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Schlafli-symbol:
lattice made from regular p-gons,
g lines meet at each vertex

4 condition for regular
tessellation of the plane






(P—2)-(g—2)<4

Platonic solids |[edit]
Main article: Platonic solid
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Platonic solids |[edit]
Main article: Platonic solid
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hyperbolic tessellations
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H = Z(a:faj + h.c)
® .2 <"':j>

four operators: a = (al, dan, dz, 34)
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H = 8182 + a,as + azas + azar + h.c.
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H = Z a:-rA;jaj — a'Aa
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1 ® 5 I)
/0 10 1\ » real and symmetric
"adjacency ,_ |1 0 1 » exists orthogonal O:
W 0 1 0 1
matrix 1 0 1 o) ©OAOT =D = diagonal

H=(a"O")(OAO")(0a) = b'Db =" D,b}b,
S~ o
b






number of rings £ || 1 | 2 3 4 5) 6 7 8 9 10
number of sites N || 7 | 35 | 112 | 315 | 847 | 2240 | 5887 | 15435 | 40432 | 105875
1++5 exponential growth
N ~ 79926, p=—7 = 1.613 P J

with graph diameter!




Geometry




Poincaré disk model of hyperbolic space

1 2

2 I
d(z,2') = 5arc:ash(l + ( Z — z

1—]z)(1 - \Z’\z)) 2




Poincaré disk model Poincaré half-plane model

zelD - H={w e C, Imw >0}
Cayley
1+ z d52_ dX2+dy2
w =1 — 2
1 -z 4y

Des®

L5 .-9-0-.-0-..9,!&--9.9.!’-!9.




Poincaré disk model of hyperbolic space

Automorphisms of D

z > el® z—a_’ aclh
1—za
PSL(2,R) =SL(2,R)/{=£1}

Mobius / conformal transformations

non-commutative geometry



2 dX2 _|_dy2

- (1—r2)2 gjdx'dxX  g"=(g7);
: 1 .
Laplace-Beltrami A f — 3.( det Ua.f)
operator & detg =887




dx? + dy?

ds® = T gidx'dx g = (g71);
. 1 .
Laplace-Beltrami A f — 3.( det Ua.f)
operator & detg =887

(fi, o) = ddx\/det 5(X) H(X)

dvg

(i, Dgh) = [ d9xy/detg f
\/ etg

= — [ d9% detg g&.a;ﬂ Q,'fg

( detgg’l"é‘jfg)

= (Agf, ) self-adjoint




B dx? + dy?

2 — o-dxidsd Jj.— (o 1Y..
ds* = Ty = &idx dx’  g":=(g7")j
Laplace-Beltrami A f — a.( det Ua.f)
operator & /detg SleE Y
Euclidean Ag”‘ﬂ) — 558;81- — A
Minkowski ~ AL™™) = i 9, =

Poincaré disk”

Ay = (1—-r*)°A




Spectrum of —A,

e =14 k?

1— |22 \3(+ik)
Vr(z) = (\1 - ze—ifBP)

K = kel® ¢ C



Spectrum of —A, Euclidean limit —A

e =14 k?

oik

L 1=z R
Vr(z) = (\1 - ze—ifBP)




From Graphs to Geometry




embedding j € G +— z €D

d(Z,’,Z,'_|_e) — do — 0.283 -

Tiling polygon p

lattice constant

I 0.283
38 0.364
9 0.410
10 0.461




adjacency matrix H =" alA;a;
i

N Aif(z) = F(zive) + F(2ive) + F(Zite)
J



adjacency matrix H =" alA;a;
i,

vertices of equilateral
triangle

Wy = W(ziye,) = he™,

Wy = w(z?:+62) _ h€12’ﬂ/3€10zj

Wa = ’w(Zz+e3) _ h€147r/3€104

d(h,0) = do: h=0.276




adjacency matrix H =" alA;a;
i,

N Aif(z) = F(zive) + F(2ive) + F(Zite)
J

() + () +(E5)
1 — wyz 1 — wrz 1 — wzz;

= 3f(z) + thAgf(z;) + O(K%)

h=0.276



lattice sums  H =Y alA;a;
i,

Zf(r,-) %/d./\/'(r)f(r)

cG

N(r) = Z O(r —r)

ieG

counting function




lattice sums  H =Y alA;a;

I,
Z f(r;) =~ /dN(r)f(r)
cG
so0F T T T T T T r_
N(r) = Z O(r —r) 250¢
icG ~ 200;—
= 150F o
~ 14p 4 const |, ; o
dp=4— N
ey
p=(1+1%)/(1-17)




lattice sums  H =Y alA;a;
i,

O /dN(r)f(r) _ 14/dp f(r)

cG

=14 4/0 (1d_rrr2)2 f(r)

23 d*z
~ e =z

T JizI<L



lattice sums  H =Y alA;a;

I,
28 d?z
flzi) =~ — f
fezc o /z|§L (1—1[z]?)? (2)
28 L2 N

7 (1— L2) N + 28
number of rings ¢ 1 2 3 1 5] 6 T 3 9 10 ‘
effective disk radius L| 0.447 | 0.745 | 0.894 | 0.958 | 0.984 | 0.994 | 0.998 | 0.9990 | 0.9997 | 0.9999 ‘




Graph / Continuum Dictionary

finite graph with N sites

finite disk with radius L < 1

e G z; € D
fi f(z:)
A 3+ 3h?A,
N L= \/ NfQS

EieG

@f d*z
m J|z|<L (1—[z]?)?

