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The QCD-Phase Structure, so far...
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A Functional Approach

The infrared regularized path-integral / generating functional:

Zk[J] = /[d‘)p]ren,pzzk2 exp{ - S[SD] +J- 90} y

1
/[d(p]ren,pQZk2 = /[d@]ren eXp{ - 5()0 . Rk . 90}

Conclusion
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A Functional Approach

The infrared regularized path-integral / generating functional:

Zk[J] = /[d‘)p]ren,pzzk2 exp{ - S[SD] +J- 90} y

1
/[d()p]ren,psz2 = /[dw]ren eXp{ - 5()0 . Rk . 90}

WilJ] = In Zi[J]

Conclusion
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A Functional Approach

The infrared regularized path-integral / generating functional:

Zk[J] = /[d‘p]ren,p22k2 exp{ - S[SD] +J- 90} y

1
/[d@]ren,p22k2 = /[d@]ren exp{ - 5()0 . Rk . 90}

Conclusion
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Wi[J] = In Z,[J] Tk[¢] = sup { / J(z)p(x) — Wi[J] — AS [ab]}
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Results in the FRG
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Successive integration of momentum shells:
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QCD at low Energies
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(bosonized) 4-fermi-interactions

RG-scale k [GeV]

(M. Mitter, J. M. Pawlowski, N. Strodthoff,
Phys.Rev.D 91, 054035)
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QCD at low Energies
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e Complete basis
consistent with
symmetry.

(bosonized) 4-fermi-interactions

RG-scale k [GeV]

(M. Mitter, J. M. Pawlowski, N. Strodthoff,
Phys.Rev.D 91, 054035)
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QCD at low Energies

e Complete basis
consistent with
symmetry.

¢ We have one dominant
resonant channel.

(bosonized) 4-fermi-interactions

RG-scale k [GeV]

(M. Mitter, J. M. Pawlowski, N. Strodthoff,
Phys.Rev.D 91, 054035)
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QCD at low Energies

e Complete basis
consistent with
symmetry.

¢ We have one dominant
resonant channel.

(bosonized) 4-fermi-interactions

RG-scale k [GeV] e Introduction of a
quark-condensate: gq.

(M. Mitter, J. M. Pawlowski, N. Strodthoff,
Phys.Rev.D 91, 054035)
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A Simple Low Energy Effective Model of QCD:

L= [ {6+ 20 + 5@ + Fnalr-9)q + Vi }

Kinetic quark term >/
Kinetic meson term
Quark-meson coupling

Higher-order mesonic scatterings
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A Simple Low Energy Effective Model of QCD:

L= [ {6+ 20 + 5@ + Fnalr-9)q + Vi }

Kinetic quark term >/
Kinetic meson term
Quark-meson coupling
Higher-order mesonic scatterings

Use the condensate as an order parameter:

_ 0 symmetric phase
oo broken phase
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Solving FRG-Equations
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Solving FRG-Equations

oV + f(0,V) + 90V, 05V) = s(h(p),

PDE with second order derivatives:
= Analogy to Hydrodynamics
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Solving FRG-Equations

oV + f(0,V) + 90V, 05V) = s(h(p),

A
I, \\
1 ! A}
[— | ]
+5 , _
Y f
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e

PDE with second order derivatives:
= Analogy to Hydrodynamics

PDE with discontinuities:
= Requires discontinuous methods
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Solving Conservation Laws

Scalar conservation law:

Opu+ 0z f(u) =0
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Solving Conservation Laws

Scalar conservation law: With numerical approximations:

atu + 6a:f(u) =0 U,h(t,ﬂ?k), fh(uh(tvxk))
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Solving Conservation Laws

Scalar conservation law: With numerical approximations:

yu+ 0y f(u)=0 up(t, or), fulun(t, zr))

The scheme converges if the residual vanishes:

Ry = Owup + Op fr = 0



Introduction LEFTs of QCD in the FRG DG-Methods Results in the FRG LDG improvements Conclusior
00 0000 0®000 © ) 000 ofole

000

Solving Conservation Laws

Scalar conservation law: With numerical approximations:

Ou+ 9, f(u) =0 up(t, ), frnlun(t,zr))

The scheme converges if the residual vanishes:

Ry = Owup + Op fr = 0

Convergence on Nodes:

Riu(t,zp) =0 Vo, €Q
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Solving Conservation Laws

Scalar conservation law:

With numerical approximations:
Ou+ 0, f(u) =0

U’h(t7 xk)) fh(uh(t7 xk))
The scheme converges if the residual vanishes:

