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Abstract

In this paper we consider the problem

“Au—=1u" i
{ Au=1u in Qg, (0.1)

u:() on BQR,

where p > 1 and Qg is a smooth bounded domain with a hole which is
diffeomorphic to an annulus and expands as R — oo. The main goal of
the paper is to prove, for large R, the existence of a positive solution to
(0.1) which is close to the positive solution in the corresponding diffeo-
morphic annulus. The proof relies on a careful analysis of the spectrum
of the linearized operator at the radial solution as well as on a delicate
analysis of the nondegeneracy of suitable approximating solutions.

1 Introduction

In this paper we study the existence of positive solutions of the semilinear elliptic
problem
—Au=uP in Q,
{ u=20 on 012, (1.1)

where p > 1 and © is a bounded smooth domain in RV, N > 2. It is well
known that the answer to this problem is strictly related to the exponent p of
the nonlinear term and to the geometrical and/or topological properties of the
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domain . Indeed the classical Pohozaev identity ([P]) implies that, if Q is

starshaped and p > % in dimension N > 3, then (1.1) does not admit any

solution. On the other hand it has been proved in [BC] that if © has nontrivial
topology then a positive solution exists even if p is the critical exponent %

In the special case when  is an annulus it is easy to prove that a radial
positive solution always exists, whatever p is, even supercritical (see [KW]),
and this solution is unique (see [NN]). Moreover, exploiting the invariance of
the annulus with respect to different symmetry groups, several authors were
able to prove the existence of nonradial positive solutions for p up to a certain
exponent py > {42 in expanding annuli Ag = {z € RV : R < |z| < R+ 1},
for R sufficiently large (see [C], [YYL], [L1], [L2], [B], [CW]). A study of the
asymptotic behavior of some of these solutions, as R — oo, shows that they
converge to positive solutions on an infinite strip (see [L2]). As to the positive
radial solution, it is a least energy solution and of mountain pass type in the
space of radial Hj-functions, but its Morse index in the full space becomes
unbounded as R — oo.

In view of these results it is natural to expect that similar multiplicity results
should also hold in expanding ”annular-type” domains, i.e. in domains with an
expanding hole, which are not necessarily annuli. This idea has been carried out
in the papers [CW], [DY], [ACP] where, in the subcritical case, the existence
of an increasing number of positive solutions is proved, as the domain expands.
In particular, in [DY] the limit problem in the strip is exploited to construct
positive multibump solutions using a Lyapunov-Schmidt reduction argument.
The domains Dy considered in [DY] are the sets of points whose distance to a
fixed convex set is larger than R and smaller than R+ 1. So they are diffeomor-
phic to an annulus. However the solutions that they construct (as well as those
of [CW]) are very different from radial solutions in annuli, since they exhibit a
finite number of bumps.

The existence of the radial positive solution in an annulus suggests that a
positive solution of "radial-type” should exist also in expanding annular-type
domains, regardless of the growth of the nonlinearity. It is the main goal of the
present paper to prove the existence of a positive solution, in domains of this
kind, which is close to the positive radial solution in an annulus. More precisely,
using polar coordinates (p,) € Rt x S¥—1 in RV and fixing a positive C>-
function g : S¥~! — R on the unit sphere SN~! = {x ERN : |z| = 1}, we
consider the domains

QR:{(p,G)ERJ“xSN_l:R—i—g](%i)<p<R+1+g}(£)} (1.2)
forR>0Withs>%ifN25ands=Oif2§N§4. We observe that Qg
is diffeomorphic to the annulus

Ap={zeRY :R<|z|<R+1}

by the obvious diffeomorphism

T:Qp— Ag, T(p,0) = (p— 9}(;5),9). (1.3)



Moreover, for any s > 0, the exterior unit normal to the hypersurface
{(R+g(0O)R*,0):0 € SN}

at the point (R + g(6)R~*,0) tends to the radial unit vector (1,6) as R — oo.
Hence, as it expands, Q2 looks more and more like an annulus. Note that Qg
becomes closer, in fact, to Ag as R — oo if s > 0. Denoting by wr € Hg(AR) the
positive radial solution of (1.1) with Q = Ag we define g := wroT € H}(Qr),
that is,

9(0)

Rs’
Now we can state the main result of the paper.

ur(p,0) = wr(p — 0). (1.4)

Theorem 1.1. There exists a sequence Ry — oo with the property that for every
0 > 0 there exists ks € N such that for any k > ks and for R € [Ri+9, Rk+1—19],
problem (1.1) admits a positive solution

UR = UR + ¢Rr

for some ¢r € H}(QR).
Moreover the distance Ry11 — Ry is bounded away from zero by a constant
independent of k, and ¢r — 0 in HE(QR) as R € [Ry + 0, Ryy1 — 0).

Remark 1.2. The proof of Theorem 1.1 yields that ug is an isolated solution
of (1.1) in H3(QRr) and that it depends continuously on R in the H'-norm.
If Qr = AR then ug = wg exists for all R > 0. In this case all curves ug,
R e I, :=[Ri+ 6, Riy1 — 8], from Theorem 1.1 are part of one solution curve.
The radii Ry are bifurcation points for solutions of (1.1) in Ar with R as
parameter. After perturbing the radial setting the bifurcations may disappear,
and the solution curves ur, R € I, may not lie on one continuum of solutions.
The global behavior of these solution branches is a challenging problem that
remains to be studied.

In the case of a nonlinearity with subcritical growth our theorem provides
a new multiplicity result since, besides the positive multibump solutions con-
structed in [CW], [DY], [ACP], it asserts the existence of asymptotically radial
solutions in a different type of expanding domains. In the critical exponent case
our approach gives a direct proof of the Bahri-Coron result ([BC]) for annu-
lar shaped domains with large holes, complementing various results in domains
with small holes ([Co], [R], [LYY], [CMP]). To our knowledge the only other
result in this direction has been obtained in [CP] for symmetric domains. In the
supercritical case Theorem 1.1 is the first existence result for a positive solution
without assuming that € has a small hole as in [DW], [DFM].

