
Holomorphic Gradient Flow and Lefschetz Thimbles in
strongly correlated fermionic systems

Milad Ghanbarpour

Supervisor: Prof. Dr. Lorenz von Smekal

Institut für Theoretische Physik
Justus-Liebig-Universität Gießen

Lunch Club, February 06, 2019

Milad Ghanbarpour (ITP) HGF and Thimbles in fermionic systems Lunch Club, February 06, 2019 1 / 41



Non-relativistic Fermi gas in one-dimension

Outline

1 Non-relativistic Fermi gas in one-dimension
Continuum description
Path integral formulation
Non-interacting case (g = 0)

2 Monte-Carlo Simulation of the one-dimensional Fermi gas

3 Sign problem
One-dimensional Fermi gas

4 Holomorphic-Gradient-Flow (Generalized Thimble Method)
Lefschetz thimbles
HGF-algorithm
Example: One-Site Hubbard model
Non-realtivistic Fermi gas

5 Summary/Conclusion

Milad Ghanbarpour (ITP) HGF and Thimbles in fermionic systems Lunch Club, February 06, 2019 2 / 41



Non-relativistic Fermi gas in one-dimension

Non-relativistic Fermi gas in one-dimension1

1L. Rammelmüller, W. J. Porter, J. E. Drut and J. Braun, Phys. Rev. D 96 (2017) 094506
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Non-relativistic Fermi gas in one-dimension Continuum description

Creation and Annihilation Operators

fermion at position x ∈ [−L/2, L/2] with spin σ ∈ {↑, ↓}
creation ψ†σ(x) and annihilation operators ψσ(x):{

ψσ(x), ψ†σ′(x
′)
}

= δσσ′δ(x− x′){
ψ†σ(x), ψ†σ′(x

′)
}

=
{
ψσ(x), ψσ′(x

′)
}

= 0

periodic boundary conditions: ψσ(x+ L) = ψσ(x)

Hamiltonian

ĤL :=
∑

σ∈{↑,↓}

∫ L
2

−L
2

dxψ†σ(x)

(
− 1

2mσ
∂2
x

)
ψσ(x)

+ g

∫ L
2

−L
2

dxψ†↑(x)ψ↑(x)ψ†↓(x)ψ↓(x)
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Non-relativistic Fermi gas in one-dimension Path integral formulation

d

i =
0

i = 1

i
=
N
L −

1

Discretization of Space

ψ†σ(x) −→ ψ†σ(xi) ψσ(x) −→ ψσ(xi)

∫ L
2

−L
2

dx −→ d

NL−1∑
i=0

∂2
xψσ(x) −→ 1

d2
(ψσ (xi+1)− 2ψσ(xi) + ψσ (xi−1))

ĤL :=
∑

σ∈{↑,↓}

∫ L
2

−L
2

dxψ†σ(x)

(
− 1

2mσ
∂2
x

)
ψσ(x)

+ g

∫ L
2

−L
2

dxψ†↑(x)ψ↑(x)ψ†↓(x)ψ↓(x)

ĤL,d =
∑

σ∈{↑,↓}

NL−1∑
i=0

(
− 1

2mσd2

)
a†i,σ (ai+1,σ − 2ai,σ + ai−1,σ)

+
g

d

NL−1∑
i=0

a†i,↑ai,↑a
†
i,↓ai,↓
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Non-relativistic Fermi gas in one-dimension Path integral formulation

Coupling to a Heat and Particle Reservoir

partition function:

Z = tr
(

e−βĥ
)
, ĥ := ĤL,d − µn̂

Discretization of Euclidean Time

separation between interacting and non-interacting part:

ĥ(I) :=
g

d

NL−1∑
l=0

n̂l,↑n̂l,↓ ĥ(0) := ĥ− ĥ(I)

Suzuki-Trotter decomposition:

e−βĥ = lim
Nβ→∞

(
e−δβ ĥ

(0)
e−δβ ĥ

(I)
)
, δβ :=

β

Nβ
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Non-relativistic Fermi gas in one-dimension Path integral formulation

Path Integral for g < 0

Z = lim
Nβ→∞

∫
Dϕdet (A(ϕ)) e−

δβ |g|
2d

∑Nβ−1

i=0

∑NL−1

l=0 ϕ2
i,l

Path Integral for g > 0

Z = Z ′ exp

(
−βNL

(
1

m↓d2
− µ

))
Z ′ = lim

Nβ→∞

∫
Dϕdet

(
A′(ϕ)

