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Abstract

In this paper, we study local bifurcations of an indefinite elliptic system with multiple compo-
nents:
—Auj + auj = pjul + B ktj uiu;,
u; >0 inQu; =0 ondQ), j=1,...,n.

Here Q C RY is a smooth and bounded domain, n > 3, a < —A; where A; is the principal
eigenvalue of (—A, Hj(Q)); u; and B are real constants. Using the positive and non-degenerate
solution of the scalar equation —Aw —w = —w?, w € HJ(£2), we construct a synchronized solution
branch 7,. Then we find a sequence of local bifurcations with respect to 7., and we find global
bifurcation branches of partially synchronized solutions.

1 Introduction

In this paper, we study the bifurcations of solutions to the following elliptic system

—Auj + ajuj = pjud 4+ B3 upug, (L1)

uj >0 inQ, u;=0 onodf), j=1,...,n,

where  C RY is a smooth and bounded domain with N < 3. Let A; be the principal eigenvalue of
(—A,H}(Q)). We say (LI) is definite if a; > —A; for all j and indefinite if a; < —A; for at least
one j, 1 < j < n. Without loss of generality, assume p; < ps < --- < . System (LJ)) is called a
focusing system if 0 < py < --- < u, and a defocusing system if p; < --- < u, < 0. For all the other
possibilities of 11, we call (L)) a mixed system.

System (LLT]) describes the standing wave solutions of coupled nonlinear Schrodinger systems, which
have many applications in physics, see [9] [16] [17] for examples. Mathematically, extensive research has
been done regarding, for instance, the existence and multiplicity of solutions to these systems. One
can refer to [I], 2, [5, [6, 8, 10, 111, 12, 13} 14, 19, 20, 23] for various types of results using variational
methods. A different approach based on bifurcation methods has been applied in [4] 21, 22]. In [4] the
definite case of (1) has been considered with n = 2, a; = ag, and 0 < p; < pg. There the authors
first found a continuous branch of synchronized solutions in (B,u1,u2) € R x H}(Q) x H3(Q), that
is with two linearly dependent components u; = ojw being constant multiples of a single function
w € H}(Q) which is a solution to the scalar equation —Aw + w = w?. This solution branch exists for
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B € (—y/Hipiz, pt1) U (2,00). Then the existence of infinitely many local bifurcations with respect to
this branch has been obtained in [4]. If Q is radially symmetric and u1,uy are restricted to a radial
function space, every local bifurcation gives rise to a global bifurcation branch in R x Hj(Q) x H} ().
In [21) 22], the indefinite cases of (LI) were considered for n = 2 and uq, pue € R. According to the
values of 1 and us, bifurcation diagrams were also obtained for § in certain intervals.

A natural generalization of the results in [4, 2], 22] would be to extend them to a system that
consists of more components, that is n > 3. Note that the increase of the number of components
brings new difficulties in analyzing the linearized system of (ILI]), which is important in determining
the bifurcation parameters and describing global bifurcations. When n = 2, the linearized system can
be reduced to one scalar equation that is related to a Sturm-Liouville type eigenvalue problem. Then
the bifurcation parameters can be determined, and global bifurcations are obtained, since the kernel
space of the linearized system generically only has dimension 1. In the case n > 3, these processes
become more complicated and higher dimensional kernels appear due to the structure of the system.

Recently, the bifurcation of n-component systems has been investigated in [3] when a; = a and
p; > 0, that is in the focusing case. Similar to the two equation system, a synchronized solution
branch exists (all components being synchronized), and a sequence of local bifurcations with respect
to this branch was found. The structure of the system however forces the kernels of the linearization
to be high-dimensional at the bifurcation points; more precisely, the dimensions are positive multiples
of n — 1, hence they can never be 1 and are even if n is odd. Using a hidden symmetry, the existence
of global bifurcation branches was proved in [3], consisting of solutions (8,u1,...,u,) € R X H,
H = [H(2)]", where some but not all components are synchronized.

