —oo < x1 < x5 < 00 be such that
the restriction of ug to I := (x1,x2) is a monotone function which does
not change sign and which is not identically zero. Let i € {1,2} be such that
|up(x;)| = max{|ug(z1)|, |[uo(z2)|}. Then |z;| < oo and there exists a constant
C* = C*(Z,p) independent of ug, 1, xs such that

lug(z)| < C*|lz — ;|7 P~V (2 € (21, 22)). (5.2)

Proof. Assume |z;| = co. Then (5.1) guarantees ug(x;) = 0. Since |ug(z;)| >
lup(z)| > |uo(zs—i)| for x € (1, 25), we have ug = 0 on (z1,x2). However,
this contradicts our assumptions. Consequently, |z;| < oo.

Without loss of generality we may assume i = 1 (otherwise consider
the function 4y(z) := uo(—=z)) and u(x;) > 0 (otherwise consider 4g(x) =
—ug(z)). Consequently, 1 € R, up > 0 on (z1,x2) and ug is nonincreasing
in that interval. We may also assume z; = 0 (otherwise consider (z) :=
uo(x 4 1)).

The proof of [27, Theorem 1.3] shows the existence of 0 < a < ff < 00
and a smooth function uf with support in [a, 8] such that the solution u™ of
(1.10) with initial data uf exhibits (Z + 1)-polar blow-up. More precisely,
there exists T7 < co and —o0 < y; < Yo < -+ < yz41 < 00 such that either
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lim 7 (—1)7u7(y;,t) = 00, 5 = 1,2,...,Z + 1, or limy_pr(—1)7u" (y;,t) =
00, j=1,2,.... Z+1.
Set L := supg |uf| and, given A > 0, denote

oM, t) = NPT (A, N2, z R, t€[0,T7/)?),
vp () == XY@ DyT(\x), z e R.

Then |v)(z)] < LAY®=Y if 2 € [a/), B/A], v)(z) = 0 otherwise.
Fix A > /x5 and notice that 5/\ < xy. The relation
min  ug > LAY @D
[a/X,B/A]
leads to a contradiction as in the proof of [27, Theorem 1.3] (denoting z(t) :=
2r(u(-,t) — v*(-,t)) we would have 2(0) < Z and z(t) > Z + 1 for t — T7).

Hence,

u(B/N) = min o < LN,

Considering x € (0, z2) and choosing A := 3/x we obtain
ug(x) < LFYPDz=2/®"0 (2 € (0,,)),
which proves the assertion. O

Corollary 5.2. Let u be a global classical solution of (1.10) with N = 1,
p > 1 and up € CY(R) satisfying zr(ug) < oo and zr(uy) < oo. Then
lu(-,t)||Lam)y — 0 as t — oo for any q¢ > (p—1)/2, ¢ > 1.

Proof. Theorem 1.7(iii) guarantees the estimate |u(z,t)] < Ct~Y/®~D This
estimate and Lemma 5.1 guarantee both u(-,t) € L(R) and ||u(-, )| o) —
0 ast — oo. O

Remark 5.3. It is likely that Lemma 5.1 (hence also Corollary 5.2 with
q > N(p —1)/2) remain true in the higher dimensional case if we consider
radial solutions and p < pg. In fact, the continuity of the blow-up time
needed in the corresponding proof of existence of solutions with (Z + 1)-
polar blow-up follows from [33]. We refrain from proving such results since
the proof would be quite long.

Proposition 5.4. Let u be a classical solution of (1.10) with N =1, p > 1
and vy € CY(R) satisfying zr(uo), 2r(uy) < Z < oo. Then ||u(t)]le — 0 as
t — 00.
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Proof. The decay of the LP'-norm follows from Corollary 5.2. Statement
(iii) of Theorem 1.7 gives the estimate |u(xz,t)| < Ct~Y/®~1 and parabolic
regularity estimates show

Hux”oo = Hu:v”LOC(RNX[l,oo)) < 00.

