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Challenge of high energy QCD  - to understand the wave functions of hadrons and 
hadron interactions in their complexity.

In quantum mechanics - consider deuteron - in principle the task of measuring wave function 
(WF)  is simple: measure form factor - take Fourier transform - determine WF

Landau and Peierls - measurement of the wave function is impossible since  the  use of the higher 
energy probe with a large momentum transfer leads to production of pions and localization at the 
distance scale below 1/mπ is impossible - seemed correct before discovery of Bjorken scaling.

First step in QCD - determination of the longitudinal momentum distribution - parton densities - 
QCD theorems for the inclusive cross sections - proofs based on closure.  
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element.4 We will give the definition later. The factor � j
V is

the light-cone wave function for the meson, and Hi j is the

hard scattering function. The sums are over the parton types

i and j that connect the hard scattering to the distribution

function and to the meson. Since the meson has nonzero

flavor, the parton j is restricted to be a quark. The factoriza-

tion theorem Eq. �3� is illustrated in Fig. 1.
The above formula is correct for the production of longi-

tudinally polarized vector mesons. For the production of

transversely polarized vector mesons or of pseudoscalar me-

sons, we have a formula of exactly the same structure, but in

which the unpolarized parton density is replaced by a polar-

ized parton density �the transversity density for transverse
vector mesons, and the helicity density for pseudoscalar me-

sons�. Similar changes will need to be made to the definition
of the meson wave function.

The parameter � in Eq. �3� is the usual renormalization-
factorization scale. It should be of order Q , in order that the

hard scattering function Hi j be calculable by the use of

finite-order perturbation theory. The � dependence of the

distribution f i/p and of the light-cone wave function � j
V are

given by equations of the Dokshitzer-Gribov-Lipatov-

Altarelli-Parisi �DGLAP� kind, as we will discuss in Sec.
VIII.

Typical lowest order graphs for H are shown in Fig. 2.

Consider Fig. 2�a�, all of whose external lines are quarks.
After we go through the derivation of the factorization theo-

rem, and have constructed definitions of the distribution f i/p
and of the light-cone wave function �V, we will be able to

see that the definition of H is the sum of graphs such as Fig.

2�a� contracted with suitable external line factors that corre-
spond to the Dirac wave functions of the partons. In the case

of longitudinal vector meson production, the factors are
1
2 p

��� for the lower two lines and 1
2V

��� for the lines

connected to the outgoing meson. These factors are related to

spin averages of Dirac wave functions for the quarks.

In the case of the gluon-induced subprocess, Fig. 2�b�, the
external fermion lines of H are to be contracted with the

same factors as before, but the two gluon lines are to be

contracted with ���/2, where � and � are transverse indices,
and the 1/2 represents a kind of spin average.

See Sec. IX for more information on the precise normal-

ization conventions for the hard scattering function.

B. Definitions of light-cone distributions and amplitudes:

Longitudinal vector meson

1. Quark distribution

The distribution function f i/p and meson amplitude � j
V

are defined, as usual, as matrix elements of gauge-invariant

bilocal operators on the light cone. In the case of a quark of

flavor i , we define

f i/p�x1 ,x2 ,t ,��

��
��

� dy�

4�
e�ix2p

�y�
�p��T�̄�0,y�,0T���P��0 ��p�,

�4�

where P is a path-ordered exponential of the gluon field

along the lightlike line joining the two operators for a quark

of flavor i . We have defined x1 to be the fractional momen-

tum given by the quark to the hard scattering and �x2 to be

the momentum given by the antiquark; in the factorization

theorem they obey x1�x2�x , with x being the usual

Bjorken variable. At first sight the right-hand-side of Eq. �4�
appears to depend only on x2 and not on x1 nor on t . The

dependence on the other two variables comes from the fact

that the matrix element is nonforward. The difference in mo-

mentum between the states �p� and �p�� together with the
use of a light-cone operator brings in dependence on x1 and

on t . It is necessary to take only the connected part of the

matrix element.

The same definition has recently been given and discussed

by Ji and Radyushkin �12–14�. As Ji points out, when t�0
there are in fact two separate parton densities, with different

dependence on the nucleon spin. For the purposes of our

proof, it will be unnecessary to take this into account explic-

itly; we can simply suppose that this and the other parton

densities have dependence on the spin state of the hadron

states �p� and �p��.
The usual quark density f i/p(x ,�) is obtained by setting

t�0 and x1�x2�x in Eq. �4�. In addition, it would appear
that one has to remove the time-ordering operation from the

operator operators in Eq. �4� to obtain the operator used for
the parton densities associated with inclusive scattering �17�.
We need time-ordered operators in our present work because

4In fact, our whole paper applies to a more general case. The

final-state proton in Eq. �1� may be replaced by a general baryon: a
neutron, for example. Then the exchanged object no longer has to

have vacuum quantum numbers. The index i in the factorization

theorem is then to be replaced by a pair of indices for the flavors of

the two quark lines joining the parton density f i/p to the hard scat-

tering. Similarly, the two quark lines entering the meson may be

different, and the index j is to be replaced by a pair of indices. FIG. 2. Typical lowest-order graphs for H .

FIG. 1. Factorization theorem.
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factorizationscale.ItshouldbeoforderQ,inorderthatthe

hardscatteringfunctionH
ijbecalculablebytheuseof

finite-orderperturbationtheory.The�dependenceofthe

distributionfi/pandofthelight-conewavefunction�
j
V

are

givenbyequationsoftheDokshitzer-Gribov-Lipatov-

Altarelli-Parisi�DGLAP�kind,aswewilldiscussinSec.

VIII.
TypicallowestordergraphsforHareshowninFig.2.

ConsiderFig.2�a�,allofwhoseexternallinesarequarks.

Afterwegothroughthederivationofthefactorizationtheo-

rem,andhaveconstructeddefinitionsofthedistributionfi/p

andofthelight-conewavefunction�V
,wewillbeableto

seethatthedefinitionofHisthesumofgraphssuchasFig.

2�a�contractedwithsuitableexternallinefactorsthatcorre-

spondtotheDiracwavefunctionsofthepartons.Inthecase

oflongitudinalvectormesonproduction,thefactorsare

1
2p���

forthelowertwolinesand1
2V���

forthelines

connectedtotheoutgoingmeson.Thesefactorsarerelatedto

spinaveragesofDiracwavefunctionsforthequarks.

Inthecaseofthegluon-inducedsubprocess,Fig.2�b�,the

externalfermionlinesofHaretobecontractedwiththe

samefactorsasbefore,butthetwogluonlinesaretobe

contractedwith���
/2,where�and�aretransverseindices,

andthe1/2representsakindofspinaverage.

SeeSec.IXformoreinformationontheprecisenormal-

izationconventionsforthehardscatteringfunction. B.Definitionsoflight-conedistributionsandamplitudes:

Longitudinalvectormeson
1.Quarkdistribution Thedistributionfunctionfi/pandmesonamplitude�

j
V

aredefined,asusual,asmatrixelementsofgauge-invariant

bilocaloperatorsonthelightcone.Inthecaseofaquarkof

flavori,wedefine

fi/p�x1,x2,t,��

��
��

�dy�

4�e�ix2p
�

y�

�p��T�̄�0,y�
,0T���P��0��p�,

�4�
wherePisapath-orderedexponentialofthegluonfield

alongthelightlikelinejoiningthetwooperatorsforaquark

offlavori.Wehavedefinedx1tobethefractionalmomen-

tumgivenbythequarktothehardscatteringand�x2tobe

themomentumgivenbytheantiquark;inthefactorization

theoremtheyobeyx1�x2�x,withxbeingtheusual

Bjorkenvariable.Atfirstsighttheright-hand-sideofEq.�4�

appearstodependonlyonx2andnotonx1noront.The

dependenceontheothertwovariablescomesfromthefact

thatthematrixelementisnonforward.Thedifferenceinmo-

mentumbetweenthestates�p�and�p��togetherwiththe

useofalight-coneoperatorbringsindependenceonx1and

ont.Itisnecessarytotakeonlytheconnectedpartofthe

matrixelement.
Thesamedefinitionhasrecentlybeengivenanddiscussed

byJiandRadyushkin�12–14�.AsJipointsout,whent�0

thereareinfacttwoseparatepartondensities,withdifferent

dependenceonthenucleonspin.Forthepurposesofour

proof,itwillbeunnecessarytotakethisintoaccountexplic-

itly;wecansimplysupposethatthisandtheotherparton

densitieshavedependenceonthespinstateofthehadron

states�p�and�p��. Theusualquarkdensityfi/p(x,�)isobtainedbysetting

t�0andx1�x2�xinEq.�4�.Inaddition,itwouldappear

thatonehastoremovethetime-orderingoperationfromthe

operatoroperatorsinEq.�4�toobtaintheoperatorusedfor

thepartondensitiesassociatedwithinclusivescattering�17�.

