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Motivation |

» Search for QCD critical endpoint is gaining
attention
. . . ~155
» HIC experiments ongoing — dynamic processes
» Theoretical understanding of dynamic CEP g
signatures needed 2
» First-principle lattice simulations operate in 3
Euclidean framework
» Functional methods powerful, but require s

truncation
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Motivation |l cnc.-rm

» First-principles method for real-time calculations
required
> Make use of scale invariance at critical point:

m Diverging correlation length — large clusters
m Observables behave like (O) ~ |7|7, 7= %‘s
m Universality

» Critical phenomena fully captured by classical J

description [ = o N

= Study classical systems of the same universality class

M >0

(M(r,J = 0))
—0)

X d
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Zo theory cnc.-rm

L() =

21— g

(et ne?)

l\DIr—t

» For J — 0 invariant under change of sign
¢——9¢

> If m? <0, T—T Lo < 0: symmetry
spontaneously broken M=(¢)#0

» CEP of phase border at T'=1T,,J =0,
Ising universality class

M >0
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Classical field theory - real-time lattice cnc.-rm

1

H (¢) = 56"+ V(9)
V(g)= 5 (V67 +m*?) + 56— Jo

ot + At) — p(t) = At -

Pt + At) — p(t) = —At - Oy H

» Discretize ¢(x;), (x;) on square/cubic lattice

> Solve equations of motion at every lattice site

» Average over thermal initial conditions

» Hamiltonian dynamics: energy conserved — microcanonical ensembles

= Calculate real-time observables as functions of ¢(t), (%)
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Classical field theory - real-time lattice cnc.-rm

H($) = 58 +V(9)

1

V(g)= 5 (V67 +m*?) + 56— Jo

ot + At) — p(t) = At -

St + At) — d(t) = —At - O, H At (WA + 27T77(t))
» Discretize ¢(x;), (x;) on square/cubic lattice

> Solve equations of motion at every lattice site

» Average over thermal initial conditions

» Langevin dynamics: coupling to heat bath — canonical ensembles

= Calculate real-time observables as functions of ¢(t), ¢(t)
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Spectral functions



Why spectral functions? cnc.-rm

» Spectral function defined via decomposition of Green's function:
p(t,t za) =i < [o(t,2), (T, x')]>
Fltt, o) <{¢> ), ()} ) - ()’

> Contains information about possible excitations of the system

m ldentify relevant d.o.f.
m Basis for transport, hydrodynamic descriptions

> Accessible by scattering experiments

» Classical limit: commutator — Poisson bracket (tricky), anti-commutator — 2
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Why spectral functions? cnc.-rm

» Spectral function defined via decomposition of Green's function:
p(t,t za) =i < [o(t,2), (T, x')]>
Fltt, o) <{¢> ), ()} ) - ()’

> Contains information about possible excitations of the system

m ldentify relevant d.o.f.
m Basis for transport, hydrodynamic descriptions

> Accessible by scattering experiments

» Classical limit: commutator — Poisson bracket (tricky), anti-commutator — 2 (easy)
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Calculating the spectral function cnc.-rm

» Use fluctuation-dissipation theorem to get p from F

Fo) = =i (5 +nr) ) e

> Classical limit (large L) of thermal distribution 1 + ny(w) — L:

. T L
F(w’p’T) = _Z;P(W:paT)
= pt—t *T)——lﬁF(t—t’ 5, T)
P » Dy - T ot » Dy

)

Now calculate p from classical fields ¢, &!

(1)

()
(3)
(4)
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Spectral Functions | cnc.-rm

10° » Symmetric phase: single
1072 quasi-particle excitation(?)
» Fit to Breit-Wigner shape
pw (w,p)
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Spectral Functions |l cnc.-rm

d=2,7=1.689 25 ‘Wc(’}/‘: 0)‘ }
| 50(y=0) —=—
. p=0.00 —— 9 | we(y=0.1) —s—
10% - p=0.20 5I'(y=0.1) —s—
p=077 —x— . fit |
= 102 . fit —— n 1.5
= =, T
3 1 *:j o
L 0
10 Mﬁ:xx . -
) 0.5 X X X.
1072
2 0