We believe that the main interest of the present paper, however, is to give a
direct construction of asymptotically radial positive solutions of (1.1) in annular
shaped domains with large holes. To our knowledge this is the first result of this
type. Even in the case when p is subcritical a variational characterization or



minmax approach seems to be difficult because the Morse indices of the solutions
which we obtain become unbounded.

The proof of Theorem 1.1 is quite long and technically difficult. It requires
a delicate analysis of the asymptotic behavior, as R — oo, of the eigenvalues of
the linearized operator at the radial solution wgr. We believe that this analysis
has an interest of its own and could be used in other problems. This allows
to prove the nondegeneracy of the asymptotically radial function ug, for some
values of R. Then we use a fixed point argument and the contraction mapping
principle in the space H}(Qr) to find the true solution, close to . This last
part is quite difficult to perform. This part of the proof is also responsible for
the correction of the diffeomorphism with the term % in dimension N > 5.

We would like to remark that it would be possible to get the result of The-
orem 1.1 in dimension N > 5 also for s = 0 in (1.2) by correcting the approx-
imating solutions with the addition of some extra terms. Anyway, since this
would make the proof technically much more complicated we have chosen to
carry out the proof for the special class of domains defined in (1.1).

The outline of the paper is as follows. In Section 2 we give some preliminary
results on the radial solution wg, while in Section 3 and 4 we perform a precise
analysis of the spectrum of the linearized operator at wg. In Section 5 we study
the approximate solutions and its possible degeneracy. Finally in Section 6 we
prove Theorem 1.1.

2 Preliminary results on the radial solution
As in the introduction we denote by Ag the annulus

Ap={z€eRY, R<|z|<R+1}, R>1,
and by wg the unique positive radial solution of (1.1) for Q = Ar. We start with
analyzing the asymptotic behavior of wr as R — oco. Obviously wg satisfies
—wh — XLl = wh in (R,R+1),
wgr >0 in (R,R+1), (2.1)
wr(R) =wr(R+1) =0,

where we write (r,60) € Rt x SV~ for the polar coordinates in RY. Since wg

1
is the unique positive solution of (2.1) we have that wg = B ' Wg, where

R+1
Br = inf / (u")2rN"tdr
w€H}(R,R+1), JR
lull Lp+1=1
R+1 _
. fR+ (u/)QTN Ldr
= 1mf =
uw€EHy (R,R+1), R+1 1,.N—1 p+1
W0 fR |u[ptirN=1dy



and Wx is a minimizer for Bz. Taking a function ¢ € C(‘)X’((O, 1)), ¢ > 0 and
defining ¢ € C§°((R, R+ 1)) by ¢(r) = ¢(r — R) we have

f}§+1(¢/)2TN_1d’f’ B f01($1)2(R+t)N_1dt
(Jatorenn=rar) ™ ([ (R0 1a) T (22)

< CR(N—l)(l—ﬁ).

Br <

Moreover, from equation (2.1) we deduce
Rtl ptl
/ wh Nl = gt < ORNTL (2.3)
R

Now we consider the function
ﬁR(t) = U)R(t + R)

and observe that (2.3) implies

1 R+1
/ TPt = / wr(r)P+dr
0 R (2'4)

1 R+1
< W/ wR(r)p+1rN_1dr < C.
R

By (2.1) we have

R+1 R+1 .
/ (wh)?rN " tdr = / wllf; rNdr,
R R

so we get

1 1 R+1
RY @< @) @ RN = [ e ar
0 0 R

1 1
:/ wg“(tJrR)N—ldtg(HR)N—l/ @b dt.
0 0

As a consequence we obtain by (2.4)

1 1
/ ()2 dt < C/ abtdt < C. (2.5)
0 0

Observe that wg satisfies
—W — Sy =Wy in (0,1),
wgr >0 in (0,1),
wgr(0) =wr(1) =0.



;From (2.5) we deduce that wg is bounded in H{ (0, 1) and hence also in L>°(0, 1)
and in C?(0,1). Consequently wgr — wp uniformly, as R — oo, where

—w( = wh in (0,1),
wo > 0 in (0,1), (2.6)

wo(O) = ’wo(l) =0.

It is not difficult to show that wg # 0 so that it is the unique positive solution of
(2.6). Indeed ||Wgl|jco > a > 0, where « is a constant independent of R, as can
be seen by multiplying the equation in (1.1) by the first eigenfunction of —A
in Ar and integrating. Now we prove that wg is nondegenerate in the space of
radial functions. It is possible that this result is already known but we are not
aware of any reference.

Proposition 2.1. The linearized problem

_ — p—1 i
{ Av=pwy v in Ag, (2.7)

v=20 on 0AR,
does not admit any nontrivial radial solution.

Proof. Arguing by contradiction let us assume that there exists a nontrivial
radial solution T of (2.7). Denoting by fi1, ..., i the radial eigenvalues of the
operator

Ly, =-A- pwf{ll

with zero boundary conditions in Ag, it is well known that only fi7 is negative.
Hence v must be the second radial eigenfunction and, so, it has only two nodal
regions Ay = {r e RV : R< |z] <d} and Ay = {z e RN :d < |[z] < R+ 1},
and in each region the first eigenvalue of the linearized operator L,,, is zero. It
is easy to see that

2
z=x -Vwg+ ——wg

p—1
solves
~Az = pwll’{lz in Ag,
z(z) >0 if |2| = R,
z(x) <0 if |z = R+ 1.

Hence z is radial and changes sign in Az. We claim that z changes sign only
once, i.e. it has only two annular nodal regions. Indeed if it had more than
two nodal regions, by the boundary behavior, it would have at least four nodal
regions B;, i =1,...,k, K > 4. Hence there would exist B; such that z =0 on
0Bj and Bj C A;, for some 4 = 1,2. This implies a contradiction for the first
eigenvalues:

0= /\I(LszBj) > )\I(LwR,Ai) =0.

