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Hubbard model on hexagonal lattice
Nearest-neighbor hoppings + local interaction:
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Quantum Monte Carlo
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Discrete auxiliary fields (BSS-QMC):
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Fierz identities
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6206 = 55355 + 5 Z o@ o, + global spin SU(2) symmetry

Similar identity for relativistic fermions:
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Applied for NJL model: @
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Reweighting:
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Sign Problem

“optimal setup” for BSS-QMC: spin-coupled
discrete auxiliary fields (4x4 lattice):
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Lefschetz Thimbles decomposition

S = S, — In(det M,; det M)

Z — Zk e—zImS Zo) dNCIZG_ReS( x)

(9_3 & \J dx  0S
% oy (1.0 Intersection dr Oz
Saddle points in complex number: Integral over thimble
space, with thimbles and ky = (K, , RN) ( manifold in complex
anti-thimbles attached to space defined by
them: Gradient Flow equations)

re€l,x(1)=x,2(T &> —00) = 24
Witten, arXiv: 1009.6032,
T & ICG . x(T) = T, ZU(T — ‘|‘OO> — 25 1001.2933



Splitting of the Sign Problem

\E

How severe are the
fluctuations of the
Imz complex measure ?

How many relevant
thimbles do we have ?
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Thimbles for one-site Hubbard model
(one-field formalism)

Hisite = Unyny  + Gaussian HS transformation UB = 15.0
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Thimbles for one-site Hubbard model
(two fleld formalism, half fllllng)

15 -10 -5 0 5 10 15 15 210 -5 0 5 10 15
OL=0.8 a:OS

Only trivial saddle point at a = 0.78...0.88

Irrelevant saddle embedded into relevant
thimble
@ dim(RN N K,) = N, > 0

W27




Stokes phenomenon at half-filling

Relevant saddles points are the local minima of the action if we are
bounded within RN

Action for one-site model
in two-field formalism at
half-filling; a=0.95




Action for one-site model
in two-field formalism at
half-filling; a=0.8
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Action for one-site model
in two-field formalism at
half-filling; a=0.5

Irrelevant saddle

Relevant saddle



What happens in thermodynamic and
continuum limit?



What do we need to go to large

lattice?
Z(Bp,...) = / N g5 B
RN

Z — Z kae—iImS(ZU) / dee—ReS(az)
o Lo

05 % &daz oS

— () _

x=2q (B, hy-.. ) dT (933

S = S, — In(det M,; det Mj)

Fast solution of GF equations with fermionic determinants is essential.
det MM = / Ay dY e~ Y M'M)"TY

Stochastic calculation of fermionic determinant doesn’t work: not precise
enough, the phase is not conserved.



Exact fermionic forces (1)

General form of the fermionic operator:

N, x N Blocks

( I D1 \\ . .
I D Also staggered fermions in
o I .D3 axial gauge.
I Don,—1
\DQNt I )
el Interaction with Hubbard fields
Doy, = =+ ' (antiperiodic boundary
e conditions for fermions)

Exponential transfer matrix preserves the spin

symmetry (arXiv:1610.09855):

— AT h
Dop_1 = —e

Conventional discretization:

D2k—1 = -1+ AT h




Exact fermionic forces (2)
Olndet M T (M‘l 8M>

agbiv,t a¢x,t
( LD \ We need blocks of
! DTQ P lattice propagator just
M = | below the main
I Don s diagonal
\Dth I

The algorithm can be

) taken from BSS-QMC. See
Iterations for the Q

_ — D 14D the description of ALF
blocks at the main Jm+1 m Gmm package (F. Assaad et al):
diagonal arXiv:1704.00131

But: we can not go through the entire lattice: “stabilization” is needed



Schur solver

Basic idea - highly specialized version of sparse LU decomposition.
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Schur solver for QCD

Staggered fermions (almost the same for Wilson fermions):

S = Z {Z R, [(ZﬁmUx,uwm—Fﬁ) o (Qﬁx—l—ﬁUa]:L,ywm}
[ (Balae,11) = (UL e 0| + M(Gw) |

Unitary transformation + constant multiplier: hoppings in k-th time slice +

( 1w 00 0 ... \ mass term
0 1 o, 0 0 ...
By 1
0 0 1 w 0 ... Wy, = ( )
MU)=1 o o 0o 1 o 10
: 5. — diag(U, 1)e* 0
\ —6n, 0 0 | ) b 0 diag(U, 1)e*
Additional complications: z = {k,7}
Im = Dm_l(] — gm) is needed for each time

—1 1 H ’
Dy, — wy, O W slice. But it doesn’t 3
change the overall NN,

—1
Gm+1 = Dy gm Dy scaling.