Weneedtime-orderedoperatorsinourpresentworkbecause

4
Infact,ourwholepaperappliestoamoregeneralcase.The

final-stateprotoninEq.�1�maybereplacedbyageneralbaryon:a

neutron,forexample.Thentheexchangedobjectnolongerhasto

havevacuumquantumnumbers.Theindexiinthefactorization

theoremisthentobereplacedbyapairofindicesfortheflavorsof

thetwoquarklinesjoiningthepartondensityfi/ptothehardscat-

tering.Similarly,thetwoquarklinesenteringthemesonmaybe

different,andtheindexjistobereplacedbyapairofindices.

FIG.2.Typicallowest-ordergraphsforH.

FIG.1.Factorizationtheorem.
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element.4 We will give the definition later. The factor � j
V is

the light-cone wave function for the meson, and Hi j is the

hard scattering function. The sums are over the parton types

i and j that connect the hard scattering to the distribution

function and to the meson. Since the meson has nonzero

flavor, the parton j is restricted to be a quark. The factoriza-

tion theorem Eq. �3� is illustrated in Fig. 1.
The above formula is correct for the production of longi-

tudinally polarized vector mesons. For the production of

transversely polarized vector mesons or of pseudoscalar me-

sons, we have a formula of exactly the same structure, but in

which the unpolarized parton density is replaced by a polar-

ized parton density �the transversity density for transverse
vector mesons, and the helicity density for pseudoscalar me-

sons�. Similar changes will need to be made to the definition
of the meson wave function.

The parameter � in Eq. �3� is the usual renormalization-
factorization scale. It should be of order Q , in order that the

hard scattering function Hi j be calculable by the use of

finite-order perturbation theory. The � dependence of the

distribution f i/p and of the light-cone wave function � j
V are

given by equations of the Dokshitzer-Gribov-Lipatov-

Altarelli-Parisi �DGLAP� kind, as we will discuss in Sec.
VIII.

Typical lowest order graphs for H are shown in Fig. 2.

Consider Fig. 2�a�, all of whose external lines are quarks.
After we go through the derivation of the factorization theo-

rem, and have constructed definitions of the distribution f i/p
and of the light-cone wave function �V, we will be able to

see that the definition of H is the sum of graphs such as Fig.

2�a� contracted with suitable external line factors that corre-
spond to the Dirac wave functions of the partons. In the case

of longitudinal vector meson production, the factors are
1
2 p

��� for the lower two lines and 1
2V

��� for the lines

connected to the outgoing meson. These factors are related to

spin averages of Dirac wave functions for the quarks.

In the case of the gluon-induced subprocess, Fig. 2�b�, the
external fermion lines of H are to be contracted with the

same factors as before, but the two gluon lines are to be

contracted with ���/2, where � and � are transverse indices,
and the 1/2 represents a kind of spin average.

See Sec. IX for more information on the precise normal-

ization conventions for the hard scattering function.

B. Definitions of light-cone distributions and amplitudes:

Longitudinal vector meson

1. Quark distribution

The distribution function f i/p and meson amplitude � j
V

are defined, as usual, as matrix elements of gauge-invariant

bilocal operators on the light cone. In the case of a quark of

flavor i , we define

f i/p�x1 ,x2 ,t ,��

��
��

� dy�

4�
e�ix2p

�y�
�p��T�̄�0,y�,0T���P��0 ��p�,

�4�

where P is a path-ordered exponential of the gluon field

along the lightlike line joining the two operators for a quark

of flavor i . We have defined x1 to be the fractional momen-

tum given by the quark to the hard scattering and �x2 to be

the momentum given by the antiquark; in the factorization

theorem they obey x1�x2�x , with x being the usual

Bjorken variable. At first sight the right-hand-side of Eq. �4�
appears to depend only on x2 and not on x1 nor on t . The

dependence on the other two variables comes from the fact

that the matrix element is nonforward. The difference in mo-

mentum between the states �p� and �p�� together with the
use of a light-cone operator brings in dependence on x1 and

on t . It is necessary to take only the connected part of the

matrix element.

The same definition has recently been given and discussed

by Ji and Radyushkin �12–14�. As Ji points out, when t�0
there are in fact two separate parton densities, with different

dependence on the nucleon spin. For the purposes of our

proof, it will be unnecessary to take this into account explic-

itly; we can simply suppose that this and the other parton

densities have dependence on the spin state of the hadron

states �p� and �p��.
The usual quark density f i/p(x ,�) is obtained by setting

t�0 and x1�x2�x in Eq. �4�. In addition, it would appear
that one has to remove the time-ordering operation from the

operator operators in Eq. �4� to obtain the operator used for
the parton densities associated with inclusive scattering �17�.
We need time-ordered operators in our present work because

4In fact, our whole paper applies to a more general case. The

final-state proton in Eq. �1� may be replaced by a general baryon: a
neutron, for example. Then the exchanged object no longer has to

have vacuum quantum numbers. The index i in the factorization

theorem is then to be replaced by a pair of indices for the flavors of

the two quark lines joining the parton density f i/p to the hard scat-

tering. Similarly, the two quark lines entering the meson may be

different, and the index j is to be replaced by a pair of indices. FIG. 2. Typical lowest-order graphs for H .

FIG. 1. Factorization theorem.
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element.4 We will give the definition later. The factor � j
V is

the light-cone wave function for the meson, and Hi j is the

hard scattering function. The sums are over the parton types

i and j that connect the hard scattering to the distribution

function and to the meson. Since the meson has nonzero

flavor, the parton j is restricted to be a quark. The factoriza-

tion theorem Eq. �3� is illustrated in Fig. 1.
The above formula is correct for the production of longi-

tudinally polarized vector mesons. For the production of

transversely polarized vector mesons or of pseudoscalar me-

sons, we have a formula of exactly the same structure, but in

which the unpolarized parton density is replaced by a polar-

ized parton density �the transversity density for transverse
vector mesons, and the helicity density for pseudoscalar me-

sons�. Similar changes will need to be made to the definition
of the meson wave function.

The parameter � in Eq. �3� is the usual renormalization-
factorization scale. It should be of order Q , in order that the

hard scattering function Hi j be calculable by the use of

finite-order perturbation theory. The � dependence of the

distribution f i/p and of the light-cone wave function � j
V are

given by equations of the Dokshitzer-Gribov-Lipatov-

Altarelli-Parisi �DGLAP� kind, as we will discuss in Sec.
VIII.

Typical lowest order graphs for H are shown in Fig. 2.

Consider Fig. 2�a�, all of whose external lines are quarks.
After we go through the derivation of the factorization theo-

rem, and have constructed definitions of the distribution f i/p
and of the light-cone wave function �V, we will be able to

see that the definition of H is the sum of graphs such as Fig.

2�a� contracted with suitable external line factors that corre-
spond to the Dirac wave functions of the partons. In the case

of longitudinal vector meson production, the factors are
1
2 p

��� for the lower two lines and 1
2V

��� for the lines

connected to the outgoing meson. These factors are related to

spin averages of Dirac wave functions for the quarks.

In the case of the gluon-induced subprocess, Fig. 2�b�, the
external fermion lines of H are to be contracted with the

same factors as before, but the two gluon lines are to be

contracted with ���/2, where � and � are transverse indices,
and the 1/2 represents a kind of spin average.

See Sec. IX for more information on the precise normal-

ization conventions for the hard scattering function.