In this paper, we are interested in the bifurcation phenomena of solutions to (LI]) when n > 3 and
with the additional symmetric requirement: a; = a for j = 1,...,n. Without of loss of generality we
may assume A; < 1 and take ¢ = —1, thus we consider the system

—Auj =y = g+ B3 iy, (1.2)

uj >0 inQ, u;=0 ondf), j=1,...,n.

We also have some non-existence results for the general system (I.I]) complementing the main existence
theorems.
In order to state our results we need some notation. We fix the parameters yu; < --- < pp. The
scalar equation
—Aw—w=—uw?, w € HY(Q). (1.3)

has a unique, non-degenerate solution w > 0, see [18] for details. A solution (u1,...,u,) of (L2 is
said to be synchronized if all components are positive multiples of w, that is u; = ajw with a; > 0,
all j =1,...,n. We consider the function

=1
9B)=1+8) —, (1.4)
e
which is defined for 5 € R\ {p1,...,u,} and has the derivative

7B =3 ﬁ (1.5)

J=1

It has vertical asymptotes f = pj, j = 1,...,n, and satisfies limg .1 ¢g(f) = 1 —n < 0. In the
focusing case, g satisfies ¢’ > 0 and ¢g(0) = 1. Consequently it has a unique zero 8 in (—o0,0). In the
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Figure 1: Graphs of g in the focusing case and defocusing case.

defocusing case, g satisfies ¢’ < 0 and lim Bs it g(B) = o0, hence it has a unique zero 3 in the interval

(:um OO)
Now we can state our existence results.

Theorem 1.1. System (L2) has a synchronized solution branch

To ={(B,u1,...,up) 1 uj = a;j(f)w, p €I}, (1.6)

which exists on the interval

(—00,B) in the focusing case;
I'=<¢ (=00, 1)U (un,B) in the defocusing case;
(—o0, 1), in all the mized cases.

For B € I the synchronized solution u(B) = (u1,...,u,) € [HE(Q)]"™ is uniquely determined.

Remark 1.2. a) If n = 2, the parameter interval I given above is the same as for the indefinite
2-equation system, see [21), [22] for details.

b) There exist more synchronized solutions if p; = p = B; see [3, Proposition 2.1] in the focusing
case. There are also more synchronized solutions when one allows some components to be negative
multiples of w.

Next we state our result about bifurcation points on 7. For this the function

2
FB) =-1-—
(5) 9(8)
and the scalar eigenvalue problem
—AY—tp =) inQ, =0 on I, (1.7)

play an important role. Recall that the eigenvalue problem (L.7]) has an infinite sequence of eigenvalues:
—1=AM <A< < Ay <O < Agpp1 < -+- and Ay — 00 as k — oo.



Theorem 1.3. If i is a solution of the equation f(B) = A\ then (Bk,u(Bx)) € Tw is a bifurcation
point of (L2)). In the focusing case of system (L2), the equation f(B) = \r has a unique solution for
all but finitely many k € N, hence there are infinitely many bifurcation points on T,. In the defocusing
or mized cases of (L2)), the equation f(5) = A has a solution for at most finitely many k € N.
The solution is unique in the defocusing case, whereas in the mixed cases it may have finitely many
solutions; hence there are at most finitely many bifurcation points in both cases.

Remark 1.4. The values of pij and the number of components determine the parameter interval of T,
and affect the quantity of bifurcations along T,. In particular, in the defocusing or mixed cases there
may be no bifurcation points on T, depending on n and Q. In fact, fixing Q we shall see that there
will be no solutions for n large.

For two-component systems, there is a global bifurcation branch emanating at every bifurcation
point in the case N = 1 or  is radially symmetric, see [4, 21, 22]. But for the multicomponent
system, we do not have global bifurcation results in general, in particular for bifurcation solutions
with all independent components. But, restricted to subspaces of R x H that possess the hidden
symmetry as defined in [3, Section 5], global bifurcations may be found. Let P = {P,---, Py} be
a partition of {1,...,n}, 1 < m < n. If for any 1 < j,k < n satisfying j,k € P;, 1 < i < m, the
solution components u; and uj, are synchronized, then the corresponding solution u is called a partially
synchronized solution subject to partition P, or a P-synchronized solution for short.