Ry = Owup + Op fr = 0

Convergence on Nodes:

Orthogonal to test-functions:

/ Ru(t,x)(xz) =0
Q

Riu(t,zp) =0 Vo, €Q
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Discontinuous Galerkin

Computational domain: Solution in each cell:
K N+1
Qx~q, =D up(t,x) = Y ik (1) (2)
k=1 n=1

https://en.wikipedia.org/wiki
/Finite_element_method J
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Discontinuous Galerkin

Computational domain:

https://en.wikipedia.org/wiki
/Finite_element_method J

Solution in each cell:

N+1

up(tx) =Y 4k (t)n(x)

n=1

Best of Finite Volume

Cell average vanishes.
geometrically flexible

Inherently discontinuous

Higher order accuracy problems
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Discontinuous Galerkin

Computational domain: Solution in each cell:
K N+1
Q~q,=JD" up(t,x) = Yk ()n(x)
k=1 n=1

Best of Finite Volume
® Cell average vanishes.
® geometrically flexible
¢ Inherently discontinuous
® Higher order accuracy problems

Best of Finite Element

® Residue vanishes weakly.

® Higher order accuracy

https://en.wikipedia.org/wiki ® Method is global
/Finite_element_method J
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Numerical Flux and Weak Convergence

/ . ((atui,h + @i nOzUs p + Sih)Un + fi,haxlbn)dl’
D

= _/aDk wn( fia+ D(uih,u;h,ﬁ) )daﬁ
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Numerical Flux and Weak Convergence

/ . ((3tui,h + a; hOxUi p + Sin)n + fi,haxﬂfn)dﬂ?
D

= _/aDk wn( fin+ D(uj,h,u;mfl) )daﬁ

/ [ )

® Conservative numerical flux:

* — 1 _ C
£ wy) = 5 (i) + f(ug)) + 5 ([un]]
® Non-Conservative numerical flux:

1/t 7]
Du,u",h) = 5./0 |a\ﬁa—fds
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Numerical Flux and Weak Convergence

/ . ((3tui,h + a; hOxUi p + Sin)n + fi,hazﬂfn)dﬂ?
D

= _/aDk wn( fin+ D(uj,h,u;h,fl) )dac

/ [ )

® Conservative numerical flux: 1 N
0.75| ¢
+ 1 + C 05 /
* — _
f (uh7uh)=5(fh(uh)+fh(uh))+5[[uh]] g
§-0.25
-0.5
® Non-Conservative numerical flux: 075 \\
-1 7 =
_ 1 1 o] ) 0.25 05 075 1
Du,u",h) = 7/ |a\ﬁ—¢ds x/2n
2 Jo Os

Hesthaven, Warburton, Nodal
Discontinuous Galerkin
Methods
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Implementation

Distributed and Unified Numerics Environment

applications

* Modular toolbox (C++) "' oee
discretization modules extra grids external modules
® Variety of grids (1D, 2D ...). odele @,,, s 0

® |Implementations of FEM,
FVM, DG- _
® Various time-stepping
modules

(c) 2002-2016 by the Dune developers J

. https:// .dune-project.org/
e Large-scale computing pe:Awww.dune-project.org
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Applying DG to FRG
Solve explicitly for m2 = 9,V (p) = u(p):

= Take a derivative w.r.t. p ==z

O — 0y (F(u) + G(u, 8pu) — s(z)) =0

Conclusion
000
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Applying DG to FRG
Solve explicitly for m2 = 9,V (p) = u(p):

= Take a derivative w.rt. p ==z

O — 0y (F(u) + G(u, 8pu) — s(z)) =0

Large-N limit (N; — oco), solve additionally for
my = 2ph(p)* = v(p):

Oyu — Oy (F(u) — s(v, 3:)) =
Ov — a(u)dv + L(u,v,x) =
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RG-Time Evolution of the Masses
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E. Grossi, F. Ihssen, J.M. Pawlowski, N. Wink, Phys.Rev.D.104.016028
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The Chiral Phase Structure
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Chemical potential [GeV]

Phase diagram with running field
dependent quark mass, large Ny
limit.

mass, finite Ny.