B. Definitions of light-cone distributions and amplitudes:

Longitudinal vector meson

1. Quark distribution

The distribution function f i/p and meson amplitude � j
V

are defined, as usual, as matrix elements of gauge-invariant

bilocal operators on the light cone. In the case of a quark of

flavor i , we define

f i/p�x1 ,x2 ,t ,��

��
��

� dy�

4�
e�ix2p

�y�
�p��T�̄�0,y�,0T���P��0 ��p�,

�4�

where P is a path-ordered exponential of the gluon field

along the lightlike line joining the two operators for a quark

of flavor i . We have defined x1 to be the fractional momen-

tum given by the quark to the hard scattering and �x2 to be

the momentum given by the antiquark; in the factorization

theorem they obey x1�x2�x , with x being the usual

Bjorken variable. At first sight the right-hand-side of Eq. �4�
appears to depend only on x2 and not on x1 nor on t . The

dependence on the other two variables comes from the fact

that the matrix element is nonforward. The difference in mo-

mentum between the states �p� and �p�� together with the
use of a light-cone operator brings in dependence on x1 and

on t . It is necessary to take only the connected part of the

matrix element.

The same definition has recently been given and discussed

by Ji and Radyushkin �12–14�. As Ji points out, when t�0
there are in fact two separate parton densities, with different

dependence on the nucleon spin. For the purposes of our

proof, it will be unnecessary to take this into account explic-

itly; we can simply suppose that this and the other parton

densities have dependence on the spin state of the hadron

states �p� and �p��.
The usual quark density f i/p(x ,�) is obtained by setting

t�0 and x1�x2�x in Eq. �4�. In addition, it would appear
that one has to remove the time-ordering operation from the

operator operators in Eq. �4� to obtain the operator used for
the parton densities associated with inclusive scattering �17�.
We need time-ordered operators in our present work because

4In fact, our whole paper applies to a more general case. The

final-state proton in Eq. �1� may be replaced by a general baryon: a
neutron, for example. Then the exchanged object no longer has to

have vacuum quantum numbers. The index i in the factorization

theorem is then to be replaced by a pair of indices for the flavors of

the two quark lines joining the parton density f i/p to the hard scat-

tering. Similarly, the two quark lines entering the meson may be

different, and the index j is to be replaced by a pair of indices. FIG. 2. Typical lowest-order graphs for H .

FIG. 1. Factorization theorem.
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element.4 We will give the definition later. The factor � j
V is

the light-cone wave function for the meson, and Hi j is the

hard scattering function. The sums are over the parton types

i and j that connect the hard scattering to the distribution

function and to the meson. Since the meson has nonzero

flavor, the parton j is restricted to be a quark. The factoriza-

tion theorem Eq. �3� is illustrated in Fig. 1.
The above formula is correct for the production of longi-

tudinally polarized vector mesons. For the production of

transversely polarized vector mesons or of pseudoscalar me-

sons, we have a formula of exactly the same structure, but in

which the unpolarized parton density is replaced by a polar-

ized parton density �the transversity density for transverse
vector mesons, and the helicity density for pseudoscalar me-

sons�. Similar changes will need to be made to the definition
of the meson wave function.

The parameter � in Eq. �3� is the usual renormalization-
factorization scale. It should be of order Q , in order that the

hard scattering function Hi j be calculable by the use of

finite-order perturbation theory. The � dependence of the

distribution f i/p and of the light-cone wave function � j
V are

given by equations of the Dokshitzer-Gribov-Lipatov-

Altarelli-Parisi �DGLAP� kind, as we will discuss in Sec.
VIII.

Typical lowest order graphs for H are shown in Fig. 2.

Consider Fig. 2�a�, all of whose external lines are quarks.
After we go through the derivation of the factorization theo-

rem, and have constructed definitions of the distribution f i/p
and of the light-cone wave function �V, we will be able to

see that the definition of H is the sum of graphs such as Fig.

2�a� contracted with suitable external line factors that corre-
spond to the Dirac wave functions of the partons. In the case

of longitudinal vector meson production, the factors are
1
2 p

��� for the lower two lines and 1
2V

��� for the lines

connected to the outgoing meson. These factors are related to

spin averages of Dirac wave functions for the quarks.

In the case of the gluon-induced subprocess, Fig. 2�b�, the
external fermion lines of H are to be contracted with the

same factors as before, but the two gluon lines are to be

contracted with ���/2, where � and � are transverse indices,
and the 1/2 represents a kind of spin average.

See Sec. IX for more information on the precise normal-

ization conventions for the hard scattering function.

B. Definitions of light-cone distributions and amplitudes:

Longitudinal vector meson

1. Quark distribution

The distribution function f i/p and meson amplitude � j
V

are defined, as usual, as matrix elements of gauge-invariant

bilocal operators on the light cone. In the case of a quark of

flavor i , we define

f i/p�x1 ,x2 ,t ,��

��
��

� dy�

4�
e�ix2p

�y�
�p��T�̄�0,y�,0T���P��0 ��p�,

�4�

where P is a path-ordered exponential of the gluon field

along the lightlike line joining the two operators for a quark

of flavor i . We have defined x1 to be the fractional momen-

tum given by the quark to the hard scattering and �x2 to be

the momentum given by the antiquark; in the factorization

theorem they obey x1�x2�x , with x being the usual

Bjorken variable. At first sight the right-hand-side of Eq. �4�
appears to depend only on x2 and not on x1 nor on t . The

dependence on the other two variables comes from the fact

that the matrix element is nonforward. The difference in mo-

mentum between the states �p� and �p�� together with the
use of a light-cone operator brings in dependence on x1 and

on t . It is necessary to take only the connected part of the

matrix element.

The same definition has recently been given and discussed

by Ji and Radyushkin �12–14�. As Ji points out, when t�0
there are in fact two separate parton densities, with different

dependence on the nucleon spin. For the purposes of our

proof, it will be unnecessary to take this into account explic-

itly; we can simply suppose that this and the other parton

densities have dependence on the spin state of the hadron

states �p� and �p��.
The usual quark density f i/p(x ,�) is obtained by setting

t�0 and x1�x2�x in Eq. �4�. In addition, it would appear
that one has to remove the time-ordering operation from the

operator operators in Eq. �4� to obtain the operator used for
the parton densities associated with inclusive scattering �17�.
We need time-ordered operators in our present work because

4In fact, our whole paper applies to a more general case. The

final-state proton in Eq. �1� may be replaced by a general baryon: a
neutron, for example. Then the exchanged object no longer has to

have vacuum quantum numbers. The index i in the factorization

theorem is then to be replaced by a pair of indices for the flavors of

the two quark lines joining the parton density f i/p to the hard scat-

tering. Similarly, the two quark lines entering the meson may be

different, and the index j is to be replaced by a pair of indices. FIG. 2. Typical lowest-order graphs for H .

FIG. 1. Factorization theorem.
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element.4 We will give the definition later. The factor � j
V is

the light-cone wave function for the meson, and Hi j is the

hard scattering function. The sums are over the parton types

i and j that connect the hard scattering to the distribution

function and to the meson. Since the meson has nonzero

flavor, the parton j is restricted to be a quark. The factoriza-

tion theorem Eq. �3� is illustrated in Fig. 1.
The above formula is correct for the production of longi-

tudinally polarized vector mesons. For the production of

transversely polarized vector mesons or of pseudoscalar me-

sons, we have a formula of exactly the same structure, but in

which the unpolarized parton density is replaced by a polar-

ized parton density �the transversity density for transverse
vector mesons, and the helicity density for pseudoscalar me-

sons�. Similar changes will need to be made to the definition
of the meson wave function.

The parameter � in Eq. �3� is the usual renormalization-
factorization scale. It should be of order Q , in order that the

hard scattering function Hi j be calculable by the use of

finite-order perturbation theory. The � dependence of the

distribution f i/p and of the light-cone wave function � j
V are

given by equations of the Dokshitzer-Gribov-Lipatov-

Altarelli-Parisi �DGLAP� kind, as we will discuss in Sec.
VIII.

Typical lowest order graphs for H are shown in Fig. 2.

Consider Fig. 2�a�, all of whose external lines are quarks.
After we go through the derivation of the factorization theo-

rem, and have constructed definitions of the distribution f i/p
and of the light-cone wave function �V, we will be able to

see that the definition of H is the sum of graphs such as Fig.

2�a� contracted with suitable external line factors that corre-
spond to the Dirac wave functions of the partons. In the case

of longitudinal vector meson production, the factors are
1
2 p

��� for the lower two lines and 1
2V

��� for the lines

connected to the outgoing meson. These factors are related to

spin averages of Dirac wave functions for the quarks.