About P-synchronized solutions we have the following theorem. Denote by |P| the cardinality of
P.

Theorem 1.5. Let fj be a solution of f(B) = Mg, so (Bk,u(Bk)) € T is a bifurcation point of (L2).

(i) For every partition P of {1,...,n} with |P| > 2, (Bk,u(Bx)) € To is a bifurcation point of
P-synchronized solutions of (L2).

(11) Let ny, denote the multiplicity of \i. If (|P| — 1)ng is odd, then (Bx,u(Bk)) € T is a global
bifurcation point of P-synchronized solutions.

(71i) Suppose ny is odd. Let A be a nonempty proper subset of {1,...,n} and set P4 = {A, A°}.
Then there exists a global branch S,f of Pa-synchronized solutions of ([L2)) bifurcating from T,
at (Br,u(Pr)). Moreover, if B is another nonempty subset of {1,...,n}, then the branches S,?
and S,f are disjoint unless A = B or A = B¢. In particular, there exist at least 21 — 1 such
global branches which are different.

(iv) Let A be a nonempty proper subset of {1,...,n}. If N =1 or Q is radial, then S,? N SlA =0 for
k#1.

We also have some nonexistence results for solutions of the general system (LTI).

Theorem 1.6. System (L1]) does not have positive solutions in the following cases:
(1) if a; < —Aq, pj >0 for some j=1,...,n and > 0;

(1) if aj < a;, py < B < py for some i < j and at least one inequality holds strictly;

(111) in the focusing case, if a;j < —Ay for all j =1,...,n, B > B and at least one inequality holds
strictly;

(iv) in the mized cases, if a, < a; < —Ay, B> p1 and at least one inequality holds strictly.



To close this section, we illustrate the local bifurcation results and the nonexistence results for
the symmetric system with a few figures. In Figure 2] the solid dots on 7, are local bifurcation
points and the shaded regions correspond to nonexistence intervals of § for positive solutions of
(L2)). The horizontal line 7; represents the semi-trivial solution branch with only the i-th component
being nontrivial. There are also semi-trivial solution branches with more nontrivial components. For
example, all global bifurcation branches found in [21], 22] are semi-trivial solution branches with 2
nontrivial components of ([2]). We omit them in Figure 2l to keep the diagrams clean.
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Figure 2: Nonexistence of positive solutions and local bifurcations of (L2]).

2 The synchronized solution branch
In this section, we prove Theorem [[LT. We make the ansatz

uj = ajw, (2.1)



where the o;’s are positive constants. Substituting this into (L2]), we obtain the following system of
equations for the coefficients a;:

aj(—Aw —w) = a; ,ujog + ﬁZaz wd.
Py

Comparing with the scalar equation (L3]), we deduce ,ujozi + 8> £ a2 = —1, which implies

n
(nj = B)of =15 af.
k=1
Note that the right-hand side of the above equation does not change in j, therefore

(M]_ﬁ)a?:(lu’k_ﬁ)ai’ for jk=1,...,n

Substituting this and (2.I]) in the right-hand side of (L.2)) and combining like terms, we have

—1—MJ04 +ﬁzak_ a—i—ﬁZak— - —i—BZM_g ?
k#j

" 1
= (nj — B) (HB;M_B

Consequently the system (.2]) has a synchronized solution branch in the product space R x H provided

(B—p)g(B) >0 foral j=1,...,n. (2.2)

) af = (uj — B)g(B)os.

Moreover, this branch is uniquely determined by setting o; = ((ﬁ - ,uj)g(ﬁ)) 120 @10).