0 02 04 06 08 1 12 14
w p
> Breit-Wigner shape fits data points around peak

> Resulting central frequency fits w?(p) = m? + p? perfectly

> No p-dependent corrections to damping rate:

['(p,7) ~ 7 + const. (6)
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Spectral Functions Il cnc.-rm

100 » Ordered phase: quasi-particle
excitation 4+ X

.."IIIIII —2
7=-0.33 is"'"'{#% 10 » X = capillary wave, “ripples”
— 1 » Isolate large frequencies for fit
1 < to pBW(wap)
p 05 =0.01 w
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Spectral Functions IV cnc.-rm

d=2,7=-0328 05| wly=0)
' 5 ('y = O) ——
p=0.00 —+— 9 | UJC(7 = 0.1) —%—1
10" - p=0.20 5T(y = 0.1) —a—
p=077 —x— fit =
~ 1 fit TooLs uii
= 107 I T
3 " -
< g S\ 1 mmeetiiion o s, .
x Xxmxixxxxx — §§ ,Z ¥ 05
102 %%ﬁﬁ;ﬁ*;# %Xx §§% BEXXEX 3 %
THHH 0 :
0.1 1 0 0204 0608 1 12 14
w P
» Breit-Wigner shape fits narrow region around peak
> Resulting central frequency still fits w?(p) = m? + p? perfectly
» Also no p-dependent corrections to damping rate:
['(p,7y) & 7 + const. (7)
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Spectral Functions V cnc.-rm

0.8 0.4
0.6 - 0.3 -
704 - 702 -
3, 3,
0.2 - 0.1 -
0 L L 0 L L
—0.2 0 . 02 0.4 —0.05 0 . 005 0.1

» ' =0, m? = 2as T — 0 (mean-field limit)
» Quasi-particle mass drops, damping rate increases as 1" — T,

» Continuous process at large spatial momentum
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Dynamic critical behaviour



Critical spectral function cnc.-rm

» Strong IR divergence building
up at low p

» Critical contribution
suppressed at high p

» Quasi-particle mass m? — 0
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Dynamic scaling hypothesis | cnc.-rm

» Time scale diverges with length scale: & ~ &% ~ 777% T-T.

» Time/frequency variables only enter observables in rescaled form: T

p(p.) = 500 (57w, 5p, 577) ®)

» Choose s = w1/?

p(w,p,7)=w @ Mg, (P/wl/Z,T/wl/”Z) (9)

=- Universal scaling function f,,
= If £,(0,0) >0, find IR power law at p = 0,7 — 0:

p(w,0,0) =w™ /2 F (0,0) (10)
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Dynamic “Universality Classes” cnc.-rm

» Time/frequency scaling exponent z
= dynamic universality classes
» Additional influcences on z:
m Conserved charges
m Coupled modes
» Classification scheme by Halperin/Hohenberg

®m “Models”, ordered by conserved fields and non-vanishing Poisson brackets
¢* w. Langevin dynamics: Model A (3D: z a2 2.05, 2D: 2 ~ 2.17)

¢* w. Hamiltonian dynamics: Model C (3D: z = 2.17, 2D: z = 2)

QCD: Model H — z = 3 (Son, Stephanov 2004)

Challenge:

Find universal scaling functions, distinguish models A and C!
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Universal scaling function CRC-TR2n

d =2, Model A d =3, Model A
)0 . . .
= 1 = » Scale-invariant spectral function:
2w i
=107 F 1
& 10 % s _ 2— z -
I R pw,p,7)=s"p (3 W,Sp,S”T)
10721071 10° 10 10* 10® 10* 10721071 10° 10 102 10° 10*
@, = o/p ©, = /5
d =2, Model C d =3, Model C > Let s = pili

p(w,p,7=0)=p (p‘zw, 0)

P p(w, p)

» Limiting behaviour:

1071 100 10 102 10 10

2, =&/p° @ = 0/p*

lim f,(z,0) ~ g (2=m/z
Figure: Rescaled spectral functions at 7 = 0. 7o

Overlapping data points reveal the scaling function. ilg%) fp(x7 0) ~z
The black line is the inverse sum of the limits.
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Universal scaling function

d =2, Model A

100 L
T 107! F
ERRTEE J
= 3 0.001
= g3 | T=0.
S T=0.008 ke
1070 F 7= 0031 —5 % !
1071 10° 10" 102 10® 10* 10° 10°
zr =of|7]"
d =2, Model C
100 £
© 10 E
2 w02 .
<
T 1078 [ 7=0.001
= g T=0008 —x
1070 F 7= 0031 —x—s
1071 10° 10" 10% 10° 10* 10° 10°

Figure: Rescaled spectral functions at p = 0,7 > 0.
Overlapping data points reveal the scaling function.