)
e−

δβ |g|
2d

∑Nβ−1

i=0

∑NL−1

l=0 ϕ2
i,l

From this point on, we shall use primed variables (e.g. A′, . . .) to
denote the repulsive case.
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Non-relativistic Fermi gas in one-dimension Path integral formulation

Fermion Determinant (g < 0)

det (A(ϕ)) =
∏
σ

det
(
1 + ΛσΓσ,0ΛσΓσ,1Λσ . . .ΛσΓσ,Nβ−1

)
Matrices

Λσ =



λσ ασ 0 . . . . . . 0 ασ
ασ λσ ασ 0 . . . . . . 0
0 ασ λσ ασ 0 . . . 0
...

. . .
. . .

. . .
. . .

. . .
...

0 . . . 0 ασ λσ ασ 0
0 . . . . . . 0 ασ λσ ασ
ασ 0 . . . . . . 0 ασ λσ


Γσ,i =


γσi,0 0 0 . . . 0

0 γσi,1 0 . . . 0
...

. . .
. . .

. . .
...

0 . . . 0 γσi,NL−2 0

0 . . . 0 0 γσi,NL−1



Elements

λσ =
δβ

mσd2
− δβµ− 1, ασ = − δβ

2mσd2
, γσi,l = −e−i

δβ |g|
d ((1−2δ↓,σ)ϕi,l+ i

2)
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Non-relativistic Fermi gas in one-dimension Non-interacting case (g = 0)

Momentum Space

Fourier transform:

ψσ(pj) = d

NL−1∑
k=0

e−ipjxkψσ(xk), pj :=
2π

dNL
j

creation and annihilation operators for fermions with momentum pj :

ã†j,σ :=
1√
L
ψ†σ(pj), ãj,σ :=

1√
L
ψσ(pj)

Diagonalization of the Hamiltonian

ĤL,d =
∑
σ

NL−1∑
m=0

ã†m,σ

(
− cos(pmd)− 1

mσd2

)
ãm,σ
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Non-relativistic Fermi gas in one-dimension Non-interacting case (g = 0)
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− cos(p1d)−1
m↑d2

− cos(p2d)−1
m↑d2

〈n̂
〉

µ [eu]

β →∞
β = 15 eu−1

β = 40 eu−1

Figure: Non-interacting case with m↑ = m↓ = 1 eu, L = 5 eu−1 and NL = 5.
The limit β →∞ is approximated by choosing β = 104 eu−1.
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Non-relativistic Fermi gas in one-dimension Non-interacting case (g = 0)

Path Integral in the Limit g → 0−

lim
g→0−

〈n̂〉 = lim
Nβ→∞

O0

O0 = (−1)Nβ+1
∑
σ

tr

((
1 + (−1)NβΛ

Nβ
σ

)−1
Λ
Nβ−1
σ

)

Path Integral in the Limit g → 0+

lim
g→0+

〈n̂〉 = NL + lim
Nβ→∞

O′0

O′0 =
∑
σ

(−1)Nβ+1(−1)δ↓,σtr

((
1 + (−1)NβΛ′

Nβ
σ,g=0

)−1
Λ′
Nβ−1
σ,g=0

)
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Non-relativistic Fermi gas in one-dimension Non-interacting case (g = 0)
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〉
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Nβ = 2560
Nβ → ∞

Figure: Estimation O0 of the expectation value 〈n̂〉L,d. Non-interacting case with
m↑ = 0.1 eu, m↓ = 0.7 eu, L = 5 eu−1, NL = 5 and β = 2 eu−1.
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Non-relativistic Fermi gas in one-dimension Non-interacting case (g = 0)
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〉
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Nβ = 80
Nβ = 160
Nβ = 320
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Nβ = 1280
Nβ = 2560
Nβ → ∞

Figure: Estimation O′0 +NL of the expectation value 〈n̂〉L,d. Non-interacting
case with m↑ = 0.1 eu, m↓ = 0.7 eu, L = 5 eu−1, NL = 5 and β = 2 eu−1.
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Monte-Carlo Simulation of the one-dimensional Fermi gas

Monte-Carlo Simulation of the one-dimensional Fermi gas
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Monte-Carlo Simulation of the one-dimensional Fermi gas

Action

for finite Nβ and g < 0:

ZNβ =

∫
Dϕ e−S(ϕ)

S(ϕ) :=
δβ|g|
2d

Nβ−1∑
i=0

NL−1∑
l=0

ϕ2
i,l − ln det (A(ϕ))

in the case of g > 0:

Z ′Nβ , S
′(ϕ), A′(ϕ), . . .