Now we discuss ([2.2]) case by case. In the focusing case condition (Z2]) is satisfied precisely for
B € (=00, ). In the defocusing case (Z2) holds if, and only if, 3 € (—o0, t11) U (in, B). In the mixed
cases f11 < -+ < pp <0 < ppyr < -0 <y with 1 <k <n—1, we consider the sign of (8 — i5)g(8)
by studying the auxiliary functions:

0) = P and G() = [~ )+ 63 [ 8
[l (s = B) k=1 I=1 kAl

With these notations there holds (8 — u;)g(8) = ¢;(8)G(B). For B € (—oo, 1) one has ¢;(5) < 0,
G(p1) = g [T—o(pk — p11) <0, and

—in(ﬂk—ﬁﬂ-in(uk—ﬁ)—ﬁi I =8

i=1 k#j =1 k#j i=1 \i#j k#ij

=8> (D Ilwm-5| >0

i=1 \i#j ki

Thus ¢;(B)G(B) > 0 for all j =1,...,n. For f € (n,00) we distinguish between the cases n being
odd or even. If n is odd then ¢;(8) < 0 for all j = 1,...,n. Moreover, G(pn) = fin [17=1 (1t — fin) > 0
and

GB) ==Y (2 I m—5] >0

1=1 \ il ki,



This implies ¢;(8)G(8) < 0 for all j = 1,...,n. In the case n even we have ¢;(3) > 0 for all
j=1,...,n. Since G(un) = pn [17=1 (1t — ftn) < 0 and

GB)==BY > [[w—-8|<o0

=1 \ il ki,

there holds ¢;(8)G(8) < 0 for all j =1,...,n. Finally, for 5 € (u1, tn) \ {12 - - ., n—1} we have that
B — p;j is always positive for some j and negative for the others. Therefore, for any fixed 3, there exist
at least one 1 < j < n such that (8 — p;)g(f) < 0. In conclusion, in all mixed cases ([2.2) holds only
for 5 € (—o0o, p1). This finishes the proof of Theorem [I.1]

3 The linearized system and possible bifurcation points

In this section, we find all possible bifurcation parameters with respect to 7, that is the values of
such that system (.2]) has nontrivial kernel space. We consider the relaxed system

—Auj —uj = ,Uju? + B ks upug,
uj =0 on 05,

(3.1)

where we dropped the sign condition on the u;’s. Local bifurcations of solution to (B.1)) will be studied
first, then using the Maximum Principle we will show that the bifurcating solutions are indeed positive,
therefore they are also bifurcating solutions to (L2).

We need to linearize system (B.I) at a solution u = (W, ..., a,w) with a; = [(8 — p;)g(8)] /2,
in the direction ¢ = (¢1, ¢2,...,¢n) € H. Setting v; = v;(8) = (5 — B)~1/2 we compute:

—Ad; — dj = 3:“] ‘g + 8 Z ajw’e; + 23 Z oW’ Py

k#j k#j
I T w? 7]% 2
B — +h Z B e | 9(8) Z
205 Qﬁw
= (ﬁ - > B > o
! k]
Buw?
= (2177 — 9(8)) —¢] S vk
TORASE 2.
J
202
= 1 ds + B> vwmdk | —wie;.
k#j
Denote C(f) = ﬁD(ﬁ) — B, where E,, is the n x n identity matrix and
myt Bnve o B

D(g) = ﬁw‘m Maj% ﬁﬁ%

/8711’71 By - ,un'YrQL



Then the linearized system becomes

— A — ¢ =w’C(B)s. (3.2)

System (B.2]) must have a nontrivial solution ¢ in order that 8 is a bifurcation parameter. It is more
convenient to rewrite system (B.2]) in terms of the eigenvectors of C(3) and then determine the possible
bifurcation parameters by comparing with the scalar eigenvalue problem (L7)).

Lemma 3.1. C(B) has the eigenvalue —3 and corresponding eigenvector bi(3) = (y1(B), ..., 1 (B))".

Proof. A direct calculation shows

Y Bz o B o0
2 PR
DBI(B) = ﬁw‘m ,U2'72 | ﬁﬁ% 7‘2

Bt Bz v HnYVE Vn
N1+ Bk 70 7l = B + B85 7))

| B 4B k) | | el = B9+ B )]
Yot VE + B Y pin VE) Nl(kn — B2+ B Y hey 1))
ml=1—= B35 (e — B8)~] m

-1 - no — B!

_ Vel 5213:1(#19 B)~] — _g(8) W:2 _ —9(5)61(5).