In the case of the gluon-induced subprocess, Fig. 2�b�, the
external fermion lines of H are to be contracted with the

same factors as before, but the two gluon lines are to be

contracted with ���/2, where � and � are transverse indices,
and the 1/2 represents a kind of spin average.

See Sec. IX for more information on the precise normal-

ization conventions for the hard scattering function.

B. Definitions of light-cone distributions and amplitudes:

Longitudinal vector meson

1. Quark distribution

The distribution function f i/p and meson amplitude � j
V

are defined, as usual, as matrix elements of gauge-invariant

bilocal operators on the light cone. In the case of a quark of

flavor i , we define

f i/p�x1 ,x2 ,t ,��

��
��

� dy�

4�
e�ix2p

�y�
�p��T�̄�0,y�,0T���P��0 ��p�,

�4�

where P is a path-ordered exponential of the gluon field

along the lightlike line joining the two operators for a quark

of flavor i . We have defined x1 to be the fractional momen-

tum given by the quark to the hard scattering and �x2 to be

the momentum given by the antiquark; in the factorization

theorem they obey x1�x2�x , with x being the usual

Bjorken variable. At first sight the right-hand-side of Eq. �4�
appears to depend only on x2 and not on x1 nor on t . The

dependence on the other two variables comes from the fact

that the matrix element is nonforward. The difference in mo-

mentum between the states �p� and �p�� together with the
use of a light-cone operator brings in dependence on x1 and

on t . It is necessary to take only the connected part of the

matrix element.

The same definition has recently been given and discussed

by Ji and Radyushkin �12–14�. As Ji points out, when t�0
there are in fact two separate parton densities, with different

dependence on the nucleon spin. For the purposes of our

proof, it will be unnecessary to take this into account explic-

itly; we can simply suppose that this and the other parton

densities have dependence on the spin state of the hadron

states �p� and �p��.
The usual quark density f i/p(x ,�) is obtained by setting

t�0 and x1�x2�x in Eq. �4�. In addition, it would appear
that one has to remove the time-ordering operation from the

operator operators in Eq. �4� to obtain the operator used for
the parton densities associated with inclusive scattering �17�.
We need time-ordered operators in our present work because

4In fact, our whole paper applies to a more general case. The

final-state proton in Eq. �1� may be replaced by a general baryon: a
neutron, for example. Then the exchanged object no longer has to

have vacuum quantum numbers. The index i in the factorization

theorem is then to be replaced by a pair of indices for the flavors of

the two quark lines joining the parton density f i/p to the hard scat-

tering. Similarly, the two quark lines entering the meson may be

different, and the index j is to be replaced by a pair of indices. FIG. 2. Typical lowest-order graphs for H .

FIG. 1. Factorization theorem.
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QCD factorization theorems for exclusive processes involving 
scattering or production of hadrons: 

π + T (A, N) → jet1 + jet2 + T (A, N) Frankfurt, Miller, MS 93 & 03
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For large enough x (x>0.1?) 
the configuration in the 
nucleon which is likely to give 
the dominant contribution is 
when virtual photon hits a 
highly localized qq pair. So the 
minimal Fock component in N 
which contributes is 4qq.

-

-

Baryo-baryonic

γ∗ + N → γ + N(baryonic system)

γ∗L + N → ”meson”(mesons) + N(baryonic system)

D.Muller 94 et al, Radyushkin 96, Ji 96, Collins &Freund 98

Brodsky,Frankfurt, Gunion,Mueller, MS 94
 - vector mesons, small x

general case Collins, Frankfurt, MS 97 - provide  new effective tools for study of the 3D 
hadron structure,  high energy color coherence  & 
color transparency and opacity and chiral dynamics

t-dependence only from GPD’s

Second step:
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The key for the proofs is very different from the inclusive case: we have to prove that 
a specific hard process selects interaction in small size configurations and use color 
coherence feature of QCD [small color singlets interact weakly] (Frankfurt, Miller, MS  93 - 
dijets, Brodsky, Frankfurt, Gunion, Mueller, MS  94 - vector mesons,small x; general case Collins, Frankfurt, 
MS 97).   The proves demonstrated squeezing of meson and that the interaction with a target is reduced 
to the interaction of  the spatially small dipole.    

=⇒ Need to trigger on small size configurations at high energies.

Two ideas:

" Select special final states: diffraction of pion into two high transverse
momentum jets - an analog of the positronium inelastic diffraction. Qualitatively
- from the uncertainty relation d ∼ 1/pt(jet)

" " Select a small initial state - diffraction of longitudinally polarized virtual
photon into mesons. Employs the decrease of the transverse separation between
q and q̄ in the wave function of γ∗

L, d ∝ 1/Q.

M.Strikman
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Generalized parton distributions

Quark density

For a quark of flavor i - qi (in case of charged mesons i 
stands for the flavor indices of the initial and final quarks)

where P is a path-ordered exponential of the gluon field 
along the light-like line joining the two operators for qi
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1D - parton distribution

x

3D - generalized parton
 distribution

x

ρ-
 t

ra
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e 
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te

3 dimensional single parton distribution in nucleon 

Why interesting?  Connects form factors and parton densities, allows to study 
transverse distribution of partons for fixed x. Critical for evaluation of 
proximity to black disk regime,  building realistic MC  of  pp collisions.

7
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Color  fluctuations in hadrons 

N = qq̄

color 
transparency

g
g

color opacity

I  will focus on color transparency (CT) phenomena which select  “point-like” (small size)  configurations (PLC) in 
the projectile which weakly interaction with media and hence probe pQCD dynamics and various GPDs

For nucleon point-like  3q configurations are responsible for nucleon decay in GUT.  3q (qq)configurations are 
responsible for baryon (meson) form factors at Q2→∞.   For pion ( ρ-meson), qq  wave function in the origin is 
expressed through decay constants  fπ,fρ.

_ 
_ 

GPDs studies  aim at obtaining single particle 3D parton densities of the nucleon (nucleus) [for large x 
there is also sensitivity to small quark-antiquark clusters in nucleons] and small quark-antiquark 
configurations in mesons. However they correspond to averaging  over different configuration  in nucleons

Importance for AA Baym, B.Blättel, 
Heiselberg, Frankfurt, MS 91 wanted use 
abbreviations SSC and LHC
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FIG. 5: (Color online) Three–dimensional rendering of the
transverse charge density in the pion, as obtained from the
dispersion integral Eq.(3) evaluated with the GS form factor
parametrization of Ref. [33]; cf. Figs. 3 and 4.

near threshold becomes important; see Sec. V). What
is more, the dispersion result follows the zero–width ρ
curve down to much smaller distances, being only a few
percent smaller down to b = 0.01 fm. This shows that
there are very strong cancellations between the effective
poles parametrizing the high–mass continuum. As we
just demonstrated, there is considerable uncertainty in
the dispersion result for the density at such small dis-
tances. However, there is the intriguing possibility that
the density might effectively be described by vector me-
son dominance down to distances significantly smaller
than the inverse ρ meson mass, m−1

ρ = 0.25 fm.
In Fig. 5 we show a 3–dimensional rendering of the

transverse charge density, which conveys also the infor-
mation on the supporting area and thus gives an impres-
sion of the true physical shape of the fast–moving pion
as seen by an electromagnetic probe. Our dispersion ap-
proach provides a data–based image of the pion’s trans-
verse structure at small distances with unprecedented
precision. One clearly sees the strong rise of the trans-
verse density toward the center. This remarkable obser-
vation calls for a microscopic explanation in terms of the
pion’s partonic structure.

IV. IMPLICATIONS FOR PION PARTONIC
STRUCTURE

The results of our empirical study of the transverse
charge density have interesting implications for the par-

 0

 0.2

 0.4

 0.6
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 0  0.5  1  1.5  2

P "
(b

)
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#b2$"
1/2

Dispersion integral (GS)
Zero-width  !