P a

[Tl plw,7)

[r[p(w, )

100 F
10 [
1072
1073 [
1074 -

10° L

107!

102 L

103

10t L

d =3, Model A

107t 100 10t 102 10%  10*

o =@/l
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"
£
*
£

: )
%
Er=0001 3

%
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"
S
3

1071 10 100 10?2 10° 10%

The black line is the inverse sum of the limits.

cnc.-ﬁ

» Scale-invariant spectral function:
p(w,p, )= s@=p <szw, sp, S%T>
> Let s = |7|7” where 7 > 0:
pw,p=0,7)= T_(2_77)/”fT+ (T_”Zw, O)
» Limiting behaviour:

lim f(z,0) ~ 2z~ M/2
T—00

lim £ (z,0) ~ x
z—0
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Universal scaling function cnc.-rm

d=2, Model A d =3, Model A
e , N ,; 1 » Scale-invariant spectral function:
2 AT
R U S it T 2 1
e | 2o . p(w,p,7)=s*"p (szw, sp, svr)
10° 10* 10 10® 10* 10° 10°
@ = ol r =/
d=2, Model C =3, Model C > Let s = ’T‘_V where 7 < O:
10°1 Lo i i | 100 L
T T _(2— [
< 0y < p(w7p = O?T) =T ( T])/l/fT (T VZW’O)
=gt | 7= —0.0006 £
= 7= —0.0051 =
107° [ 7 =-0.0141

» Limiting behaviour:

10° 10" 10% 10 10* 10° 100

P a

lim f=(x,0) ~ z~ /2
Figure: Rescaled spectral functions at p = 0,7 < 0. x'_mo B
Overlapping data points reveal the scaling function. ilg(l) fr(2,0) ~x

The black line is the inverse sum of the limits.
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Universal scaling function cnc.-rm

» Scaling behaviour accesible in all cases

m Critical scaling has wider range for d = 2 than for d = 3
m Stronger non-critical corrections for Model C than for Model A

» Scaling function at 7 = 0,p > 0 can be parametrized by

1
(ap) "+ 15t

fp (:zp,O) = for x, = w/p* (11)

» Scaling functions at 7 # 0, p = 0 similar

D. Schweitzer Spectral functions of Z2 Lunch Club | 16.12.20



Autocorrelation time & | cnc.-rm

» Fourier-transform of scale-invariant p(w, p, T) to time domain yields

p(t,p,7) ~ 1~/ (pzt, Ttl/”) (12)
=  p(t,p=0,7=0) ~t /"1 (13)

» For finite 7, p, one expects
Jim p(t,p,7) ~ exp —é, (14)

vz

= Autocorrelation time ‘ft ~ &~ T
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Autocorrelation time & |l cnc.-rm

d =2, Model A d =3, Model A
fit ——
10% ©
» Find power-law divergence
10° : : : 100 L ; e : —
~0.1 0 0.1 —0.04 —0.02 0 002 0.04 around 7 =0

’ ! » Strong divergence for 7 > 0,
=2 Modd © =38 Model @ smaller amplitudes at 7 < 0
» Relatively large regular part

10°

—0.04 -0.02 0 0.02  0.04
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Extracting 2



Divergence of & CRC-TRan

d =2, Model A d =3, Model A
w 128 — e w0 96 —e—s
Lo B, W 10 —— ]
3 S - R & > Fit the exponent of the power-law
ot | - ] . r<0] ‘ divergence
' e ' e - strong correlation of exponent and
d =2, Model C d =3, Model C am p| itude
- corrections from regular part
5 5 = Use ratio of & for different models to
estimate z4 — z¢