number of rings ¢ 1 2

3 1 5] 6 7

9

0.447

effective disk radius L

0.894 | 0.958 | 0.984 | 0.994

0.998

0.9990

0.9997

0.9999 ‘




Example: Bose-Hubbard model

i=Y" [t alAa — pala + u(ala)?

eG Jje€G

[§f> é\_;(] — 5{1'




Applications



Application 1:

spec(—A) C (—3,3), Ep = min [spec(—A)]

Ground state energy and spectral gap of

H= — Z a]ngaj
I,J

What about / — oo ?

number of rings ¢

o

8

9

10

Fo (graph)

—2.636

—2.787

—2.847

—2.877

—2.894

—2.905

—2.91

—2.92

—2.92

need sparse matrix
techniques




Application 1:

Ground state energy and spectral gap of

H= — Z a:[Agaj
I,J

Mathematicians know: |im Ey € [—2.966, —2.862]
{—00

Higuchi and Shirai, Interdiscip. Inform. Sci. 9, 221 (2003)

Paschke, Math. Z., 225 (1992)
Kollar, Fitzpatrick, Sarnak, Houck, arXiv:1902.02794

number of rings ¢

o

10

Fo (graph)

—2.636

—2.787

—2.847

—2.877

—2.894

—2.905

—2.91

—2.92

—2.92




Application 1:

Ground state energy and spectral gap of

H = — Z a]fAUaj
I,J

Mathematicians know: |im Ey € [—2.966, —2.862]

f— 00
Conti theory:  Eo = —3 + Sh2(1 + k2
ontinuum theory: 0 =—3+4+ -h"(1+ k§)
4
/— 00 3
Y —34 Zh* = —2.94295
A
number of rings £|| 1 2 3 4 5) 6 7 8 9 10
Eo (graph) —2 |—2.636|—2.787|—2.847| —2.877|—2.894| —2.905| —2.91 | —2.92 | —2.92




Application 1:

Ground state energy and spectral gap of

_ § TA. 5.
I
cont 3 -1
ES = 342 Pk + 1)
-2+
1+ L2 E 25
P, (1—1z) =0
>(=14iko) \1 — |2 238
P, : Legendre function 2.9
0
ell
number of rings £|| 1 2 3 4 5) 6 7 8 9 10
Foy (graph) —2 | —2.636|—2.7T87|—2.847|—2.877|—2.894|—-2.905| —2.91 | —2.92 | —2.92
Ey (continuum) ||[—1.5[—2.570|—2.770{—2.842|—2.876|—2.895|—2.906 | —2.914| —2.920|—2.924




Ground state energy and spectral gap of

H=— Z a:[A,:,-aj

I,J

Application 1:

coIn 3
ES™ = —3 4+ P0G+ 1)

1+ L2 s

Pl( 1+1k0)(1 _ LZ) =0 ) g
P, : Legendre function 29
0

ell
2 1.2
t 3m“h 1
E(gjjlon ) ~ Ex

4 (|ng0°€-|-C031)2

=(1+V5)/2, g=In2, g =In2-1



5 Correlation functions
Application 2:
o (==5), = @)




5 Correlation functions
Application 2:
o ) = (=), = @@ @)

AN+ A,)G(z,2, )\, L) = —(1— |2]?)?6@®)(z - 2)




5 Correlation functions
Application 2:
o ) = (=), = @@ @)

AN+ A,)G(z,2, )\, L) = —(1— |2]?)?6@®)(z - 2)

w= —2.95 w= —25+0.11

L

G(z, zj) G(zi, z))



Correlation functions

Application 2: | ( 1 )
ij

= (ai(w)al (w))o

emergent conformal symmetry:

Gjj is (approximately) a function of djj = d(z;,z;) : Gj = f(dj)

0.8}

0.6}

0.4}

<Gii((,z))>

0.2}

0.0 A
00 05 10 15 20 25 3.0 35 00 05 1.0 1.5 20 25 30 35
<dij> <dij>




Experimental outlook

scattering experiments, relation to quantum optics



Experimental outlook

H= — Z tU(B)AUé\:[é\f
IyJ

spatial / temporal variations in hopping




Experimental outlook
H=—) t;(B)A;alaj+ ) widls
i ;

spatial / temporal variations in hopping

disorder: localization transition?




Experimental outlook
H=—) t;(B)A;alaj+ ) widls
i ;

+ Ao; + g(agé‘;o

spatial / temporal variations in hopping
disorder: localization transition?

tunable qubits: spin-boson model




Experimental outlook

1

5,’5' ~U e_d(iaj)/g ~ — .
< J> ‘, __/‘5

boundary critical correlations ~ d(i,j) ~ log|i — j

boundary fields




Periodic boundary conditions

www.math.ucr.edu/home/baez/klein.html

Klein Quartic: hyperbolic surface of genus g=3



	Folie 1
	Folie 2
	Folie 3
	Folie 4
	Folie 5
	Folie 6
	Folie 7
	Folie 8
	Folie 9
	Folie 10
	Folie 11
	Folie 12
	Folie 13
	Folie 14
	Folie 15
	Folie 16
	Folie 17
	Folie 18
	Folie 19
	Folie 20
	Folie 21
	Folie 22
	Folie 23
	Folie 24
	Folie 25
	Folie 26
	Folie 27
	Folie 28
	Folie 29
	Folie 30
	Folie 31
	Folie 32
	Folie 33
	Folie 34
	Folie 35
	Folie 36
	Folie 37
	Folie 38
	Folie 39
	Folie 40
	Folie 41
	Folie 42
	Folie 43
	Folie 44
	Folie 45
	Folie 46
	Folie 47
	Folie 48
	Folie 49
	Folie 50