Yal=1 = B35y (x — 8) 7] Vn
Therefore C(5)b1(8) = —2b1(8) — b1(8) = —3b1(P). O

Lemma 3.2. The number f(8) = —ﬁ — 1 is an eigenvalue of C(B) with multiplicity n — 1.

Proof. We define n — 1 linearly independent vectors b;(8) = (bj1, ... ,bjn)T, j=2,...,n, as follows:
bj1 =, bj; = —y1 and b, = 0 for k # 1 and k # j.
Clearly b;(B) is orthogonal to bi(8) for j =2,...,n. Applying D(3) to b;(B) for j > 2 yields

, o (1 = Bt
LY Bz o B . )
Byt w2 0 Brem
D(B)b;(B) = : N : -n | =] B=m)m | =-bi0)
Byt B2 o pnYE
0 0




Consequently,
2 2
CEmi(8) = (25000) = B ) 058) = (~=2 = 1) 05) = 16,
hence f(3) is an eigenvalue of C'(5) with n — 1 eigenvectors b;(53), 2 < j < n. O

Since C(fB) is a real symmetric matrix, we can use its eigenvectors to construct an orthogonal
matrix 7'(3) which diagonalizes C(B), that is T~1(8)C(B8)T(8) = diag(—3, f(B), ..., f(B)). Moreover,
since b;(f) depends smoothly on 8 we may assume that 7'(5) also depends smoothly on . The
linearized system of (B.I) now is equivalent to

— Ay — 1Py = —3w?iy,

(3.3)
Ay~ = [y, =2,

The principal eigenvalue of ([L7) is —1, thus the first equation of (3.3]) only has the zero solution. As a
result, a nontrivial solution component of (3.3) must come from the remaining n — 1 equations. Thus
we need to find all solutions of the equations f(8) = Ag, k > 1. Since the number and the location of
the bifurcation parameters depend on the p;’s, we will find the local bifurcations case by case.

Lemma 3.3. In the focusing case 0 < py; < --- <y there are infinitely many possible bifurcation
parameters. More precisely, these parameters are determined by the equations f(5) = \x which has a
(unique) solution for all but a finite number of k € N.

), where 3 is the unique value of g(3) = 0

Proof. In this case, 7T, exists on the interval (—oo, A
) = —1— ﬁ = A\, on (—o0, ) determines the

in (—oo,p1). As proved above the equation f(f
bifurcation parameters.

Note that f is a rational function and is smooth on (—oo, #) with vertical asymptote 8 = 5. Recall
that

n

Jim 9@ =1-n<0, gB) =0, JB) =3 g5>0

= (e = B)?
therefore ) 2/ (5)
i =-1- im = "B) = =2 .

According to the behavior of f, f(8) = A; has a unique solution for all A satisfying

2 3—n
A -1- = .
k= 1-n n-1
Since A\ — 00, this inequality is satisfied for all but finitely many values of k£ € N. O

Lemma 3.4. In the defocusing case p1 < --- < pn, < 0 there are at most finitely many possible
bifurcation parameters.

Proof. In this case, the synchronized solution branch 7T, exists for 3 € (—o0, 1) U (fin, 3), where 3 is

the unique number in (p,,00) such that g(5) = 0. In the interval (—oo, 1), we have

lim g(f)=1-n, lim g(8)=-o0, (8= % <.

B—r—00 Bospy — (ue — B)?
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According to the relation f(8) = —1 — —2=, there holds

9(8)
. 2 . 29'(B)
lim f(B)=-14+——, lim f(8)=-1, f(B)= < 0.
P JE) =1 Ty i S6) D= gep
Therefore the equation f(/3) = \x can only be solved if
2
1< < =14+ —. (3.4)

n—1

The monotonicity of f also implies that f(8) = Ar has at most one solution for each k.

In the interval (p,, ) we have

L I m
55229(6) 00, ﬁggﬁg(ﬁ) 0, 48 ;(Mk_5)2<0

Accordingly, we obtain

Jm f(8)= 1 Jim f(8) = —o. f'(8) =

Since all eigenvalues of (7)) are greater than or equal to —1, there is no bifurcation parameter in the
interval (g, 3). O

Remark 3.5. Fquation [B.4) may have no solution at all. If n — oo the range for the eigenvalues Ay,
of (L) to satisfy [B.4)) becomes smaller and, for n large no eigenvalue satisfies (3.4)).