Thus z has only two nodal regions B, Bs, and therefore A; C Bj, for some
i,j = 1,2. Using z as a testfunction one sees that A (L., Bj) > 0 contradicting
M(Lwg, Bj) < A (Lwg, Ai) =0. O



3 Analysis of the linearized operator

As in the previous section let wg be the unique positive radial solution of (2.1)
in the annulus Ar. We want to analyze the possible degeneracy of the lin-
earized operator L, = —A — pw%_ll . To this aim let us denote by v a generic
eigenvalue of the problem

{ —Av = pr%_lv in Ag,

v=0 in 0ARg, (3.1)

and study the eigenvalues v close to 1. We start by considering the operator
LY = |z)? (—A — pr%_ll) (3.2)

and noting that v is an eigenvalue for (3.1) if and only if zero is an eigenvalue
for LY. We also need the operator

LY (v) = r? (v” _N= 11/ — l/pwal’U> in (R,R+1) (3.3)
7

with zero boundary conditions. Let us denote by A, £k = 0,1, ..., the eigenval-
ues of the Laplace-Beltrami operator —Agn-1 on the N — 1 dimensional unit
sphere SV =1. Tt is well known that A\, = k(k+ N —2). We start with a prelim-
inary lemma, known in the case v = 1 (see for example [Pa], [L2]). However,
since in the sequel we need a more accurate analysis of the eigenvalues v close
to 1 and to recall explicit computations, we also detail the proof of this first
lemma.

Lemma 3.1. The spectra of Zﬁ, ﬁﬁ, and —Agn-1 are related by
o(L) = o(Li) + o(~Agv-1).
Proof. Given u € U(TL"R) we choose an eigenfunction 1, i.e. 1 satisfies

—AY —vpwh Y = pr i Ag,
Pv=0 on 0AR.

We choose k € Ny and an eigenfunction ¢ of —Agn-1 associated to Ax. Then
the function

w(r) = /S U)o,

N -1 N -1
—w’ — w = / (—z/)rr - %) pdb
r SN-—1 r

:/ (—Aer ZASN1¢> $do
SN-—-1 /A

—op i+ L L Agn-11) ¢df
vpwh, w+r2w+r2 SN?l( gN-1%)) Od6.

satisfies




Integrating the last term by parts we get

N-1 B “
—w" — ——w' = vpuh, w = H 5w,
, /

r
which implies that the numbers — Ay, are eigenvalues of the operator IA/E, hence
=g — X+ M € (L) + o(—Agn-1). (3.4)

In order to see the converse consider o € o(L%) and Ay € o(—Agn-1), and
choose corresponding eigenfunctions w and ¢. Setting

ole) =u(el)o ().

there holds

-1
—Av = (—w” - Nrw’) ¢ — %ASNA(b

_ o A _ a+ A
= {z/pw% Yw+ T—2w] o+ T—Sw(ﬁ: vpwh, v+ 2 Fo

which implies a + A, € J(Eg). O

As pointed out before we are interested in studying the eigenvalues of prob-
lem (3.1) close to 1 for large R. To do this we first study the asymptotic behavior
of the eigenvalues of the operator ﬁﬁ as R — oo. We need the eigenvalues (3%
of the operator L” on (0,1) with Dirichlet boundary conditions defined by

L' = =" — vpwh ™4, (3.5)
where wy is from (2.6).
Lemma 3.2. The n-th eigenvalue o (R) of the operator IA/%C satisfies
o’ (R) = BR*+0(R*) as R — oo. (3.6)

Proof. We consider the operator L% on (0, 1) with Dirichlet boundary conditions
defined by

Tv t+R)? " N-1 / ~p—
o= (0= T ).

If w is an n-th eigenfunction of L% then ¢x(t) := w(t + R) satisfies

- oy (R
i = S0

VR
and viceversa. Consequently there holds

o(L%) = R2o(LY,).



Since the coefficients of LY, converge uniformly on (0, 1) towards the coefficients
of LY as R — oo, we obtain

o (E%) = o (1) + of1).

and the result follows immediately. O
Remark 3.3. Let 81 and (B2 the first and the second eigenvalue respectively
of the operator L' from (8.5) with v = 1. It is well known that the unique
positive solution wo of (2.6) has Morse index one and hence 31 < 0 and B2 > 0.
Moreover it is easy to prove that B > 0, repeating for erxample the proof of
Proposition 2.1. Then, by the continuity of the eigenvalues there exists o > 0

such that
lv—1l<o = B <0andpy >0, (3.7)

where BY and (Y are the first and the second eigenvalue of L. The proof of
(3.7) is not difficult and can be found in [GPY].

An immediate consequence of this and Lemma 3.2 is

Corollary 3.4. If v —1| <o, o as in (3.7), then
ay(R) >0 for R sufficiently large,
where o5 (R) is the second eigenvalue of the operator L%, from (3.3).

Now let us come back to the problem from which we started in this section,
i.e. to understand for which values R of the radius a number v close to 1 can
be an eigenvalue of (3.1) in Ag. A consequence of the results obtained so far is

Proposition 3.5. Assume |v—1| < o, o as in (3.7). Then there exists Ry > 0
such that v can be an eigenvalue of (3.1) in Ar for R > Ry, if and only if

of(R) =X, =—k(k+N —2) for somek > 1. (3.8)
Proof. We know that v is an eigenvalue of (3.1) if and only if
0 € o(Ly) = o(Lh) + o(—Agn-).

By the assumption on v we can apply Lemma 3.4 so that o4/ (R) < 0 and
ab(R) > 0 for R large. Now (3.8) follows immediately. O

4 Analysis of the eigenvalues of (3.1) close to 1

We start by making a deeper analysis on the behavior of of(R) showing that,
for large R, it is a strictly decreasing function of the radius R. As in Section 2
we denote by wg(t) the function wg (¢t + R) which is the only positive solution
of

t+R

—u — MLy =P in (0,1),
{ oy = -y

We have



Lemma 4.1. The function wg is continuously differentiable with respect to R.
Moreover

lim R? /

R—o0 0

Proof. Using the nondegeneracy of the solution wg, which follows from Propo-
sition 2.1, and applying the implicit function theorem to the function

1 8{03(1

dt=0 VYg>1. 4.2
R q> (4.2)

F(¢,R)=¢”+ ¢+¢p

t+ R

it easy to see that wg is continuously differentiable with respect to R. The
function V (¢, R) := aw—R satisfies

{ V' = XV + Fe s = pal 'V i (0,1),
V(0)=V(1)=0.