Fix t > 1. Let I = (z1,x2) be any interval where u(-,t) and wu,(-,t) do
not change sign. Then

e, = fuazst) = (o ] = | [ oty do

1 2
/ u?(z,t) dr,

[tz 0 T

hence
‘éﬁ@¢W$§@Z+UW@ﬂMWMWMW (5.3)

which implies ||uz(-,t)| 2y — 0 as t — oo and concludes the proof. O

6 Periodic solutions

Proof of Theorem 1.8. In the proof we will employ with solutions of the
Cauchy-Dirichlet problem

uy — Au = m(t) f(u), x e, t>0,
u =0, x e, t>0, (6.1)
u(z,0) = ug(x), x €,

where v is radially symmetric and m(t + kT := m(t) for k = 1,2,... and
t € [0,7]. The solution of (6.1) at time ¢ will also be denoted by wu(t;uo)
or u(-,t;ug) (if we want to emphasize its dependence on ug). The maximal
existence time of this solution will be denoted by Tinax(ug). Our aim is to
prove the existence of infinitely many solutions of (1.18). We adapt the
basic idea of the proof of the existence of infinitely many equilibria in [32,
Example 2]: solutions of (1.18) will be found in the w-limit set of a suitable
subset of the boundary of the domain of attraction of zero in problem (6.1).
Set
X :={u € H'(Q) : u is radially symmetric},

28



Dy :={ug € X : Thyax(ug) = 0o and u(t;ug) — 0in X as t — oo}.

Then D, is an open set in X containing 0. Indeed, this is an immediate
consequence of the fact that the Cauchy problem (6.1) is well posed on X
and its trivial solution is asymptotically stable. Further, given ug € X and
t € [0, Thnax(uo)), let

1
V() == Vi (t) := 5/ |Vu(x, t;uo)|* do — m(t) / F(u(z,t;up)) de,
0 Q
where F(s) := [ f(€) d€. Estimate (5.19) in [34] guarantees the existence of
a constant Cy > 0 (independent of ug) such that

Vi () > —Cy  (t>0) (6.2)

provided Tiax(ug) = oo. Let Y, (m = 0,1,2,...) denote the linear hull
of the set {¢o, ¥1,...,¢m}, where p;(z) = ¢;(|z|) = cos((25 + 1)7|z|/2R),
j=0,1,...,and let P, be the orthogonal projection in X onto Y,,. Similarly
as in [32] we have z(p) < m for p € Y, and z(¢) > m for ¢ L Y,,, ¢ # 0,
where z := 2(o,g) denotes the zero number in the interval (0, R). In addition,
2(¢") <m for all p € Y,,.

Let P :={up € X : Trax(uo) > T and u(T;ug) = ug}, thus P is the set of
initial data of T-periodic solutions. Assume that there exists k € {0,1,...}
such that z(ug) # k for all ug € P. We show that this leads to a contradiction
which proves the theorem (notice that z(u(t;ug)) = z(ug) for all ug € P and
t > 0 due to the periodicity of v and monotonicity of z).

Set Y := Y, and M := 0y(DaNY), where dy denotes the boundary in
Y. Since limygey, [juol|x —oo Vao (0) = —00, estimate (6.2) guarantees that the
set Dy NY is bounded. This fact and Theorem 1.7 imply the existence of
C' > 0 (independent of ug, z and t) such that

lu(z, )| <C (x€Q, t>0, ug € DaAY). (6.3)
Denote
M7 = {u(r;uo) : up € M),
o) =M, wi) = M.

7>0 s>0 7>s

We remark that the trajectories and limit sets of points or sets considered
here are those of the time-periodic dynamical process generated by (6.1).
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Equivalently, we could work with the discrete-time dynamical system gener-
ated by the period map of (6.1), however, working with continuous time has
some advantages in applications of degree arguments. We refer to [20] for
basic properties of w-limit sets and related concepts.

Standard parabolic regularity estimates and (6.3) guarantee that w(M)
is nonempty and compact. Moreover, with any u; € w(M), w(M) contains
the trajectory {u(-,t) : t € R} of an entire solution u of (6.1) satisfying
u(-,8) = uy for some s € [0,7). Notice also that 0 ¢ w(M) due to the
stability of the zero solution.