Lemma 3.6. In all mized cases there are at most finitely many possible bifurcation parameters.

Proof. In all mixed cases 7, exists for 8 € (—oo, u1). Here we have

lim f(8)=-1+ %, lim f(8)=—-1.

B——o0 B—uy

Similar to the defocusing case, the equation f(8) = A\ has solutions only if —1 < A\ < —1+ %,
hence for at most finitely many k.

Observe that f is not a monotone function in the mixed cases. If f has a maximum value fq0 >
-1+ %, then for a fixed A\ satisfying —1 + % < A < fmaz, the continuity of f implies that the
graph of f(/3) will cross the horizontal line A = Ay more than once, that is f(3) = \x has more than
one solutions. O

Remark 3.7. In the focusing case and in the defocusing case, f'(B) has a fized sign and is never zero
in I. In the mized cases, if > p_q p < 0, then it is easy to see that f'(8) # 0 for f € (—oo, pu1). But
if the sum Y,y pi > 0, then there may exist § € (—oo, 1) such that f'(B3) = 0. As we shall see in
the next section, these facts are important in verifying local bifurcations.

4 The verification of local bifurcations

Let B) denote a solution of f(/5) = Ag. Recall that [j is uniquely defined in the focusing or defocusing
case but not in the mixed cases. The fact that (BI]) has a nonempty kernel at § = 3, is not sufficient
to claim a bifurcation point. In this section, we use [I5, Theorem 8.9] to verify that these [;’s are
indeed bifurcation parameters.
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We denote the eigenspace of the linear eigenvalue problem (L.7]) by
Vi={p€ Hy(Q) | —Ap—¢ = \wd}, k=1,2,...

and set nj, = dim V. The following lemma can be established with similar arguments as [3, Lemma 4.1].
We include the proof here for the convenience of the reader.

Lemma 4.1. i is a bifurcation parameter if f'(8x) # 0.

Proof. Let Jz : H — R be the energy functional associated with (B1I), that is

1 — 1w 8
Ja(ur, ..., uy) = 52/9(\Vuk\2 —ui) — ZZ/Qukué — 52/91%21@ (4.1)
k=1 k=1 i<k

By Sobolev embedding, J5 is well-defined and of class C2?. We can calculate the Morse index m(83) of
Jz at (B,u(B)) € T, in particular near the possible bifurcation points (5, u(fy)) found in Section [3
According to [15, Theorem 8.9], if the Morse index changes as (8 passes [k, then (B, u(f8y)) is a
bifurcation point. More precisely, we claim:

Im(Br — ) — m(Bk + €)| = (n — 1)ng, (4.2)

provided f/(Bx) # 0 and & > 0 small. If ([£2) is established, then the lemma is proved.
Denote the Hessian of Jz at u(3) by

= /Iu VV:n ’U2—’U2— (JJ2 V.V).
Qs(v) = (J(u(B)v. ) kzl/ﬂuv Wf? = 02) /Q (C(B)v, v)

The Morse index m(/3) is the dimension of the negative eigenspace of Q3. We decompose the space
H = VB; <) Vﬁok <) VBJ;, where VB;, Vﬁt and Vé)k are the negative eigenspace, positive eigenspace and
kernel of Qg, respectively. In particular,

n
Vﬁok: VGHZUjGkaorj:17"'7n7 ZVJ(IB)UJZO ’
j=1

hence dim V[?k = (n — 1)ng. Since C(B) is a smooth function of 3, we have the expansion

Qs =Qp, + (B —Br)Qp, +0(8—Bkl) as B — Br.