Milad Ghanbarpour (ITP) HGF and Thimbles in fermionic systems Lunch Club, February 06, 2019 13 / 41



Monte-Carlo Simulation of the one-dimensional Fermi gas

Probability Interpretation (Reweighting)

We take the real part as a probability measure:

P (ϕ) ∝ e−ReS(ϕ)

expectation value 〈Ô〉 = limNβ→∞〈Ô〉Nβ of an observable:

〈Ô〉Nβ =

〈
O(ϕ)e−i ImS(ϕ)

〉
P〈

e−i ImS(ϕ)

〉
P〈

Im e−i ImS(ϕ)
〉
P

= 0 because S(−ϕ) = (S(ϕ))∗
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Monte-Carlo Simulation of the one-dimensional Fermi gas
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Figure: Estimation of 〈n̂〉. The parameters are chosen as m↑ = 0.1 eu,
m↓ = 0.7 eu, β = 2 eu−1, L = 5 eu−1, g = −1 and NL = 5.
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Monte-Carlo Simulation of the one-dimensional Fermi gas

0.01
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〈R
e
ei
α
〉

µ [eu]

Nβ = 25
Nβ = 40

Figure: Estimation of 〈Re eiα〉 with α := −ImS(ϕ). The parameters are chosen
as m↑ = 0.1 eu, m↓ = 0.7 eu, β = 2 eu−1, L = 5 eu−1, g = −1 and NL = 5.
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Monte-Carlo Simulation of the one-dimensional Fermi gas
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Figure: Estimation of 〈n̂〉. The parameters are chosen as m↑ = 0.1 eu,
m↓ = 0.7 eu, β = 2 eu−1, L = 5 eu−1, g = 1 and NL = 5.
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Monte-Carlo Simulation of the one-dimensional Fermi gas
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Figure: Estimation of 〈Re eiα
′〉 with α′ := −ImS′(ϕ). The parameters are chosen

as m↑ = 0.1 eu, m↓ = 0.7 eu, β = 2 eu−1, L = 5 eu−1, g = 1 and NL = 5.
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Sign problem

Sign Problem
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Sign problem

Full Theory

finite Nβ <∞:

ZNβ =

∫
dnx e−S(x)

Euclidean time continuum (Nβ →∞):

Z = lim
Nβ→∞

ZNβ

Phase Quenched

finite Nβ <∞:

Z̃Nβ :=

∫
dnx

∣∣∣e−S(x)
∣∣∣ =

∫
dnx e−ReS(x)

Euclidean time continuum (Nβ →∞):

Z̃ = lim
Nβ→∞

Z̃Nβ
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Sign problem

Phase Expectation Value

finite Nβ: 〈
Re e−i ImS(x)

〉
P

=
ZNβ

Z̃Nβ

for Nβ � 1 sufficiently large:〈
Re e−i ImS(x)

〉
P
≈ Z

Z̃
= e−β(Φ−Φ̃)
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Sign problem

Upper Bound

We notice that 0 < Z ≤ Z̃ because ZNβ ≤ Z̃Nβ .

=⇒ ∀ε > 0 : inf
β∈[ε,∞)

(Φ− Φ̃)︸ ︷︷ ︸
∆Φmin:=

≥ 0

assumption:
∃ε0 > 0 : ∆Φmin > 0

consequence:

∀β ≥ ε0 :
Z

Z̃
≤ e−β∆Φmin

Milad Ghanbarpour (ITP) HGF and Thimbles in fermionic systems Lunch Club, February 06, 2019 21 / 41



Sign problem

Low Temperature Limit

for Nβ � 1 sufficiently large:〈
Re e−i ImS(x)

〉
P
≤ e−β∆Φmin −→ 0 (β →∞)

Relative Error

σ
((

Re e−i ImS(x)
)
N

)
〈Re e−i ImS(x)〉P

=
τ√
N

σ
(
Re e−i ImS(x)

)
〈Re e−i ImS(x)〉P

, τ ≥ 1

Relative Error (Lower Bound)

σ
((

Re e−i ImS(x)
)
N

)
〈
Re e−i ImS(x)

〉
P

≥ σ
(
Re e−i ImS(x)

)
√
N

e+β∆Φmin

Milad Ghanbarpour (ITP) HGF and Thimbles in fermionic systems Lunch Club, February 06, 2019 22 / 41



Sign problem

minimal number of samples to reach a relative error of 100 %:

N = σ2
(

Re e−i ImS(x)
)

e+2β∆Φmin

Monte-Carlo method with an exponential complexity

exponential complexity for other parameters (∆Φmin ∝ V , etc.)