—vzA
P P gt,A ~ ‘T| ~ ‘T’I/(Zc—ZA) (15)
ey = ‘ —vzo
10 - Iﬂ;gg b J 10 LI;@g —— é-t?C |T’
© w L=192 ——r
E T e -2a=01870Y
< < - larger error, jitter
+ better to visualize difference
1 10 10 100
rLMY rLMY
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Overlap of data/universal function cnc.-rm

d =2, Model A d =2, Model A d =2, Model A
100 A R et ettt e Lot [Ty
5 T 107 S ]
= 3 —2 ] 3 _3

5 £ = . = 0 0.0006 ]
& - T 107 = —4 [ 7=—0. ] 1

S, * S T=0008 &0 0051
105 L p=020 —— ] 107% £ 7= 0.031 »—x—* X 1077 - 7= —0.0141 1
10721071 10° 10' 102 10° 104 107t 100 101 102 103 10* 10° 1ob 100 101 102 10J 104 1o° 105

o = /5 2 =a/|r|"* zr = /||

» Minimize 2-norm of pair-wise distance between interpolated spectral functions

2
2— 2—
p; "p(piw, pi, 0) — pj ”p(pjw,pj,o)’

(16)

ZZ/dw

2 - 3
Pi Pi<p;, - . T Ap(piw, pl,0)> + (P? nAP(P?CU,Pjﬁ))

-+ No a priori information necessary, only specify w interval

Limited precision
Lunch Club | 16.12.20 20 / 24
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Limiting behaviour of universal function cnc.-rm

d=2, Model A d=2, Model A d=2, Model A
10 T 100 3 o .
E - T 107! i T 1072 ]
3 10 10— S
= 0 < 107 i 2 108 i
=
d T o107 L o4 [ T =—0.0006 ]
% 107t = & 00051
10-5 i 10~ 107 L 7= —0.0141 .
‘
102107 10° 10" 10> 10® 10* 1071100 100 102 10 101 10° 108 100 100 10° 108 100 10° 108
@y = /D zr =&/ @y =/

» Large-x behaviour of the universal function is controlled by z

1 —z
Jo e 0) = (apzy) "+ fotal forzp = /7 at

+ Higher precision
Dependence on borders of fit interval
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Critical dynamics — summary cnc.-rm

» Plausible results for &, z in power law fits at 7 =0

» Measureable difference z¢ — z4

d ‘ Model ‘ Zmeas. ‘ Exp. MC/scaling
2 [ A 2.12(1) | 2.09(6)  2.1665(12)
2| C 1.98(1) - 242-2
3/ A 2.02(3) - 2.05(3)
3| cC 2.18(7) - 242-217

Table: Comparison of our results to experiment and literature.
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Conclusion cnc.-rm

> First-principles calculation of spectral functions using classical-statistical simulations

> Identified relevant excitations in all regions of the phase diagram
» Explicitely verified dynamic scaling hypothesis

m Observed scaling behaviour in frequency, temperature and spatial momentum
m Extracted universal scaling functions, developed parametrization

m Analyzed divergence of autocorrelation time &;

m Extracted the dynamic scaling exponent z

» Compared dynamic critical behaviour of Models A,Cin d =2 and d =3

m Very similar up to amplitudes
m Stronger non-critical contributions in Model C
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Outlook cnc.-rm

» Currently underway: Study on Models B, D T
(conserved order parameter)
» Analysis of multi-time correlations of T#" Tc
m Effects of non-continuous symmetry on conservation
laws

m Transport coefficients

» Non-equilibrium critical phenomena (Thesis of
C. Kummer)
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Outlook cnc.-rm

» Currently underway: Study on Models B, D T
(conserved order parameter)
» Analysis of multi-time correlations of T*" Tc
m Effects of non-continuous symmetry on conservation
laws
m Transport coefficients
» Non-equilibrium critical phenomena (Thesis of
C. Kummer)

Happy holidays!

Thank you for your attention.

D. Schweitzer Spectral functions of Z2 Lunch Club | 16.12.20



	Spectral functions
	Dynamic critical behaviour
	Extracting z