FIG. 6: Probability accumulation Eq. (7) in the transverse
density (cf. Figs. 3 and 4). Solid line: Dispersion integral
(GS parametrization). Dashed line: Zero–width ρmeson pole.
The arrow indicates the experimental RMS transverse charge
radius.

tonic structure of the pion in QCD. The transverse charge
density puts constraints on the possible distribution of
transverse sizes of configurations in the pion’s partonic
wave function. A useful quantity to consider is the inte-
gral of the transverse charge density up to a given dis-
tance,

P (b) ≡
∫

d2b Θ(b− b′) ρπ(b
′), (7)

which determines the cumulative probability for configu-
rations contributing to the transverse density at the dis-
tance b. The probability obtained from our dispersion
result for the charge density (cf. Figs. 3 and 4) is shown
in Fig. 6, together with that obtained from a zero–width
ρ meson pole (cf. Eq. 6),

P (b)zero−width = mρbK1(mρb). (8)

The probability reaches 1/2 at b = 0.33 fm, a value some-
what smaller than the root of the mean squared (RMS)

transverse radius, 〈b2〉1/2π = 0.53 fm. This is to be ex-
pected, as large–size configurations are counted with a
higher weight in the average of b2 than than the me-
dian. The RMS transverse radius calculated from our
dispersion integral for the charge density agrees very well
with the value extracted from the slope of the low–t
pion form factor measured in πe scattering experiments,
〈r2〉π = (3/2)〈b2〉π = 0.439± 0.008 fm2 [1, 2], as was al-
ready noted in the discussion of the fit to the timelike
form factor data in Ref. [33].
To understand how the transverse charge density is re-

lated to the partonic structure it is necessary to recall

Three–dimensional rendering of the transverse charge density in the pion, as 
obtained from the dispersion integral ☀ evaluated with the Gounaris-Sakurai form 

factor parametrization of Brush et al.

The transverse charge density in the pion is defined as the 
2–dimensional Fourier transform of the spacelike pion form factor,
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Pion transverse charge density from timelike form factor data
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The transverse charge density in the pion can be represented as a dispersion integral of the imag-
inary part of the pion form factor in the timelike region. This formulation incorporates information
from e+e− annihilation experiments and allows one to reconstruct the transverse density much
more accurately than from the spacelike pion form factor data alone. We calculate the transverse
density using an empirical parametrization of the timelike pion form factor and estimate that it is
determined to an accuracy of ∼ 10% at a distance b ∼ 0.1 fm, and significantly better at larger
distances. The density is found to be close to that obtained from a zero–width ρ meson pole over a
wide range and shows a pronounced rise at small distances. The resulting two–dimensional image of
the fast–moving pion can be interpreted in terms of its partonic structure in QCD. We argue that
the singular behavior of the charge density at the center requires a substantial presence of pointlike
configurations in the pion’s partonic wave function, which can be probed in other high–momentum
transfer processes.

PACS numbers: 11.55.Fv, 13.40.Gp, 13.60.Hb, 13.66.Bc
Keywords: Pion form factor, dispersion relation, vector mesons, generalized parton distributions

I. INTRODUCTION

Learning to describe the structure and interaction of
hadrons on the basis of QCD is one of the main objectives
of nuclear physics. An essential step in this program is
to understand the structure of the pion, a nearly mass-
less excitation of the QCD vacuum with pseudoscalar
quantum numbers. The pion plays a central role in nu-
clear physics as the carrier of the long–range force be-
tween nucleons and a harbinger of spontaneous symme-
try breaking. The importance of the pion has been rec-
ognized by intense experimental and theoretical activity
aimed at measuring its properties and understanding its
structure. The pion electromagnetic form factor Fπ(t)
was measured at spacelike momentum transfers through
pion–electron scattering [1, 2] and pion electroproduc-
tion on the nucleon [3–6]; new measurements in the re-
gion |t| ∼ few GeV2 are planned with the Jefferson Lab
12 GeV Upgrade [7]. In the timelike region the modu-
lus of the (complex) pion form factor, |Fπ(t)|, was deter-
mined in a series of e+e− experiments [8–12]; see Ref. [13]
for a compilation of the older data.

The concept of transverse densities [14], whose prop-
erties were explored in several recent works [15, 16], pro-
vides a model-independent way to relate the form factors
of hadrons to their fundamental quark/gluon structure in
QCD. Defined as the 2–dimensional Fourier transforms of
the elastic form factors, the transverse densities describe
the distribution of charge and magnetization in the plane
transverse to the direction of motion of a fast hadron; see
Ref. [17] for a review. They are closely related to the par-
ton picture of hadron structure in high–energy processes
and correspond to a reduction of the generalized par-
ton distributions (or GPDs) describing the distribution
of quarks/antiquarks with respect to longitudinal mo-

mentum and transverse position [18, 19]. It is therefore
natural to attempt to interpret the pion form factor data
in terms of the transverse charge density in the pion.
In particular, the density at small transverse distances
b " 1 fm places constraints on the probability of point-
like configurations (or PLCs) in the pion — qq̄ configu-
rations in the partonic wave function of a transverse size
much smaller than the typical hadronic radius [20]. Such
configurations play an important role in high–momentum
transfer reactions involving pions, such as the pion tran-
sition form factor γ∗γ → π0 [21, 22] or pion production in
large–angle scattering processes [23]. They are essential
for the physics of the color transparency phenomenon
predicted by QCD [24, 25], which is studied in high–
energy pion dissociation on nuclear targets [26, 27] and
electromagnetic pion knockout [28, 29] and is closely re-
lated to the existence of factorization theorems for hard
meson production processes. The dynamical origin of
PLCs — whether they are generated through perturba-
tive QCD interactions with large–size configurations or
by non-perturbative mechanisms, remains a subject of
intense study.
The transverse charge density in the pion is defined

as the 2–dimensional Fourier transform of the spacelike
pion form factor,

ρπ(b) =

∞∫
0

dQ

2π
QJ0(Qb) Fπ(t = −Q2), (1)

where Fπ is regarded as a function of the invariant mo-
mentum transfer t. The function ρπ(b) gives the prob-
ability that charge is located at a transverse separa-
tion b from the transverse center of momentum, with∫
d2b ρπ(b) = 1. The definition Eq. (1) may in princi-

ple be used to calculate the charge density directly from

2

the spacelike form factor data. In the nucleon case,
where the spacelike form factors can be extracted di-
rectly from the measured eN elastic scattering cross sec-
tion and are known up to rather large momentum trans-
fers, this approach has been quite successful; see Ref. [30]
for an assessment of the uncertainties. In the pion case
the spacelike form factor at momentum transfers above
Q2 > 0.25GeV2 was extracted only indirectly in electro-
production experiments on the nucleonN(e, e′π)N ′, with
substantial model dependence, and is known only poorly
at higher Q2, rendering such a program difficult. How-
ever, for the pion one has another avenue for evaluating
the transverse density, based on a dispersion representa-
tion for the pion form factor. Noting that the singulari-
ties of Fπ(t) as an analytic function of t are confined to a
cut along the positive real axis starting at t = 4m2

π, the
form factor can be expressed as [31]

Fπ(t) =

∞∫

4m2
π

dt′

t′ − t+ i0

ImFπ(t′)

π
. (2)

The asymptotic behavior expected from perturbative
QCD, Fπ(t) ∼ αs(t)/|t| for t → ∞, allows the use of
an unsubtracted dispersion relation [44]. Substitution of
Eq. (2) in Eq. (1) leads to the result [32]

ρπ(b) =

∞∫

4m2
π

dt

2π
K0(

√
tb)

ImFπ(t+ i0)

π
. (3)

This representation of the charge density as a dispersion
integral over the imaginary part (or spectral function) of
the timelike pion form factor has an interesting “filter-
ing” property. The exponential drop–off of the modified
Bessel function K0 at large arguments causes the inte-
grand of Eq. (3) to decrease exponentially at large t and
ensures that only values

√
t ∼ 1/b in the spectral func-

tion are effectively sampled at a given distance b. In
the nucleon case the timelike form factor is measurable
only at t > 4m2

N and Eq. (3) is not useful for calcu-
lating the transverse density from data (it is, however,
very useful for theoretical analysis; for example, the chi-
ral large–distance component of the nucleon charge den-
sity at b ∼ m−1

π can be obtained from the calculable
strength of the two–pion cut in the nucleon form factor
near threshold [32]). In the pion case the physical region
for the timelike form factor starts at t = 4m2