Consider an entire solution u : R — w(M). By [12, Theorem 3.2], the
w- and a-limit sets of this solution are given by T-periodic solutions. Con-
sequently, w(M) consists of T-periodic solutions and their connecting orbits.
Since z(ug) < k for any vy € M C Y}, the monotonicity of the zero num-
ber [12] implies z(u) < k for all u € O(M) Uw(M). In addition z(u) < k
for any u € w(M) since z(u) # k for u € P. In particular, this implies
k > 0. Since z(u) > k for u L Yy, u # 0, we have 0 ¢ P,(O(M)). Similarly,
0¢ Pi_1(w(M)), hence 0 ¢ Py_1(M™) = Py_1P(M7) for 7 sufficiently large.
This guarantees that H(t,u) := (1 — t)u + tP,_ju # 0 for any ¢ € [0, 1]
and u € P,M". Since Hy(t,u) := (1 — t)u + tyy # 0 for any t € [0, 1] and
u € Yi_1 \ {0}, we may use the homotopies H; and Hs to contract the set
P.M7 in Y \ {0} to the single point ¢, # 0. Consequently, the Brouwer de-
gree deg(Pyu(T;+),0, D4 NY) in the finite dimensional space Y equals zero.
However, this gives a contradiction, since 0 ¢ P,(O(M)) implies

deg(Pru(T;+),0,DaNY) = deg(Pru(t;+),0,D4NY)
= deg(Pu(0;+),0,D4NY) =deg(ld,0,DaNY) =1

for any t € [0, 7]. O

Next we consider the problem

u — Au = m(t)(uP — u), reRY, te(0,7),
u(z,t) — 0, |z| — oo, t € (0,7, (6.4)
u(z,0) = u(z,T), reRY.

Theorem 6.1. Assume (1.19) and 1 < p < ps. Then there ezists a positive
radially symmetric solution of problem (6.4).
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In what follows we set m := inf, m(t), m := sup, m(t),

T(U) — {m(up — u) if u > 1, f(u) . {m(up _ U) if > 17

m(u? —u) ifu<l, = m(uP —u) ifu<1.

In the proof of Theorem 6.1 we will need a supersolution whose existence is
guaranteed by the following lemma.

Lemma 6.2. There exists ¢ > 0 and a C*-function g : [0

& ,00) — (0, 00) with
exponential decay satisfying g(0) = 1+¢, ¢"(r) + f(g(r)) =

0 forr > 0.

Proof. Let a > 0 satisfy o < m(2F~" —1)/2F and rq := (log2)/a. Then the
function h(r) := e~*"+70) is a supersolution for the problem

9(0)=1/2,  ¢"+ f(g)=0 forr>0. (6.5)

Since zero is a subsolution for (6.5), problem (6.5) possesses a solution g;
satisfying 0 < g1 < h on [0,00). Obviously ¢;(0) < A/(0) < 0. Solving the
initial value problem g,(0) = 1/2, ¢5(0) = ¢,(0), g4 + f(g2) = 0 for r < 0, we
obtain € > 0 and r; > 0 such that ga(—r;) = 1+ ¢ and g5 < 0 on (—7,0)
(notice that gy is convex on the set {r : go(r) < 1}). Now it is sufficient to
set g(r) := go(r —ry) for r <7y and g(r) := g1(r — r1) for r > ry. O

Proof of Theorem 6.1. Consider the Cauchy problem

— Au=m()(uf — u), eRY, t >0,
Uy u=m(t)(uf —u) x } (6.6)

u(z,0) = ug(x), r € RY,

where vy > 0 is radially symmetric and m(t + kT") := m(t) for k = 1,2,...
and t € [0,T]. Let ¢ € C°(RY,[0,00)) be a radially symmetric and radially
nonincreasing function with compact support, ¢ # 0, and consider initial
data in the form uy := a¢, where a« > 0. Clearly, the trivial solution is
asymptotically stable, hence if « is small then the solution v = u, of (6.6)
exists globally and tends to zero as t — co. On the other hand, if « is large
enough then u, blows up in finite time. Indeed, this is shown easily by a
comparison with the Dirichlet problem for the same equation on the ball By,
where R chosen so large that By contains the support of ¢. For the Dirichlet
problem, blow up for solutions with initial data a¢ ‘ Ba with « large follows

by an energy argument (cp. (6.2)). We can thus conclude that the number
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*

a* = sup{a > 0 : u, exists globally} is finite and positive. In what follows
we fix ug := a*¢ and consider the threshold solution u = u,+ as a function
depending on the radial variable » and ¢ > 0.