We claim that
RIV(., R)a01) =C (4.3)

for some constant C' > 0. If (4.3) does not hold then for a sequence R,, — o0
we have
RWHV(7 Rn)HH&(O,l) — 00 as n — Q.

V( k) ’VL)

Now Zn = m satisfies
" N—1 (N-1)Ry, @;an _ o ~p—1 .
~Zn — trm n T TTROTRVER ] P =pwy 2z, in (0,1), (4.4)
zn(0) = 2,(1) = 0,

and 2, — 29 weakly in HZ(0,1) and strongly in L%(0,1), for any ¢ > 1. More-
over, since wﬁ.%n is bounded in L*°(0,1) by the results of Section 2, passing to
the limit in (4.4) yields

—2f =pwh 'z in (0,1),
z(0) = 2(1) =0,

with wg from (2.6). Then zy = 0 by Remark 3.3. This is a contradiction because
from the equations we also get that z, converges strongly to zy in Hg(0,1) so
that [|z0l[ 10,1y = 1. Consequently (4.3) holds. This implies that the function
RV (-, R) converges weakly in HZ(0,1) and strongly in L%(0, 1), for any q > 1,
to a function V which solves as before

{ V" = pwh~ V in (0,1),

V(0)=TV(1) =

Again V must be identically zero so that (4.2) holds. O

10



Lemma 4.2. The first eigenvalue o (R) of the operator IA/E 1s differentiable
with respect to R and

0o (R)
OR

where BY is the first eigenvalue of LV from (3.5).

=207R+0o(R) as R— oo, (4.5)

Proof. We consider the first eigenfunction vy g of L% with ||v; gllec = 1. The
function 01 r(t) = v1(t + R) then solves

“UlR %fﬁ/l,l% — vpllwrl e = of (R) gz in (0,1), (4.6)
Ul,R(O) = Ul,R(]-) = 0

Since ||v1,r|lco = 1 we have that 77, g — ¢1 # 0, as R — oo, uniformly in (0,1)
and ¢ > 0 solves

_¢/1, - VprOHIOJCquSl == 611/(;51 in (Oa 1)7
{ 61(0) = é (1) — 0. (4.7)

By results of Kato (see [K], p. 380) we have that both v; g and of(R) depend
analytically on R. Thus the function ® = ®(¢, R) = 62}3‘ satisfies

N -1 N-—-1 _ o OWR - e
—¢ R mviﬁ — vy~ iy a;m’R - vpiy
dof(R) 1 of (R) of (R) -
= R —— (I) - .
oR Gt RE T Gr R TG RE R

Multiplying this equation by v1 r and integrating we get
1 1
/ vy p(t+ R)N"ldt + (N — 1)/ U] g0y R(t+ R)N At
0 0

1 ~
0
vl — 1) [ @ e+ R e
0

1
- 1/p/ @b g ®(E+ R)N Lt
0

v 1 1
_ ‘9@‘“817](;%) / P a(t+ RN 3dt 1 ot (R) / BT, (t+ R)V3dt
0 0

1
— 204 (R) / dv; R(t+ RNVt
0
Multiplying instead (4.6) by ® and integrating we get
1 1
/ V] p(t+ RNt — Vp/ @b g ®(E+ R)N Tt
0 0

1
— o'(R) A BTt + RN 3dr.

11



Subtracting the last two equations we deduce

1 1 ~
(N—l)/ 5£7R517R(t+R)N_3dt—l/p(p—1)/ w%‘Qaé”—;ﬁiR(HR)N—ldt
0 0
oar(R) [ . b
— O‘alé )/O viR(t—l—R)N_?’dt—Qa’f(R)/O 01 p(t+ RNt
Since
! N —1)(N — 1
(N—l)/ 5{7R51,R(t+R)N73dt=—#/ EiR(tJrR)N*‘ldt
0 0

-0 (RN—4)

and

! Owg (t + R)Nil
vp(p — 1)/ b2 <R > vs dt = o (RN72
0 R OR 1,R R ( )

by (4.2) we have

dof(R) [, (t+ RN vy [ G RTR
81}(E )/O' U%,R(RZV)—lSdt:2a1(R)/O %?’R%dt"ro(R)

Finally using the convergence of 71 g to ¢1 as in (4.7) and Lemma 3.2 we get

i ([ et o) =2t ([ o)+t

so that (4.5) holds. O

From (4.5) we deduce that if v — 1] < ¢ as in (3.7) the function o} (R) is a
strictly decreasing function of R, for R large. This allows to prove

Proposition 4.3. Let [v — 1| < ¢ as in (8.7). Then there exists R > 0 such
that v can be an eigenvalue of problem (3.1) for R > R al most for a sequence
R = R} which behaves asymptotically like

R} = —k:(k:—;;\f—?) +o(1) ask— co. (4.8)

Proof. As a consequence of Lemma 4.2 there exists R > 0 such that o¥(R) is
strictly decreasing for R > R. Then for any k& > 1 the equation (3.8) has at
most one solution R = R}. Now Lemma 3.2 yields

(By +o(1)) (RY)® = —k(k + N —2),

from which (4.8) follows. O

12



In particular, from (4.8) we deduce that the only possible radii for which the
linearized operator L,,, can be degenerate, i.e. ¥ =1 is an eigenvalue of (3.1),
are R}, k > 1, and these behave asymptotically like

R} = —k(k—;lN—Z) +0o(1) as k — oo. (4.9)

This implies that for any R > R with R # R}, for all k¥ > 1 the linearized
operator L,,, is nondegenerate. Observe that
1
7= lim (R, — R}) = ——. (4.10)
koo V1B
We conclude this section by making a finer analysis of the nondegeneracy
of L. More precisely we prove that when R is at certain distance from the
"bad radii” R}, then the eigenvalues v of (3.1) are bounded away from 1 by a
constant which depends on the distance between R and Rj, but is independent
from k.