π, covering
the entire range of the dispersion integral, and Eq. (3)
becomes a practical method for calculating the charge
density at all values of b. High–quality e+e− annihila-
tion data exist for values of t up to ∼ 1GeV2, so that we
hope to be able to determine ρπ(b) accurately for values
of b at least down to values of b ∼ 1GeV−1 = 0.2 fm.
The imaginary part of the pion form factor ImFπ(t)

entering in the dispersion representation Eq. (3) is not
measured directly in annihilation experiments. The
e+e− → π+π− cross section is proportional to |Fπ(t)|2,

and model–dependent input is generally needed to de-
termine the phase. In the region of the ρ meson reso-
nance this problem was studied extensively long ago and
is under good theoretical control. The phase of the first
higher resonance ρ′ is strongly constrained by the dis-
persion integrals (sum rules) for the pion charge and the
measured charge radius. At larger values of t arguments
based on perturbative QCD and local duality provide
some guidance. Combined with the filtering property of
the dispersion integral Eq. (3), these constraints strongly
reduce the model dependence in the transverse density at
b >∼ 0.1 fm. Our estimates below show that the this way
of constructing ρπ(b) gives substantially more accurate
results than use of the spacelike pion form factor data
alone.
In this article we calculate the transverse charge den-

sity in the pion in the dispersion representation Eq. (3)
using an empirical parametrization of the timelike pion
form factor based on e+e− annihilation and spacelike
form factor data [33]. We find that the density is deter-
mined to an accuracy of ∼ 10% at transverse distances
b ∼ 0.1 fm, and substantially better at larger values. We
thus obtain a precise two–dimensional image of the fast–
moving pion, which can be interpreted in terms of its
partonic structure in QCD. In particular, the density
exhibits a pronounced rise at small b, as was observed
earlier — although with much lower precision — in an
analysis based on the spacelike pion form factor [16]. Us-
ing experimental information on the quark density in the
pion, we argue that such singular behavior of the charge
density cannot be explained by large–size, x → 1 config-
urations in the pion’s partonic wave function and must
therefore be attributed to PLCs. Our result thus places
constraints on the probability of PLCs in the pion, which
can be probed in other high momentum–transfer pro-
cesses involving pions.
The plan of this paper is as follows. In Sec. II we briefly

describe the main features of the pion form factor in
the timelike region and the elements of the parametriza-
tion of Ref. [33]. In Sec. III we calculate the transverse
charge density and investigate its uncertainties at small
distances. The implications for the pion’s partonic struc-
ture and the presence of PLCs are discussed in Sec. IV.
Section V discusses the possible role of chiral dynamics
in the pion transverse density at large distances. A sum-
mary and suggestions for further studies are presented in
Sec. VI.

II. TIMELIKE FORM FACTOR
PARAMETRIZATION

In the energy region
√
t <∼ 1GeV the measured pion

form factor |Fπ(t)|2 is dominated by the ρ meson res-
onance, with clearly visible effects of ρ–ω mixing (see
Ref. [33] for a summary of the data). Theoretical sup-
port for ρ dominance at the amplitude level comes from
the observation that the 2π channel accounts for most of

☀ dispersion representation of transverse density

New evidence for PLCs in pion from e.m. form factors - Miller, MS, Weiss (2010)

Contribution of small transverse size 
quark-antiquark component in pion
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Brief Summary of CT: squeeze and freeze 

Squeezing:(a) high energy CT - only condition for CT is 

Special final states: diffraction π→two high pt  jets: ✵

✵ Small initial state:  γ*L   - dqq~ 1/Q- in  γ*L + N→ M+ B    

(b) Intermediate energy CT

Nucleon form factor

γ*L (γ*T ?)+ N→ M+ B

Large angle (t/s = const) two body processes:  a+ b →c+ d Brodsky & Mueller 82

Problem: strong 
correlation between 

t (Q) and lab 
momentum of 

produced hadronFreezing is a challenge - small size configurations tend to expand 
with away from the interaction point.

two selection original 
methods mentioned 
before

will suggest new ones feasible with COMPASS

10
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Color coherence  is one of fundamental properties of high energy processes in QCD:

Up to very large energies including the ones probed at HERA  the interaction of color neutral, 
spatially small quark dipole with a hadron(nuclear) target T is unambiguously calculable in QCD 
=QCD factorization theorems.

QCD factorization theorem for  the interaction of small size color singlet wave 
package of quarks and gluons. 

σ(d, x) =
π2

3
αs(Q2

eff )d2

�
xGN (x, Q2

eff ) +
2
3
xSN (x, Q2

eff )
�

Q2
eff = λ/d2, λ = 4÷ 10

Baym, Blättel, Frankfurt, MS, 93; Frankfurt,Miller, MS 93

11
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H1 and ZEUS observed processes of diffractive electroproduction of vector  mesons.

γ∗ + p→ V + p V=ω,ρ,φ,J/ψ

γ∗ + p→ J/ψ + rap gap + X

Practically all regularities predicted by QCD factorization theorems and DGLAP 
approximation including convergence of t and s- dependences, were observed at HERA

12
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The interaction cross-section, σ̂ for CTEQ4L, x = 0.01, 0.001, 0.0001,
λ = 4, 10. Based on pQCD expression for σ̂ at small dt, soft dynamics at
large b, and smooth interpolation. Provides a good description of F2p at
HERA and J/ψ photoproduction.

Frankfurt, Guzey, McDermott, MS 2000-2001

M.Strikman

HERA data confirm increase of the  cross sections of small dipoles predicted by pQCD

Provided a reasonable prediction for  σL

Soft

Regime

Matching Region

Hard

Regime

COMPASS energies 
correspond to x> 0.01 
- sufficient to squeeze 

to d < 0.5 fm
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π + N(A) → “2 high pt jets′′ + N(A)

Mechanism:
Pion approaches the target in a frozen small size qq̄ configuration
and scatters elastically via interaction with Gtarget(x, Q2).

the first analysis for πp scattering Randa(80), nuclear effects - Bertsch, Brodsky,
Goldhaber, Gunion (81), pQCD treatment: Frankfurt, Miller, MS (93)

q

q

!

t

A(N) A(N)

(1-z)P

zP

!

!

, k

-k

t

A(π + N → 2 jets + N)(z, pt, t = 0) ∝
∫

d2dψqq̄
π (z, d)σ”qq̄”−N(A)(d, s) exp(ikt · d),

d = rq
t − rq̄

t , ψqq̄
π (z, d) ∝ z(1 − z)d→0 is the light-cone qq̄ pion wave function.

M.Strikman

First attempt of the theoretical analysis of   πN process - Randa 80 - power law 
dependence of pt of the jet (wrong power)

First attempt of the theoretical analysis of   πA process - Brodsky et al 81 - 
exponential suppression of pt spectra, weak A dependence (A1/3)

❖

❖

❖ pQCD factorization theorem  - Frankfurt, Miller, MS 93; elaborated arguments 
related to factorization 2003

First prediction and discovery of high energy CT phenomenon
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The final answer is 

A(π + N → 2 jets + N)(z, pt, t = 0) ∝∫
d2dψqq̄

π σqq̄−N(A)(d, s) exp(iptd)

d = r
q
t − r

q̄
t ,

ψqq̄
π (z, d) ∝ z(1 − z)d→0 is the  quark-antiquark Fock component of the 

meson light cone wave function

Plane wave  in the final state - faster onset of scaling than for VM production

Proportionality of the amplitude to the gluon nuclear density (actually GPD) which for small x is 
not linear in A - change of meaning of CT for high energies.  Dependence on t is the same as for 
diffractive vector meson production at HERA. 

15

15Mittwoch, 23. Februar 2011



⇒ A-dependence: A4/3

�
GA(x, k2

t )
AGN (x, k2

t )

�2

where x = M2
dijet/s

⇒

⇒

⇒

dσ(u)
du

∝ φ2
π(z) ≈ u2(1− u)2 where u = Ejet1/Eπ

Predictions

kt dependence
dσ

d2kt
∝ 1

kn
t

, n ≈ 8 for x ~ 0.02

Absolute cross section is also predicted

16
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♥♥ Observed A-dependence A1.61±0.08 [C → Pt]

FMS prediction A1.54 [C → Pt] for large kt & extra small
enhancement for intermediate kt.

For soft diffraction the Pt/C ratio is ∼ 7 times smaller!!