One-Dimensional Fermi Gas

no sign problem if g < 0, m↑ = m↓
otherwise det (A(ϕ)) ≥ 0 not guaranteed
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Sign problem One-dimensional Fermi gas
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Figure: The parameters are chosen as m↑ = 0.1 eu, m↓ = 0.7 eu, µ = 1 eu,
L = 5 eu−1, g = 10 and NL = 5.
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Sign problem One-dimensional Fermi gas
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Figure: The parameters are chosen as m↑ = 0.1 eu, m↓ = 0.7 eu, µ = 1 eu,
L = 5 eu−1, g = 10 and NL = 5.
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Sign problem One-dimensional Fermi gas
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Figure: The parameters are chosen as m↑ = 0.1 eu, m↓ = 0.7 eu, µ = 1 eu,
L = 5 eu−1, g = 10, NL = 5 and Nβ = 10.
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Holomorphic-Gradient-Flow (Generalized Thimble Method)

Holomorphic-Gradient-Flow
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Holomorphic-Gradient-Flow (Generalized Thimble Method) Lefschetz thimbles

Critical Points

∀i ∈ {1, . . . , n} :
∂ReS(zc)

∂zi
= 0

Upward (+) and Downward (−) Flow Equations

dzi
dt

= ±
(
∂S(z)

∂zi

)∗
, i ∈ {1, . . . , n}

Lefschetz Thimble

Jzc :=
{
z0 ∈ Cn

∣∣∣ lim
t→∞

zd(t, z0) = zc

}
Dual Thimble

Kzc :=
{
z0 ∈ Cn

∣∣∣ lim
t→∞

zu(t, z0) = zc

} −4

−2

0

2

4

−5 −4 −3 −2 −1 0

Im
z

Re z

S(z) = z2 − i(z + 3)3
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Holomorphic-Gradient-Flow (Generalized Thimble Method) Lefschetz thimbles

Path Integral Decomposition1 2

ZNβ =
∑
zc

nzc

∫
Jzc

dnz e−S(z)

ImS(z) is constant on each Lefschetz thimble.

no sign problem for integral over thimble Jzc

Problem

The decomposition is not feasible in general.

1see M. Cristoforetti, F. D. Renzo and L. Scorzato, Phys. Rev. D 86 (2012) 074506
2see E. Witten, 2010, arXiv: 1001.2933v4
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Holomorphic-Gradient-Flow (Generalized Thimble Method) HGF-algorithm

Holomorphic-Gradient-Flow (Generalized Thimble Method)1

deform integration domain Rn →Mt := zu(t,Rn):∫
Mt

dnzO(z)e−S(z) =

∫
dnxO(zu(t, x)) det(Jt(x))e−S(zu(t,x))

Mt approximates the contributing Lefschetz thimbles.

Sampling

use the reweighting method
(
P ∝ e−ReS(zu(t,x))+ln | det Jt(x)|)

solve differential equations numerically:

dzi
dt

=

(
∂S(z)

∂zi

)∗
,

d(Jt)i,j
dt

=
n∑
k=1

(
∂2S(z)

∂zi∂zk
(Jt)k,j

)∗

1A. Alexandru, G. Başar, P. F. Bedaque, G. W. Ridgway and N. C. Warrington, J. High Energ. Phys. (2016) 2016: 53
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Holomorphic-Gradient-Flow (Generalized Thimble Method) HGF-algorithm

Phase Expectation Value

large t: small fluctuations of eiαt are expected

〈Re eiαt〉P in same order of magnitude as standard deviation

Rn

singularitycritical point

J1

J2
J3

J4

K4

K3

K2
K1

Mt
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Holomorphic-Gradient-Flow (Generalized Thimble Method) Example: One-Site Hubbard model

Hamiltonian

ĤL,d = Ua†0,↑a0,↑a
†
0,↓a0,↓ +

1

m↑d2
n̂↑ +

1

m↓d2
n̂↓

Path Integral1

ZL,d =

√
β

2πU

∫
dx e−S(x)

S(x) :=
β

2U
x2 − 2 ln

(
1 + exp

(
ix+ µ+

U

2

))

We choose: µ = 0, U = 1 and β = 30.