Proposition 4.4. For ¢ > 0 there exists y(6) > 0 and k(0) € N such that for
k> k(6) and R € (R}, R}, ) with min{R — R,|R— R} |} > ¢

vr — 1] = 1(6) (4.11)
for any eigenvalue vg of problem (3.1).

Proof. Arguing by contradiction we assume there exists a sequence k,, — 00, a
sequence of radii R,, € (Ry , R} ;) with min{R, — R} ,|R, — R} .|} >,
and a sequence of eigenvalues v, of problem (3.1) such that

lim v, =1

n—oo

Then, obviously, |v, — 1| < o, ¢ as in (3.7), for n sufficiently large and hence
by (4.8)
Fon(hn + N — 2)

R, = — +0o(1) (4.12)

_ﬂl n
for a sequence of positive integers h,, — oco. This implies R,, — R,lcn — 0 because
B8y — Brasv — 1. O

5 Study of the approximate solutions

In this section we go back to the domain Qg defined in (1.2) which is dif-
feomorphic to the annulus Ar by the diffeomorphism T' defined in (1.3). As
in the previous sections we denote by wgr the unique positive radial solution
of (1.1) for Q@ = Ar and by ug the function defined in Qg as in (1.4), i.e.
ur(p,0) =wr (T(p,0)). We will prove that ug is an ”approximate” solution of
(1.1) in Qg, for large R, and we derive some useful estimates.
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Lemma 5.1. )
where s =0 if N <4, s > % if N > 5, is from (1.2).

Proof. Using polar coordinates and the inverse transformation

T=1(r,0) = (p.0) = (7“ L 99 9)

Rs’
we get for up = wroT

?ur N-—-10ur 1

Pwp  N—10wp (N—-1)2D gy 1 _
— _ 5 5 5 + ®) P — 2ASN—1UR
r r r T(TJFQRS) r (7“-1-%)

1
— P
—wR+O(Rz+s>’
having used the equation satisfied by wg and that |[Agn-1ug| = O(1/R?). The
last fact holds because wg is radial so that

8&}{ 6wR( 891)

00 Or

00 Rs
and similarly for the second derivatives. O

Now we consider the functional

1 1
Infw) =5 [ VuP = [
R R

and observe that for p > 1, and p+ 1 < 2* = % if N > 3, Ir is well defined
and of class C? in Hj(Qg). It is well known that in this case the solutions of
(1.1) correspond to the critical points of Ir(u) and that for any u € HE(Qr)
the derivative If(u) can be represented by the element gradlg(u) € Hi(Qr)
given by

gradlp(u) = u— (—A7") (JulP~'u) (5.1)

We have

Lemma 5.2. Ifp > 1, andpSZ*flz% if N > 3, then

Gy

lgradlr(ur)| g1 (o, < R

with o = MTJFQS >0, s as in (1.2) and Cy independent of R.

14



Proof. Setting
ZR = gradIR(ﬂR) = ﬁR — (—A_l) (ﬂ%)

we have
7A17R — ﬂ}]’% = 7AZR

and hence, using Lemma 5.1,

[ iwenp = | (AaRa@st(/ |MR@|2)
Qr Qr Qr
1 \2 3 1
2
| (=) | B (/QRWZR) |

where P is the constant of the Poincaré inequality which is independent of R
(see [A, Lemma 5.14]). Consequently

(L

<C

1 N1 Cy
lenl < Opaee = o

because meas Qr = O (RN_l). O

The previous estimates imply that ug are approximate solutions to (1.1). In
order to prove that near @g there is a true solution of (1.1) we need to prove that
the linear operator Ij;(uwg) is invertible. To do this we need some preliminary
results.

Lemma 5.3. Let v be any function in H}(Ag) and set v :=voT :Qr — R
with T from (1.3). Then ¥ € H}(QR) and

1
~12 2 2
/QR |V dx:/A |Vl dy+0< +1/ Vvl dy). (5.3)

Proof. Using spherical coordinates (p, 01, ...,0x_1) in RV, N > 2, we have

|W|2=(81’) QZ| (8) (5.4)

where (61,...,0n-1) and a;(0) are bounded functions independent of p. More-
over, by the definition of the diffeomorphism T given in (1.3),

w _ov )
dp  Or’ P R

ov v 1 Ov dg

15



Hence (5.4) yields

~ v 1 [0v)? dg
e | [(8) g Emor (2
/QR| o An <8T ( + 9(0)>2 Z o (st or 90,

(azf + r12 sz lai(6)? (g{;’i)j dy

+

——
oy

/N
Q =
i
L

S
T

N—-1
1 1 ov
+/ TS |ai (0)[ (89
AR (T+ g}g{g)) .

=1
:/ IVol?dy + I + I,
AR

having denoted by I, I5 the last two integrals. Now (5.3) follows from
C ov\? c = av\> 1 /0w’
L] < —— — ] d — -
Al < /AR <8r) y‘L/AR PR ; r (87“) 5 (aai) dy
O (Y S (2
- R25+2 Agr 67’ y RS+1 AR 87" Y
N—1 2
C 1 [ ov
+ R+l /AR ; 2 (5@) dy

C / 2
< — Vou|” dy
e [, 19

and

Let us define the functionals

fAR |Vv|2 dy

Qr(v) = —F—g——,
IAR pwh, 11}2dy

v € HY(AR), v #0,

16



and )
Ja, [Vul” dz

e T e HYQR), u 0.

Qr(u) =
Then we consider the eigenvalue problem

{ —Av = Dpﬂ’;{lv in Qg (5.6)

v=0 on 0Qg

and denote by ¢, ..., ¢f and ¢F,... ¢ F the cigenfunctions of (3.1) and (5.6)

: : R — LR _ R R
respectively, with ||¢; ||L2(AR7pw1;;1) = ||%; ||L2(AR7pw;;{1) =1, and by vi%, ..., v},
v ... UF the corresponding eigenvalues.