(An early prediction Bertsch, Brodsky, Goldhaber, Gunion 81

σ(A) ∝ A1/3)

In soft diffraction color fluctuations are also important leading to

σsoft diffr(π + A → X + A) ∝ A.7

Miller Frankfurt &S, 93

M.Strikman

♥

E-791 (FNAL) experiment (PRL 2001) at Eincπ=500 GeV

Coherent peak is well resolved

First experimental observation of high energy CT for pion interaction (Ashery 2001): π +A 
→”jet”+”jet” +A. Confirmed predictions of pQCD (LF,Miller, Strikman93) for A-dependence, distribution over 
energy fraction, u carried by one jet, dependence on pt(jet), etc

17
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Recent analysis of D.Ashery (05) D. Ashery, Tel Aviv University

Fit to Gegenbauer Polynomials

Generate Acceptance-Corrected Momentum distributions

Assume dσ
du ∝ φ2

π(u, Q2) in both k⊥ regions

Fit distributions to:

dσ

du
∝ φ2

π(u, Q2) = 36u2(1 − u)2
(

1.0 + a2C
3/2
2 (2u − 1) + a4C

3/2
4 (2u − 1)

)2

For high kt : a2 = a4 = 0 → Asymptotic

For low kt : a2 = 0.30 ± 0.05, a4 = (0.5 ± 0.1) · 10−2 → Transition

Squeezing occurs already  before the leading term (1-z)z dominates!!!  
16

(π wave funct)2

prediction

Squeezing occurs already  before the 
leading term (1-z)z dominates!!!  

Q2(π f.f.) ∼ 4k2
t (jet)

⇐

strong squeezing in π form factor for 
Q2=6 GeV2

Note that enhancement of   z ➛(0,1) tail for moderate kt may explain the observed by BaBar 
collaboration slow decrease with Q of the  form factor for the process: γ*(Q2)+γ➙π0.

z z

18
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♥♥♥♥ k−n
t dependence of dσ/dk2

t ∝ 1/k7.5
t for kt ≥ 1.7GeV/c close to the

QCD prediction - n ∼ 8.0 for the kinematics of E971

M.Strikman

or higher terms in 
Gegenbauer expansion???

CT has been observed also in the diffractive photoproduction of J/ψ at FNAL 

CT for dijets  ⇒ unique method to measure meson wave function and GPDs

Dijet production with quantum numbers different from that for projectile can be explored  by COMPASS using 
hydrogen (2H) target and recoil detector. Measurements at a couple of energies would allow to measure 
decrease of  α'R for GPDs with increase of kt  as expected in QCD.

☛

☛
☛                      At what kt CT transition to soft regime  starts?

need detailed experimental  studies as a function of kt, Eπ;  incident energy, and  kaon vs pion

COMPASS has plenty of relevant data on tape !!!
19
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Important to have a toolkit of hadron induced processes which which select  small configurations 
and hence factorizable. Would allow to study a variety of GPDs of different hadrons

Natural candidate  - large angle 2➜2 processes.  One of the first applications of CT ideas was to use nuclei 
to test whether pp➜pp,... is dominated by point-like configurations (Brodsky & Mueller, 82).

the lab momenta of produced nucleons are of the order -t/2m - 
cannot treat configurations as frozen up to very large t Tough Problem: 

20
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lcoh~ (0.4- 0.8) fm Eh[GeV]

p
p

p

pA→ pp (A-1) at large t and 
intermediate energies

lcoh

Quantum 
Diffusion model 

of expansion

Note - one can use multihadron basis with build in CT (Miller and Jennings) or diffusion model - numerical 
results for σPLC are very similar. 

actually incoherence length

Freezing: Main challenge: |qqq> ( |qq>) is not an eigenstate of the QCD Hamiltonian.  
So even if we find an elementary process in which interaction is dominated by small size 
configurations - they are not frozen. They evolve with time - expand after interaction to average 
configurations and contract before interaction  from average configurations (FFLS88)

-

e
p

e

eA→ ep (A-1) at large Q

lcoh

σPLC(z) =
�

σhard +
z

lcoh
[σ − σhard]

�
θ(lcoh − z) + σθ(z − lcoh)

|ΨPLC(t)� =
∞�

i=1

ai exp(iEit) |Ψit)� = exp(iE1t)
∞�

i=1

ai exp

�
i(m2

i −m2
1)t

2P

�
|Ψit)�

21

lcoh =
2Ph

m2
h∗ −m2

h

⎨⎧ ⎩0.7 ÷1.1 GeV2

light hadrons
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MC’s at RHIC assume much larger lcoh= 1fm Eh/mh;   for pions  lcoh= 7 fm Eh[GeV] -  
a factor of 10 difference !!! 
Maybe a reason why one needs large parton - nucleon cross section in AA modeling -
 talk of Che-Ming Ko

The same expression with the same parameters describes production of leading hadrons in DIS - 
U.Mosel et al. 

The same logic should be applicable to quark fragmentation in hard processes.  Also quantum 
diffusion - mentioned first in  Dokshitzer et al book “Basics of pQCD”

Conspiracy - absorption in quark and quark- antiquark propagation maybe similar leading 
to similar CT effect (Mosel et al). May need finer observables - like exclusive π0,η

Implications

22

lD =
pD
mD

0.2fmFor charm ⇒ At RHIC lD < 1 fm
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Experimental situation

Energy dependence of transparency in (p,2p) is observed for energies corresponding to lcoh ≥  2 fm.   Such 
dependence is impossible without freezing. But not clear whether effect is CT  or something else? Needs 
independent study.

☀

☀ γ* +A →π A*   evidence for increase of transparency with Q (Dutta et al 07)

0.7

0.725

0.75

0.775

0.8

0.825

0.85

0.875

0.9

1 2 3 4 5

Q
2
  (GeV/c)

2

!

Note that elementary reaction for Jlab kinematics 
is dominated by ERBL term so γ* N interaction 
is local. γ* does not transform to  qq distance 
1/mNx before nucleon

A- dependence checks not only 
squeezing but small lcoh as well

Glauber m.

-
prediction of quantum diffusion model

Ghent

Miller &MS

☺ γ* +A →ρ A*   data to be released shortly
 -  consistent with our predictions

23
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New type of hard hadronic processes - branching exclusive  processes of large c.m.angle 
scattering on a “cluster” in a target/projectile (MS94)                         

t’
d

c

b

a

et

s’=(pd+pc)2 -t’ > few GeV2, -t’/ s’ ~1/2 
-t=const ~ 0 
  ➠  s’/s<<1

Limit:

Two recent papers: Kumano, MS, and Sudoh PRD 09; Kumano &MS Phys.Lett. 10

2 →3 branching processes: 

test onset of CT for 2 →2  avoiding freezing effects  

measure cross sections of large angle pion - pion (kaon) scattering

probe 5q in nucleon and 4q in mesons

measure GPDs of nucleons,  mesons and photons(!)

☀

☀
☀
☀

measure transverse sizes of b, d,c ☀

24
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Factorization:

GPD

N

t ’b
d

e (baryon)

c (meson)

t t

e (meson)N

GPD

t ’b d

c (baryon)

If the upper block is a hard (2 →2 ) process,   “b”, “d”, “c” are in small size configurations as well as 
exchange system (qq, qqq). Can use CT argument as in the proof of QCD factorization of  meson  
exclusive production in DIS (Collins, LF, MS 97)

⇓

MNN→NπB = GPD(N → B)⊗ ψ
i
b ⊗H ⊗ ψd ⊗ ψc

-
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NP M

P

P P

P

P P

!
qqqqq

,Δ, N*

,Δ, N* , ρ,η, ϕ

, Δ, N*

, Δ, N*

Λ,Σ

K,K*

N
P

M

P

P
P

P

P
P

!
q
q

q
q
q

-t/s’~1/2

-t=const

GPD 
(N→M)

π π

GPD (N→B)

Examples

π−p→ π−π−∆++, π−p→ π−π+∆0, π−p→ π−π0p,COMPASS with 
recoil detector

Advantage - CT for pions is observed, easier to squeeze pions. Measurements at small t - close 
to pion pole can normalize GPDs and determine elastic π- π- , π- π+, π- π0 cross sections

Data on tape !!!
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How to check that squeezing takes place and one can use GPD logic?