E. Grossi, F. Ihssen, J.M. Pawlowski, N. Wink, Phys.Rev.D.104.016028
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The Chiral Phase Structure
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The Chiral Phase Structure
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Chiral Crossover Transition

F. Ihssen, J.M. Pawlowski in preparation
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Shock Development for Ny — oo
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E. Grossi, F. Ihssen, J.M. Pawlowski, N. Wink, Phys.Rev.D.104.016028



Introduction LEFTs of QCD in the FRG DG-Methods Results in the FRG LDG improvements Conclusiol
00000 0000000

Shock Development for Ny — oo
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© @ Shock position a
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X 0.02 5 a first order
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Quark chemical Potential pg * Hidden second

order phase
transition of the
shock position.
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E. Grossi, F. Ihssen, J.M. Pawlowski, N. Wink, Phys.Rev.D.104.016028
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Dealing with Diffusion: LDG-Methods
= Solve explicitly for m2 = 9,V (p) +2p9;V (p) = w(p)

Ou — 9y (F(u) + G(w)) =0

Ow — 0, (H (u, w) 4+ za(w)dyw) = 0

= Introduce a stationary equation:

0= v—0yj(w), j(w):/\/a(s)ds

B. Cockburn, C. Shu, SIAM J. Numer. Anal., 35(6), 2440-2463.
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Riemann problem for an O(1) model
in 0+0 dim (in the 2" derivative):

¢ Slopes travel with convection.

¢ Slopes smooth out with
diffusion.

= What happens to Shocks?

Results in the FRG LDG improvements Conclusion
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F. Ihssen, F. Sattler, N. Wink, in preparation
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A first look at the Quark-Meson model
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¢ Open technical issue: shock development & convexity

¢ Diffusion smooths phase transition
= Strong dynamics

F. Ihssen, J. M. Pawlowski, F. Sattler, N. Wink, in preparation
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¢ Shock development within the

1st order regime in the ¢ Discontinuities may heavily
large-Ny limit. influence the position of the
QCD phase transition at high
¢ Diffusion shifts the shock to densities.

second derivative at finite V.
y y

Discontinuous methods are necessary to capture full physics!
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Conclusion

¢ Shock development within the

1st order regime in the ¢ Discontinuities may heavily
large-Ny limit. influence the position of the
QCD phase transition at high
¢ Diffusion shifts the shock to densities.

second derivative at finite V.
y y

Discontinuous methods are necessary to capture full physics!

Results are right around the corner!
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> on EOM in phasediagram

u,

*»A. Connelly, G. Johnson, F. Rennecke, V. Skokov,
Phys.Rev.Lett.125, 191602
- N. Khan, J. M. Pawlowski, F. Rennecke, M. Scherer,
o arXiv:1512.03673
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Pu

currently developing the DUNE-FRGDG module: F. Ihssen; W. Kritsin, F.-Sattler; V. Wiist
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Thank you for
your attention!
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e Evaluate at constant fields:

¢

q

—,

o,7) = (00,0)

Il
—

qg=0
= LHS simplifies to:  0,I'[¢] = /ddx Vi(p),
with p = ¢?/2.
* Compute the second derivatives Fff) for the RHS:
L 461p) = P + Vip) +20V" ()
& i6)p) = * + Vi(p)

Ff(;]);k?[d)] (p) = F)/p,pu + hk(p)O’O



0O@000

Aile) = 3 [+ ) ) 2R gm0

l\D\»—~

1
_QLP+W(H4WWM+&MW)

1 Ny—1
+7/ O Rp 1 (p?
3 ), P Vi) + ) )

AN} N,
R 2
/pp2+2phi<p>+R%,k<p2> B (p)

MRk (p?)

= Choose regulator

= Similar derivation for ;1 (p)
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Time-stepping

2
1=
=
=)

Maximum wave speed C

— Constant
B Field dependent

® Approx. vacuum
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Wavespeed f,....: Biggest contribution to
the conservative flux.

CFL-Conditions:

Az 1

At —————
- (2N+]—) fmaz

With maximum wavespeed:

fmaz > omax, |0u f(u)]




Convergence
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Error in comparision to a solution with high approximation order
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Large-N Flow Equations

Flow equation of the pion mass:

E® (N
2 _ ™ T
Ormyz =0, lW{GZ(l +2np(e;))
4x2x3
- T(l —nyp(ed +p) —nyp(el —M))}] .

Flow of the quark mass:

Mok 2 2
;’ [mﬁ,kB(WQ,k, me ) — A(mﬂ,k)} )

2 _ 2 2
Oymy y, fA(mmk)Gpmq’k + a

with
A(mi,k;T, ) = —2Nﬂv3k2l53’4)(mi7k;T) ,

B(m?2 o, m?2 1 Ty p) = —4Nzvs LY, (m2 ., m?2 15T, ),
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