Lemma 5.4. Let V;F be the subspace of Hi(AR) spanned by ¢F,... ¢, then
Qr(?) =vff+0 (R )yl as R — oo (5.7)

foranyv e Vk where Vk 18 the space spanned by ¢1 = ¢FoT,... ,(EkR = qb,’foT.
Conversely if W,f"‘ is the subspace of H}(Qr) spanned by 1/11 ,...,1/1,13 we have

Qr) =T +O (R I  asR— (5.8)

or any v € W/t which is the space spanned b Q/JR:J}/ROT,...,QZJR:J}/ROT.
Y k ¥y 1 k k

Proof. We start by observing that the functions ¢, ..., ¢£ are linearly inde-
pendent and the same is true for ¢%%, ..., qSkR. Writing v as Zle ;¢ we have

Z?,j:l ;o fﬂn V%RV(E?GZJL‘
. — .
D jm1 Qi fQR P 1¢i¢’jdx

Qr(®) =

As in (5.4), using spherical coordinates we have

"R AR k TR AR
3¢?%+%Za%(9)3¢5%

Vo Vi = o o

and analogously

VoiiVer =

a¢R qu 1 o ) 201 00T
32 -

Moreover, by the definition of the diffeomorphism 7', formulas analogous to (5.5)

17



hold. Therefore we have

‘:8@5?8(15?_’_ iGQ 1 9¢ff 89+8¢2R )
I or or <+g<9)2 T\ ~% 2 06, " 00,

' 1 997 g N ot
R Or 06, 06,
_ 9pF 09} 52 a a¢§ 908 [ 9g\°
or 3r+< +0 (R >Za 8r8r<89;)+
00F 007 0F 097 09  9¢F 097 dg
891 891 or 891 801 891 or or

< ViVl + 0 (R7Y) Voivel +C< +0(R“)>.

AN L AN AR LA
| (5 ) (a +r(ael)+r 0

=1

< (1+0(R™Y) VoRvel +C (:2 +0 (R‘3‘S)) r(|VoR[ + |ver|)

= (1+ 0 (R™)) Volivel + 0 (R™) (|VeR[* + [vof|’) .

On the other hand we have that

R+1+ (9 o
p / GRS e = / B GREE N b (g)dpdd

SN=1 JR+g(0

/SN 1/R+1 Wy ¢R¢R< 9(8 )>N1b(0)drd0

R+1
=p /S . / wh oo rN1b(0)drdd
/R
R+1 N-1
+ / / whtofl <r+g(e)) erl b(0)drdf
R SN-1

Rs
=p /A wh ' ofeldy + O (R717) / wh ol o dy

AR

with O (R’lfs) > 0. Hence, using also (5.3), the Rayleigh quotient becomes

Z o [ VoiiVelidy + O (R™1) Z azag [, (Vo2 + Vo] dy

Qr(v) = = e .
> aiap [, why ' ¢figldy + O (R-1-%) Z aiap [, w6165 dy
i,j=1 i,j=1

18



Recalling that ¢, ..., ¢f are orthogonal in H}(Ag) and in L?(Ag, w% '), and
that

2
k k
§jamw/'wgﬂww¢WM:p/ w;1<§)%wﬂ>dy>o
AR AR i=1

i,j=1
we have
k k k
> a7 [, VoI Pdy + O (R™) | X ai [, IVofiPdy + 3 o [, [Voi|Pdy
@ @) < i=1 i=1 j=1
R = )

k
_ 2
p;a?fARw% " (of) dy

and using pfAR wh ! pF|2dy = 1 we get

i= =1

On(®) < i
pY.a?

i=1

k k
>af [, Vol +J§1 oF [ IV

i=1

k k k
Zlazz fAR IVof|Pdy + O (Ril) (Z af fAR Vo[ 2dy + Zl 0‘? fAR |V¢>§%|2dy>
]:

<vf+O0(R™)

2
o

o8

i=1

<vff+O (R ")y}
which gives (5.7). The inequality (5.8) is obtained in the same way. O

We conclude this section showing an analogue of Proposition 4.4 for the
eigenvalues of problem (5.6). Recall the values R,lC from Proposition 4.3.

Proposition 5.5. For § > 0 let v(6) > 0 and k(5) € N be as in Proposi-
tion 4.4. Then there exists k(0) > k(8) such that for any k > k(6) and any
R e [R} +6,R},, — 6] we have

~ )
g — 1| > %) (5.9)
for any eigenvalue vg of (5.6).

Proof. Consider R € [R}+6, R}, — 6] with k > k(5). Then (4.11) holds
and we denote by v, ..., Vf(R) the eigenvalues of (3.1) smaller than 1 so that

VﬁR)H is the first eigenvalue of (3.1) larger than 1 and

Vatr) < 1= Vitger > 147 (5.10)
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Consider the eigenfunctions ¢%, . . . | qu(R) of (3.1) corresponding to vy, ..., Uy(g)
and the transformed functions ¢F = ¢FoT, i =1,...,n(R), in Q. As observed
in the proof of Lemma 5.4 the functions 55 are linearly independent and hence
the space ‘7”( r) spanned by them is n(R)-dimensional. Computing the quotient
Qg for functions in ‘771(13) and using (5.7) and (5.10) we have that

@R(lb) < 1—% for allz/)e‘?n(g)

for R sufficiently large, i.e. for k sufficiently large. By the variational character-
ization of the eigenvalues we have that the eigenvalue v,,(py of (5.6) is smaller
than 1 — 7. Hence, arguing by contradiction, if (5.6) has an eigenvalue v, (g)
which contradicts (5.9) we must have m(R) > n(R). Now we consider the

eigenspace W, (g) corresponding to the eigenvalue v, g) for which
~ v
|Vm(R) — 1| < 5 (5.11)

Computing the quotient Qg on the space W, (g) obtained from Wm( r) by ap-
plying the inverse transformation 7-! and using (5.8) we see that the eigenvalue
Vm(r) of (3.1) satisfies