This implies that Qg > 0 on VBJ; and Qg < 0 on VB;, provided S is close to B;. Thus the claim is true
if

Q (v) = - /ﬂ WO BV, v,

is positive, or negative, definite on Vﬁok.
Since C'(f) is a real symmetric matrix, there exists an orthogonal matrix 7'(3), depending smoothly
on 3, such that

THB)C(B)T(B) = diag(=3, f(8), -+, [(8)) = Cr(B),
which is equivalent to C(8)T () = T(5)Cr(B). Differentiating both sides with respect to 5 and then

rearranging terms leads to

C'(B) = T'(B)Cr(BYT~H(B) + T(B)CT(BT~H(B) = C(B)T" (BT (B).
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For any v € Vﬁok,

(C'(B)v,v) = (T'(B)Cr(BYT M (B)v, v) + (T(B)CL(B)T(B)v, v) — (C(B)T' (BT (B)v, V)
=(T'B)THB)C(B)v,v) + [ (BUTBT(B)v,v) = (T'(B)T~(B)v,C(B)v)
= JBT BT B)v,v) + [B)IV] = FBT (BT (B)v, v)
= f'(B)Iv[.
Therefore, Q3 (v) is positive definite on Vj) if f'(8) > 0, or negative definite on Vg if f'(8) < 0.
The claim (Z.2) follows and the lemma is proved. O

Proof of Theorem [[L3 For the relaxed system (B.I)) in the focusing, defocusing or mixed cases, the

lemmas 3.3, 34 and [3.6], respectively, yield an infinite sequence of possible bifurcation points in the

focusing case, and finitely many bifurcation points in the other cases. According to Lemma 4.1l local

bifurcation for the relaxed system (B.I]) occurs at each S, provided f'(8x) # 0. By Remark B.7] this

inequality is always satisfied in the focusing case and defocusing case. It may fail in some mixed cases.
At last, we need to show that the bifurcating solutions of (B.1]) are positive. Notice that

w>0 inQ and g_c:<0 on 01}, (4.3)

where v is the unit outward normal vector on 9{2. According to Sobolev embeddings and elliptic
regularity theory, the bifurcating solutions that are close enough to a solution on 7T, in the H}-norm
are also close to the same solution on 7, in the C'-norm. Then (&3) implies that the bifurcating
solutions are positive in 2. O

Remark 4.2. According to the bifurcation theory, (Bi,ui(Bk), ..., un(Bk)) is a global bifurcation point
if (n—1)ng is odd. If n =2 and ny = 1, which holds for N =1 or a radially symmetric domain 2, the
Crandall-Rabinowitz theorem applies and yields locally a smooth curve of bifurcating solutions. In the
other cases, the change of Morse index is greater than one, so we cannot obtain further information
about the global bifurcation branches by the arguments used in [{), (21, [22]. Some general information
on the bifurcating branches can be deduced from Dancer’s analytic bifurcation theory [7].

Remark 4.3. Using the results of [21,[22], system (L2) always has semi-trivial solution branches with
two nonzero components, provided n > 3. But semi-trivial solution branch with exactly one nonzero
component do not exist in the focusing case.

5 Partially synchronized solutions and global bifurcations

In this section, we study the global bifurcation phenomena of partially synchronized solutions of (I.2l),
and prove Theorem

In contrast with [4], 21) 22], we cannot claim the existence of global bifurcation at fj even when
ng is odd, since (£2) shows that the Crandall-Rabinowitz condition for global bifurcation now also
depends n. In particular, if n is odd, then (n — 1)ny is even and no global bifurcation at fj can
be claimed. Using the hidden symmetry observed in [3], we may find global bifurcations in some
subspaces of R x H.
Proof of Theorem It is straightforward to check that the following results cited from [3] can be
applied to the system (L2]) with no substantial changes.
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(i) On one hand, the |P|-synchronized solutions of system (L.2]) satisfy a reduced system of (L.2))
with |P| components, see [3, Lemma 5.1]. On the other hand, using the solution of this reduced
|P|-component system, we can construct a |P|-synchronized solution of system (L2, see [3]
Lemma 5.2 and Proposition 5.3]. Next, bifurcations of |P|-synchronized solutions can be verified
at bifurcation points of general solutions, see [3, Lemma 5.4]. Thus (i) is proved.