Calculation of propagators

B ->M>D‘@@;\‘EH_PD1J’>
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Proceed with sparse LU decompbsition and reverse iterations



Schur solver Vs CG
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CG is advantageous only at very large lattices (e.g. we use it for
2x102x102x160 lattice to compute Fermi velocity renormalization)




Saddle points at hlalf-filling
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Continuum limit and a-dependence
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Dominant spin-coupled field
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Dominant charge-coupled field
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Stokes phenomenon at half-filling

Relevant saddles points are the local minima of the action if we are
bounded within RN

Action for one-site model
in two-field formalism at
half-filling; a=0.95




Action for one-site model
in two-field formalism at
half-filling; a=0.8




Trr rr rrrr1rr|rrrrrrrrrr1rrrrrrrrrr71
-

Action for one-site model
in two-field formalism at
half-filling; a=0.5

Irrelevant saddle

Relevant saddle



Saddles points away of half-filling

A Im

U=3.8
a=0.9
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Saddles points away of half-filling:

convergence of iterations
9*ReS /99 90 0°ReS/90\™ 90"

Hessian matrix at r — A C
saddle point: Bl C B

0°ReS/90! 90" 0’ReS/00" 00"
A and (-B) should be positive-definite, also the eigenvalues of the
matrix: A~ 1cB 1
should satisfy the condition:

|)\z‘ <1

In 1D case in means:
larg %S|, | < 7 /4



a-dependence at van Hove singularity
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Sign

Dominant spin-coupled field
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Im¢

Dominant charge-coupled field
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Saddle points and phase transitions

Dependence of saddle points on chemical potential:
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Optimal
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HMC with gradient flow

Approximates thimble with solution of Gradient Flow equations (following arXiv:

1609.01730): ]
Z = Db S2+i%o] Dde 52 det J
RN RN
Zeros of Im \EjJacobian of_
determinant \ transformation
can cause
ergodicity
issues = 2@ mmmemmmmmmme oSt e e e m - -

i)i/

Solution of Gradient Flow
equations for the flow
time 71, starting from
Gaussian thimble

e d = ¢ + 1P
Re

Thimble in Gaussian
approximation around
vacuum saddle point

<Oe7j Im(—S+Indet J)+Re(In det J)>

(0) =

(e? Im(—S+Indet J)+Re(In det J)>



ARe S

HMC with gradient flow: calculation of

derivatives

0.0009 - I . -27.84 [ ! ,
0.0008 S e / 27.842 A Aq=3.0x10"
0.0007 A -27.844
0.0006 .
00005 / g -27.846
00004 § -27.848
0.0003 Jo 72785
0.0002 / : i -27.852
00001 (a) - -27.854 . (b)

0 = -27.856

o 05 1 15 2 25 3 1e-06 1e-05 0.0001 0.001
AQ x 10° Precision of integrator for GF

Gradient Flow equations are solved for all individual shifts of auxiliary fields, to
compute derivatives of the final action with respect to initial fields. Molecular
dynamics for initial fields uses these derivatives.

Scaling: C, C,,p N.*N? instead of N33 N,!'in BSS-QMC




HMC with gradient flow: examples
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HMC with gradient flow: benchmarks (1)

2x2x256 lattice, U=2.0, =20.0, u=1.0

Kinetic energy | Spin-spin

correlation
Diagonalization
observables
BSS-QMC (ALF) | 19.587+0.002 | -0.1466 *+ 0.0008 .
(ALF) with BSS-QMC
HMC with flow | 19.65 +0.31 -0.112 + 0.0069 )
_ and Ex. Diag.
a=1.0
HMC with flow | 19.52 +0.17 -0.142 + 0.0062
a=0.8

cosimS$S cos ArgJ | Signy

Comparison of BSS-QMC (ALF) |0.2363 + 0.2363 +
parise . 0.0032 0.0032
average sign with HMC with flow | 0.9627+ |0.427+ |0.351+
BSS-QMC for a=1.0 0.0038 0.014  |0.015
discrete fields HMC with flow |0.797+ | 0.915% |0.644 +

a=0.8 0.022 0.008 0.028




HMC with gradient flow: benchmarks (2)

2x2x2x256, 2x2x2x384 lattice; U=2.0, B=20.0, 30.0; u=1.0

0?13 ' 1 ' v

. B v :

& 03} 5

N N

go 0.2 r EP 01

5 5

Z 01 z | N

HMC, B=20 —e— 0.03 ALF —eo—\
HMC-GF, T=0.05, B=20 — 4 HMC-GF, T=0.05 —&—
HMC-GF. T=0.08. B=30 —w— _ 001 LHMC-GF.T=0.08 —y— |
0.5 0.6 07 08 09 1 1.1 10 20 30 40 70
u B

Also, recent tests on 2x4x2x256 lattice showed average sign>0.7

Possible problems due to growth of fluctuations of Jacobian:
N,=256: <cos Arg J> =0.915+-0.008, D,=1.115
N,=384: <cos Arg J>=0.823+-0.018, D;=1.68



1)

2)

3)

4)

5)

Summary

Set of algorithms for fast solution of GF equations was
developed.

Using this set of algorithm we could find saddle points both at
half-filling at non-zero chemical potential. Thus we could study
the properties of saddle point decomposition approaching
continuum and thermodynamic limit.

There is optimal regime at intermediate values of alpha around
0.8, where only vacuum is important in overall sum (at half filling
this result is numerically exact).

In optimal regime the ergodicity issues are weak enough for
HMC-CG could reproduce exact diagonalization.

Further directions: Hubbard model on square lattice, QCD (?)