Use as example process π-A→π-π± A*

pf(π) = pi(π)/2, vary pft(π) = 1 - 2 GeV/c; pft(π-)+ pft(π±) ~ 0

c
b

d

A

lcoh=60 fm

π-
π-

π±

Branching (2→3) processes with nuclei - 
freezing is 100% effective for pinc > 100 
GeV/c - study of one effect only - CT due to 
squeezing of the size of fast hadrons

☀ easier to squeeze

☀ COMPASS 190 GeV data on tape

☀ Early π-p→π-π± p data from FNAL
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TA =
dσ(π−A→π−π+A∗)

dΩ

Z dσ(π−p→π−π+n)
dΩ

TA(�pb, �pc, �pd) =
1
A

�
d3rρA(�r)Pb(�pb,�r)Pc(�pc,�r)Pd(�pd,�r)

Pj(�pj ,�r) = exp
�
−

�

path
dz σeff(�pj , z)ρA(z)

�

0.03

0.1

1

10 100 30020 50 200

A

5 mb

10 mb
15 mb
20 mb

T 
(A

)

σeff = 25 mb

Large effect even if the pion 
radius is changed just by 30%

If squeezing is large enough can measure quark- antiquark size using dipole - nucleon cross section 

where   pb,pc, pd are three momenta of the incoming  and outgoing particles b, c, d; 
ρA is the nuclear density normalized to A.

σ(d, x) =
π2

3
αs(Q2

eff )d2

�
xGN (x, Q2

eff ) +
2
3
xSN (x, Q2

eff )
�
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Defrosting point like configurations - energy dependence for fixed s’,t’

Use lcoh~ 0.6 fm Eh[GeV]

Quantum 
Diffusion model 

of expansionσPLC(z) =
�

σhard +
z

lcoh
[σ − σhard]

�
θ(lcoh − z) + σθ(z − lcoh)

which describes well CT for pion electroproduction

c
b

d

c
b

d

0.7
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20 100 30050 200

p
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R
 =

 T
(p

  ,
x

= 
0.

2)
 /

T(
p 

 ,
x

= 
0.

5) 1

A = 12
40

208

π

π
π

x = pfin
π /pin

π

x=0.5
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Looking for Color Transparency (CT) in high energy A(p,2p)(A-1),  
A(π,πp)(A-1) reactions was suggested by A.Mueller and S.Brodsky in 82 to  as a way to 
understand the origin of large angle two body reactions check  :

At intermediate energies  (Ep~ 1 GeV) A(p,2p)(A-1)  was used for decades for studies of the nuclear structure - 
the Glauber model based approximation works within 10%.

CT with PANDA

Kinematics for θcm=90o

●a
b

c

θlab θlab (for θcm=90o)≈mN/√ s

Very good resolution in light-cone variable αh=(Eh-p3h)/mN   for b, c

αb = αc ≈
sin2(θlab)pb

4mN

σ(pA→ pp(A− 1)) = Zσ(pp→ pp)
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BNL experiments observed that it is possible to  select A(p,2p) reaction via measurement of  momentum 
and angle of one particle and angle of the second one

PANDA probably can study processes where projectile scatters off bound protons and off  neutrons like 

p̄A→ p̄n(A− 1)

pA→ pn(A− 1)

T similar to                - no quark exchangep̄p

σ(p̄p→ p̄p) = σ(p̄n→ p̄n)

T could be  different from pp → pp  :

σ(pp→ pp) > σ(pn→ pn)

so far no indications of oscillations for fixed θcm

➙

 different  quark exchanges

✷

✷

✷

Advantages of PANDA as compared to BNL :

✷ Much higher lumi - a factor > 10 for 
antiprotons and > 50 for protons

✷

✷

Much better acceptance

Running time - months vs days

Gain in statistics > 1000
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➠ One should look for CT effects in  reactions

p̄A→ meson1 + meson2 + (A− 1)∗

in all possible channels at Einc > 4 GeV when lcoh  >2fm

Note that probabilities of PLC in different mesons: π,ρ, Κ are significantly different so onset of larger 
transparency regime may differ.  Looking for a pair of mesons (away from a resonance - say mππ ~ 400 
MeV instead of  “meson1” is likely to enhance effect of CT as the system will propagate as a qq before 
producing extra qq pair.

If large -t and not large angle in c.m. is the parameter determining squeezing, doing scans at fixed 
large  t and changing s is a promising strategy  (these cross sections are much larger than cross 
sections at θcm=90o)

__

CT studies with the deuteron target (rescattering kinematics) - probes  expansion at z ~ 2 fm
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Discussed processes will allow

to discover that pattern of  interplay of hard and soft physics in one of the most 
fundamental hadronic processes of large angle scattering

compare wave function of different mesons and baryons

map the  space-time evolution of small wave packets at distances

test the role of chiral degrees of freedom in hard interactions

✺

✺

✺

✺

1 < z <6 fm
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Recent development (Frankfurt & 
MS10) - practically no hadronic EMC effect 
at x < 0.55 - practically all effect is due to 
need to use correct Bj x and presence of 
Coulomb field in nuclei which carries finite 
fraction of the nucleus light cone 
momentum. Large x effect is proportional to 
<k2> mostly short-range correlations.

10

One can see from Fig.3 that deviation of the data from the dashed curves grows with increase of x

for x ≥ 0.6 indicating increasing importance of the ”hadronic EMC effect”. This is consistent with the

expectation that suppression of the EMC ratio due to the effect of the suppression of the point-like

configurations in bound nucleons should be maximal for quarks that carry a fraction of the light - cone

momentum of the bound nucleons close to 1 [9]. Since the Fermi motion effect is ∝ TA for 0.5 < x ≤ 0.7,

the compensating ”hadronic EMC effect ” should also be approximately proportional to TA. For the

realistic nuclear wave functions TA is dominated by the contribution of the short-range pn correlations

FIG. 3. The solid curve is the contribution to the EMC ration of the nucleus field of equivalent photons and

effect of proper definition of x calculated using Eq.22 which is applicable for x ≤ 0.7 only. The dashed curves

include also the effect of the Fermi motion estimated using Eq. 24. The data are from [19, 20]. Open circles

correspond to W <2GeV.
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Color coherence in nuclei
Analysis of high energy data: nucleons  are weakly modified even when coming close - short -
range correlations. Only evidence from large momentum transfer processes is the EMC effect.

Need mechanism which kicks in only at large x corresponding to rare configurations in nucleons which are likely to be small size. 

Color coherence mechanism of the nucleon polarization  Frankfurt & MS 85 

nucleon in PLC have a weaker attraction to  other nucleon

ψ̃A(i) ≈



1 +
�

j �=i

Vij

∆E



 ψA(i)

PLC’s are suppressed in bound nucleons

∆E ∼ mN∗ −mN ∼ 600− 800 MeV
average excitation energy in the energy denominator.

red curves= Bj x + Coulomb
dashed curves= Bj x + Coulomb +Fermi motion

briefly on second part of the title of the talk
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Qualitative consideration - consider dependence of deformation for the process e + A → e + (A-1)* +X [X=p, inclusive] 
on virtuality of the interacting nucleon pint2 ≡ (pA- p(A-1)*)2   .  Analytically continue to pint2 = mN2  expect no EMC effect. 
Natural to have deviations from the free nucleon case to be proportional in the lowest order to 

(pA- p(A-1)*)2 -  mN2 ≈ 2m

�
A

A− 1
p2

2mN
+ MA−1 + mN −MA

�

Ciofi, Frankfurt, Kaptari, MS 07 performed detailed analysis including effects of nuclear excitations. Find the 
expression which is valid for all A

δ(p,Eexc) =

�
1− p2int −m2

2mN∆E

�−2

δD(p) =



1+
2 p

2

2m− εD
ΔED





−2

PLC’s suppression in deuteron/two 
nucleon short-range correlation

Correct A-dependence and magnitude of the EMC effect. Need for correlation studies
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Evidence for onset of CT in the diffractive pion production of double jets at FNAL, in J/ψ 
diffractive meson production at FNAL , in exclusive meson electroproduction  demonstrates 
fruitfulness of the concept of spatially small dipole.  Observation of CT in reactions with pions 
(COMPASS), antiprotons/protons (PANDA,..)  would allow studies of Generalized Parton 
Distributions of various hadrons in hadronic interactions 

Conclusions

Having few handles in the diffractive production of few hadrons by protons and pions  will 
allow to investigate transitions between regimes of superstrong strong interaction and 
squeezing of hadrons and CT regime,   dynamics of QCD interactions at the interface 
between hard and soft QCD, explore  the quark-gluon structure of  various  mesons and 
baryons.

Hadron degrees of freedom are responsible for the  EMC effect only for x> 0.55 
making color screening interpretation a natural candidate. 
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