~ Y
Um(R) < Vm(R) + 5

for R, and hence k, sufficiently large. Since vp,(ry > 1 we have v,,(gr) — 1 <7
because of (5.11), contradicting (4.11). O

6 Proof of Theorem 1.1

Let Ry := R} be the radii from Proposition 4.3 and recall from (4.10) that
Rpy1— Ry — 7= |B1]7'/? as R — co. We start by proving Theorem 1.1 in the
case the exponent p in (1.1) is subcritical:

N+2

1<p< b =2"-1 N23 ayp>1ifN=2 (6.1)

As in Section 5 we consider the functional

1 1
Ig(u) = 5/0 [Vul? - PR |ulPH!
R R

which is of class C? in H} (Qg) and whose derivative I};(u) is represented by the
element gradlg(u) € HJ(Qg) given by (5.1). Analogously the second deriva-
tive I%(u) can be identified with a linear continuous operator from H}(Qg) to
H}(Qr) as follows:

(It(u),v) =v — (fAfl) (p|u\p*1v) Vv € HY (QR). (6.2)
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Let ug = wg o T be the "approximate solution” of (1.1) defined in Section 5.
The following lemma shows that for a certain range of R and that the norm of
the inverse operator in the space

Lr={T:Hy(Qr)— Hy(Qr) | T linear and continuous} (6.3)
is bounded.
Lemma 6.1. Fiz 6 > 0, and let k(8) € N be given by Proposition 5.5. Then
for k> k() and R € [Ry, + 6, Ri41 — 0] the operator I} (ug) is invertible and

< 71(0). (6.4)

k|,

where v1(0) > 0 is independent of k.

Proof. The linear operator Ij;(ug) is invertible if it does not admit zero as
eigenvalue i.e., using (6.2), if there does not exist a nontrivial solution of the
equation

—Av —pﬂ%_lv =0 in Qg,

u=0 on 0Qg.

In other words I (ug) is invertible if 1 is not an eigenvalue of (5.6). By (5.9)
this is indeed the case for k > k(J), R € (R, + J, Rg+1 — 0). Then, denoting by
uF the eigenvalues of [I}(iig)] " we have

|z ) || = sup {1

Jh>1}.

It is easy to see that ,u,]f = gg—’lil, where 17}1? is an eigenvalue of the problem
(5.6). Hence H[I}é(ﬂR)]_luﬁR is bounded if and only if the eigenvalues 7f* are
bounded away from 1 which is precisely the result of Proposition 5.5. O
We also need the following estimates.
Lemma 6.2. The map Gr : HY(Qr) — H(QR) defined by
Gr(¢) = gradlg(ugr + ¢) — gradlg(ugr) — (If(uR), ®) (6.5)

satisfies for ||¢H125rg <1

Cslloll,  for1<p<?,

IGR(O) |y <
o T\ Galigllgy  forp>2,

with C3 a constant independent of R.
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Proof. By (5.1) and (6.2) we have
Gr(¢) =tur+¢— (—A7") (|ur + 6"~ (ur + ¢)) — ur
+ (=AY ([ in) — 6+ (~A7Y) (pily o)

= — (=AY (|aR + o' (Ur + ¢) — U — pﬂ%‘1¢) :

We set )
ap = [up + " (Up +¢) — U — iy ¢
and
(r= (A1) (zr)
so that AC s
—A(r = —2r 1nllp,
{ Cr=0 on 99 (67)
Since the function ug is uniformly bounded we have
Clo|P ifl<p<2,
jzr < 1 19 , P = (6.8)
C (lo|P +1¢[*) forp>2.

Now we distinguish two cases:
CasEl. N=2andp>1,or N>3and 1 <p< L

N—2
CASE 2. N23and%<p§%.
In CASE 1 (6.7) implies

/QR|VCR|2dx/QR 2rCrdx < (/S2R|<R|2dx>% </QR|ZR|2dx>$

< Bollzrllz2 ISRl

where Py is the Poincaré constant which is independent of R. Hence by (6.8),
ifp <2,
1

IGR()ns = lorllny < Ca ([ 1oP7)" < caloy,

having used the Sobolev inequality with a constant independent of R, because
2p > 2. If p> 2 from (6.8) we get in the same way |Gr(9)|[g1 < Csl|¢]?

Hl’
because [¢[| g1 < 1. In CASE 2 by (6.7) we have ’

N-—2 N+2
- 2 _ 2N 2N an 2N
IV(r|™ < ICR |2R|
Qr Qr Qr

1
< <liCrllmllznl, g

Ntz
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where S is the best Sobolev constant for the embedding of Hg (2g) in L% (Qr)
which is independent of R. Hence, by (6.8), if p < 2,

N+2

(Gr@llny < Ca ([ 1or#5) T < caloly,

Qr

having used, as before, the Sobolev inequality with a constant independent of
R, because p% > 2. If p > 2, from (6.8) and [¢[|zz < 1 we obtain in the
same way

1GR(O) Iz < C3lloll7 -
0

Lemma 6.3. Let Gg be as in Lemma 6.2. Then for Hqﬁ”}ié, ||¢Hilé <1 there
holds:

1GR(61) — Gr(d2) g
Ca (o1l + l1g2llfy') lén = dall gy F1<p<2,
Ca (61l + 2l ) 1o = Gl gy ifp>2

Proof. The proof is similar to that of Lemma 6.2 using

[[En -+ 61"~ (@ + 1) — liin + 62l ™ (iin + 02) = pily (61 — 62)

< C(|o1P~ + [92]P71) |p1 — @2 ifl<p<2,
T C (1P + [d2lP 7 + |d1] + [@2]) [¢1 — d2|  if p> 2,

with a constant C independent of R, because @y is uniformly bounded. O

Now we reformulate (1.1) as fixed point problem. We look for a solution u
of (1.1) in Qp in the form
u=UR + ¢R.

Hence we need to find ¢ € H}(Qr) such that
gradlr(ugr + ¢r) =0
which is equivalent to
or =~ [I(ir)] " [gradln(iin) + Cr(dr)] (6.9)
with G defined as in (6.5).