(ii) If (|P| — 1)nk is odd, then by Crandall-Rabinowitz’s bifurcation theorem, global bifurcations of
P-synchronized solutions occur at each bifurcation point (8, u(5k)).

(iii) If ny is odd and A is a nonempty proper subset of {1,...,n}, then the existence of a global
bifurcation branch Slf with P4-synchronized solutions can be easily seen for P4, = {A, A°}.
Let B be another nonempty proper subset of {1,...,n} satisfying B # A and B # A°¢. If
S,? N Sl? # (), then there exists (8,u) € S,? N Slf . By the definition of partially synchronized
solution and simple set operations, we obtain that all components of u are synchronized. This
contradicts with the fact that A and B are both nonempty proper subsets of {1,...,n}.

(iv) Let P = {A, A°}. In the case N = 1 or Q is radially symmetric, ny = 1 for every eigenvalue Ay of
(L). Thus there is a global bifurcation branch of P-synchronized solutions at each bifurcation
point (Bk,u(Bk)). The conclusion follows from the the bifurcation results for indefinite two-
component systems, see [21 22].

O

6 Nonexistence results

In this section we prove Theorem We argue by contradiction and assume that u is a solution of

(T
Proof of Theorem [1.0(i). We multiply the j-th equation in (L2)) with the principal eigenfunction ¢,
of —A in H}(Q) and obtain:

0> (A1+aj)/uj¢1 :/(_Auj+ajuj)¢1 =/ piul + B8 uj | ¢1>0

0

Proof of Theorem [L6(ii). Here we multiply the i-th equation by wu;, the j-th equation by wu;, and
obtain:

0> (aj — a;) /uiujdx = (pj — ﬁ)/ulug’ + (B — ) /ug’u] > 0.

This gives a contradiction if one of the inequalities a; < a;, p; < 8 < p; is strict. O

Proof of Theorem [LGl(iii). By Theorem [L6l(i) we only need to consider the case f < 8 < 0. The
following argument works for < 8 < 1. Multiplying both sides of the k-th equation by ax¢1, where

ar = (Vur — B)~1, we obtain:

0> Z /(A1 + ag)opurdr = / Zﬂk@kui + ﬁZakuk Zu% o1
k=1 k=1

k=1 14k
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n

:/< (Mk—ﬂ)akuz—i-ﬂzn:akukzn:ui) 1
_ @Mkl_ﬁ)l/(g: [32 akuk+z zakukzuk> o

We only need to make sure that the summation inside the parentheses is positive. Using the definition
of g(B) and of o we obtain:

ﬂz,uk— akuk—i—z ﬁZakukZuk
Zakuk—kZ(M j —i—//j;:gazu —l—z B (azuzu + aju; u])>

P < —

k=1

n

D

1 HE —

Zakuk + Z alu,u + aju; u])

1<J

Wi pi— B
+ Z < 1 — 5 U ;’ 50@1@?’ - (aiuiu? + ozju?uj)>
1<J

Zakuk + Z ozzulu + oju; uj)

+z[ L

)it (e —oom)
ozjuj — QU |+ U — 5aiui — QU
1<) ,U,]

n

2 2
g akuz—i- E Qg + ajuiug)
k=

1<j
z[ = RO )

i<j
3 a2 2 ,UJ 52_2 AA_,Uz'—ﬁH
kuk—i-Z(alu,uj + ojuiug) +Z u up | | aju; 7#' 5a,u,

i—

1<j 1<J

Z kuk + Z azulu + ovju; uj)
k=1

1<J
1 _ pi=B N [((w—Ba A)Mi_/@ _
;( u)( pi— B uz)((ﬂi_,@)aiUJ i Mj—ﬁal

Zakuk + Z azulu + ovju; uj)

1<j

2
A_ - u]‘ _ U;
D e R e

1<J
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n
> g(8) Z U + Z(%u,u? + aju?uj)
k=1 i<j

Substituting the above inequality in the previous integral inequality yields a contradiction if a; < Aq
for some j or g(3) > 0. O

Proof of Theorem [L@(iv). The case u1 < < py, has been treated in (ii), the case 8 > p,, > 0 in (i).
(]
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