1see Y. Tanizaki, Y. Hidaka and T. Hayata, New J. Phys. 18 (2016) 033002
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Holomorphic-Gradient-Flow (Generalized Thimble Method) Example: One-Site Hubbard model

Figure: Illustration taken from New J. Phys. 18 (2016) 033002.1

1The work (figure with title ”Figure 1.” from New J. Phys. 18 (2016) 033002, DOI: 10.1088/1367- 2630/18/3/033002, by
Y. Tanizaki, Y. Hidaka and T. Hayara) is included in compliance with the granted rights of the CC BY 3.0 licence, under which
the work is licensed. Legal code: https://creativecommons.org/licenses/by/3.0/legalcode
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Holomorphic-Gradient-Flow (Generalized Thimble Method) Example: One-Site Hubbard model
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Holomorphic-Gradient-Flow (Generalized Thimble Method) Non-realtivistic Fermi gas

Parameters

We choose: m↑ = 0.1 eu, m↓ = 0.7 eu, µ = 1 eu, L = 5 eu−1, g = 10,
β = 0.5 eu−1, NL = 5 and Nβ = 10

Critical Point

at least one critical point: ϕ′c,0 = limt→∞ ϕ′u(t, 0)

−14

−13

−12

−11

−10

−9

−8

−7

0 2 4 6 8 10

R
e
S
′ (
ϕ
′ u
(t
,0
))

t

0

0.5
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2

2.5
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||∇
ϕ
S
′ (
ϕ
′ u
(t
,0
))
|| 2

t
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Holomorphic-Gradient-Flow (Generalized Thimble Method) Non-realtivistic Fermi gas
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Holomorphic-Gradient-Flow (Generalized Thimble Method) Non-realtivistic Fermi gas

Problem

Most points are mapped into singularities.

difficult to solve the flow equations numerically for large t

−100

−50

0

50

100

−50 0 50 100 150

Im
d
et

(A
′ )

Re det (A′)

Milad Ghanbarpour (ITP) HGF and Thimbles in fermionic systems Lunch Club, February 06, 2019 36 / 41



Holomorphic-Gradient-Flow (Generalized Thimble Method) Non-realtivistic Fermi gas
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Holomorphic-Gradient-Flow (Generalized Thimble Method) Non-realtivistic Fermi gas
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Holomorphic-Gradient-Flow (Generalized Thimble Method) Non-realtivistic Fermi gas
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Holomorphic-Gradient-Flow (Generalized Thimble Method) Non-realtivistic Fermi gas
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Holomorphic-Gradient-Flow (Generalized Thimble Method) Non-realtivistic Fermi gas

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

−0.2 −0.15 −0.1 −0.05 0 0.05 0.1 0.15 0.2

no
rm

al
iz

ed
bi

n
co

un
t

ϕ0

t = 0.70

Milad Ghanbarpour (ITP) HGF and Thimbles in fermionic systems Lunch Club, February 06, 2019 38 / 41



Holomorphic-Gradient-Flow (Generalized Thimble Method) Non-realtivistic Fermi gas
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Holomorphic-Gradient-Flow (Generalized Thimble Method) Non-realtivistic Fermi gas
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Holomorphic-Gradient-Flow (Generalized Thimble Method) Non-realtivistic Fermi gas

Inconsistency?

Including the Jacobian Jt yields (qualitatively) different results.

Reasons are unclear. Further investigations are required.
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Summary/Conclusion

HGF-algorithm is already successful in minimizing the impact of the
sign problem, see one-site Hubbard model, A. Alexandru et. al.

For the one-dimensional Fermi gas, further investigations are required.

HGF-algorithm not feasible for large NβNL (computation of Jt)

It is questionable if useful for more complicated systems (QCD,...)

New methods:

Find a new domain M of integration via an optimization process.1 2

Machine Learning 3 (e.g. one-site Hubbard model)
Triangularization (see talk of Ziesché)

All these methods do not solve the sign problem!

1Y. Mori, K. Kashiwa and A. Ohnishi, Phys. Rev. D 96 (2017) 111501
2A. Alexandru, P. F. Bedaque, H. Lamm and S. Lawrence, Phys. Rev. D 96 (2017) 094510
3A. Alexandru, P. F. Bedaque, H. Lamm and S. Lawrence, Phys. Rev. D 96 (2017) 094505
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Summary/Conclusion

Thank You!
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Summary/Conclusion

Action

S(ϕ) :=
δβ|g|
2d

Nβ−1∑
i=0

NL−1∑
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Summary/Conclusion
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