Proof of Theorem 1.1 for p as in (6.1). We consider the map Fg : H} (Qg) —
HL(QRr) defined by

Fr(9) = [[n(ir)] " [gradlp(iig) + Gr(9)] (6.10)
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so that (6.9) becomes the fixed point equation

¢ = Fr(¢). (6.11)

We fix § > 0, and take R € [Ry + d, Ri11 — 0] with k sufficiently large (to be
determined below) and prove that, for such R, the operator Fg maps the set

A6
B = {0 € @) lollng < e |
to itself; here a is as in Lemma 5.2 and A(6) = 2y1(6)C, with () as in
Lemma 6.1, C' = max {C1, C3, Cy}, the constants from Lemma 5.2), Lemma 6.2
and Lemma 6.3. For k > k(J) as in Lemma 6.1 we have, by (6.10), (6.4), (5.2),
and (6.6)

1FR(@) gy < 1 (0) [laxadTnin) gy + G (6,

Gy

<) [+ ol |

where ¢ := min{p, 2} > 1. Then we have

IFn@)ly < Tl 4 2ECACN 20

if R is sufficiently large. Moreover from Lemmas 6.1 and 6.3 we deduce, for R
sufficiently large,

1Fr(61) = Fr(62)lly < 10) [IGR(61) = Gr(62)ll

A(5)
Ra

d
_ 1
<2000 (52 161~ bally < 3 ox — g
where d is either p — 1 or 1. Thus, for R € [R; + §, Rg+1 — 0] and k € N large,
the map Fg is a contraction in the set Bspr and so the fixed point equation
(6.11) has a solution ¢ € Bs g with

A(d
I6l5y < 10

with « as in Lemma 5.2. Hence ur = tg + ¢r is a solution of (1.1) in Qx. That
the solution is positive will be shown below for general p > 1. |

Proof of Theorem 1.1 in the supercritical case. We consider the map
Fp: H} N L®(Qg) — Hy N L>®(QRr)

defined in 6.10. Let zp = |ug + ¢[* " (Ug+¢) — b, — pily "¢ be as in the proof
of Lemma 6.2. We start with the following

24



Lemma 6.4. There exists C > 0 independent of R such that for R large

IFR(@) iy < € (IR0 + Porllimian + 5 )
Proof. The function
wr = [[3(aR)]”" [gradlg(ig) + Gr(¢)]
solves the problem

{ —Awpg —puﬂgle = Augr + Ul + 2r(¢) in Qp,
WR € H&(QR)

By Lemma 5.1 we have for R large

~ ~ C
AR + “117%||Loc(QR) < Rz
Now we choose a point zg € Qg with

||wRHL°C(QR) = wr(TR),

and set B = B(zg,0) NQpr where B(zg, ) is the ball centered at zp and with
radius § > 0. Applying [GT, Theorem 8.17] we obtain

Séllp lwr| < C [HWRHLZ(B@ + [|Aug + ﬂRHLoo(B%) + ||ZR||L00(B§2)} :
R

The claim follows from [lwr|| . (q,) = HwRHLw(BE). O

As for the subcritical case we fix § > 0 and take R € [Ry + d, Ry+1 — ¢]. We
now set for 0 < (6 < «,

0 A(9) 1
Csn = {¢ € Hy N L=(Qr) : 6]l g3 0n) < o 0 I0lr=n) < Rﬁ}

where A(9) and « are the same as in the proof of Theorem 1.1 with p as in (6.1).
For M > 0 we choose wys € C%(R) with

(s) s+t if |s| < M,
w S) =
M M+1 if|s|>M+1,

and consider the functional I s : Hi (Qr) — HE(Qr) defined by

1 1
IR7Mu:f/ Vul? — —— wyr(w).
=g [ 1w = [
For M > My := 2|[ug||y~(q,) the linear operators I} 5,(ur) and I 5/ (ur)

coincide with I (ugr) and I%(ug), respectively. We denote by Fg a the coun-
terpart of the operator Fr. In the following we always assume that M > M.
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As in the proof of Theorem 1.1 in the case p < % we will show that Fg s is
a contraction mapping from Cjs g to itself for R large enough. Indeed, repeating

the same proof we obtain

A(5)
Ra

A(9)
R

Yolabel f6([0]| g (r) < = [ Fru@)nn <

Also we have by (6.8), for ||2r| L~ @) < 75,

1 1
el < € (1ol o + 161 ) < (73 + 733 )

Hence Lemma 6.4 implies

1 1 1 1 1
||FR,M(¢)HL°C(QR) <C <RC’ + R + BB + }%2) < Vit

for R large, because 0 < 8 < a < 2. This proves that Fr p maps Cs g into
itself. In the same way it is possible to show that for R € [Ry + 6, Ri4+1 — 6] and
k € N large,

1FR (1) = Froar(@2)ll g < llé1 = dallmy

with v < 1, and similarly with the L*°-norm. Hence the contraction mapping
theorem applies and yields a solution ug = ug + ¢ of

{ _AUR = ‘uR|p_1uR in QR7 (6 12)

ur =0 on JNg,

with g as in (1.4) and ¢ € Cs g.
We complete the proof of Theorem 1.1 by showing that ug is positive in
Qpr. Since ug > 0 in Qg and ¢z — 0 in H&(QR) it is easy to show that if Dg

is any regular set such that ug < 0 in Dg then meas(Dg) — 0 as R — oo.
Multiplying (6.12) by uj and integrating on Dr we get

_ _ —\2
[ 1Vt = [l (i) s
QR QR

from which, using the Poincaré inequality, we deduce
N2 _ \2
Al(DR)/ (up)? d < [furl: 1/ (up)? da (6.13)
Qr Qr

where A\1(Dg) is the first eigenvalue of —A in Dgd with homogenous Dirichlet
boundary conditions. From (6.13) we get

M (Dr) < ug|ft <C

which is impossible because A1 (Dpg) should tend to oo as meas(Dr) — 0. O
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