Theorem 1.7(ii) guarantees that u exists globally and is bounded. Also,
since ¢ is radially nonincreasing, u(-,t) is such for each ¢ > 0. Let € and ¢
be as in Lemma 6.2. We next show that for R > 0 large enough, we have

u(R,t) <1+e forallt>0. (6.7)

Assume on the contrary that there exist R, — oo and t;, € [0, 00) such that
u(Rg,tx) > 14+ e. Then u(r,ty) > 1+ ¢ for all r € [0, Rx] due to the radial
monotonicity of u. Consequently, u(r,t + tx) > wy(r,t), where wy is the

solution of
w, — Aw = f(w), xR, t>0,

w(-,0) = (1+ E)XBRk'

Let ¢ be the solution of the ODE ¢/(t) = f(¥(t)), t > 0, with ¢(0) =1 +«.
The function 9 blows up at some T < oo and wy(r,t) /" ¥(t) as k — oo for
all 7 € [0,00) and t < T', which contradicts the boundedness of u. This proves
that (6.7) is true. Enlarging R if necessary, we may assume ug(r,0) = 0 for
r > R. Then it follows (using the equation for u in the radial variable and
u, < 0) that the function U(r,t) = g(r — R) is a supersolution to u for r > R.
We conclude that

u(r,t) <g(r—R) (r>R,t>0). (6.8)

We now use a standard zero-number argument (cp. [16, Proof of Lemma
3.5]) to prove that u(-,t) approaches a periodic solution as t — oo. Set
v(r,t) :=u(r,t+7T) —u(rt), r,t > 0. Since u(-,0) has compact support and
u(r,t) > 0 for r > 0 and t > 0, we see that v(r,0) > 0 for r large enough.
Hence, by [12], the zero number z,(t) = 2(000)0(,t) is finite for ¢ > 0, it
is nonincreasing in ¢, and, since v,.(0,¢) = 0 for all ¢, z,(¢) drops whenever
v(0,t) = 0. The latter can occur only finitely many times which implies that
v(0,%) is of constant (non-zero) sign for all ¢ sufficiently large, say for ¢ > t.
Fixing t > to, the sequence {u(0,t + kT)}; is monotone and bounded. Let
W (t) denote its limit.

Consider the sequence {u(-,- + kT')},. Parabolic regularity estimates
guarantee that this sequence is relatively compact in Cpe = Coe([0, 00) X
[0,00)). Fix a subsequence {u(-,-+ k;T)}; converging to a limit function w
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in Cj,e. Then w is a global radial nonnegative solution of (6.6) with initial
condition uy = w(-,0). In view of (6.8), {u(-,k,;T)},; converges to w(-,0) in
L>([0,00). In particular, by the asymptotic stability of the trivial solution,
w is not identical to zero, hence it is positive by the maximum principle. In
addition, w(r,t) < g(r — R) for r > R and ¢t > 0. Let now k; — oo be
any other sequence such that {u(-,- + k;T)}; converges to a limit function
w in Cp,.. We shall prove that @w = w for t > ty, hence the whole sequence
u(-, - + kT converges for t > ty. It is then easy to see that the limit w is
T-periodic for t > tg which concludes the proof.

Assume that w(ry,t1) # w(ry,t;) for some r; > 0 and ¢, > t5. We
obviously have w(0,t) = w(0,t) = W (t) for all t > ¢y, hence, in particular,
r1 > 0. Fix t9 > t; such that @w(r,t) # w(ry,t) for all ¢ € [ty,ts]. Then the
zero number z,(t) = 2., (W(-,t) — w(-,t)) is finite for ¢ € (t1,1,] and, as
w(0,t) = w(0,t) and w,(0,t) = w,(0,t) = 0, it has to drop at each t € (¢1,12),
which is an obvious contradiction. O

Remark 6.3. If N = 1 then the positive radially symmetric solution u, as
constructed in Theorem 6.1, is the unique positive solution of (6.4) up to
translations. Moreover, (6.4) does not posses any nodal radially symmetric
solutions if N = 1 (see [16, Theorem 1.2]). Thus there are exactly three
solutions of (6.4) up to translations: u, —u, and 0 (as usual, u? is interpreted
as |u[P"'u here). On the other hand, if N > 1 and m is independent of ¢
then an analogue of Theorem 1.8 for problem (6.4) was shown in [23]; cf. also
[5] for an earlier result and [13] and the references therein for possible gen-
eralizations. These results suggest that (6.4) might possess infinitely many
solutions if NV > 1.
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