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Condensed matter physics

Collective phenomena

) o
® o
®e
e o° =
e o o
interacting quantum novel, distinctly
many-particle quantum phases of
systems matter
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magnetic ordering superconductivity Bose-Einstein
condensation
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Superconductivity

Conventional
superconductors

e T, <39K

e eg.: mercury, aluminum, ...

Well understood by BCS theory

electrons condense into Cooper

pairs

attractive interaction: quanta of
lattice vibrations
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High-temperature
superconductors

e T. < 138K

® e.g.: cuprates, iron pnictides, . . .

BCS theory fails

unknown mechanism of pairing

what is the attractive
interaction?




Experimental phase diagrams

Strongly correlated metals show a plethora of phases with competing orders
at low temperatures. Often in proximity:

¢ antiferromagnetic (AFM) order

* unconventional superconductivity (SC) unusual symmetry
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Candidate for universal physics

Proposition: AFM fluctuations near quantum critical point (QCP) can mediate

unconventional superconductivity

¢ AFM exchange may lead to formation e T

of Cooper pairs

e enhancement of superconductivity close
to quantum phase transition (QPT)

T(K)

o T = 0 transition driven by quantum
fluctuations
o continuous: quantum critical point

(Qcp)

e good understanding for insulators, many
open questions for metals

S. Sachdev, Quantum Phase Transitions, 2nd ed. (2011).

e Layered compounds: effectively 2D




Setup of a generic model



Starting point: Hubbard model

e one-band of S = 1/2 itinerant fermions, hopping on square lattice
e repulsive onsite Hubbard interaction U > 0

H = Zt” CinCio + UZCITCZ'TCLC“, or

ijo

H= E:gkckacka N E:CkTCk’¢Ck' a4 Ck+q,1
ko kk'\q
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for electron-doped cuprates:
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Antiferromagnetic mean field 7= -3 ti;cl,cjo + U clieirel i

* rewrite interaction using S = 23" CIU [0%,,cir (@x=wz,y,2)
o,T
2U0 -2 1
_ T
H = —g:tijcwcjg — ﬁ ZS, + iUNe
I 70

e mean field: 5" = (§; — (S))2 +28, - (S)) — (§)2~ 25, - () — (5)?

e solution with perfect antiferromagnetic order:

S =o-am@-n. Q=[] an
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e put together for mean field Hamiltonian:

4U R .
Hyr = Z tij ija T Z Bo - S; cos(Q - 1) + const

ij,o

(’r)

e retranslate S — ¢; , and go to Fourier representation:

2U .
Hyr = ) ekt — =3 {CLJCHQ,T} (o 0lors,  Q
k,o k,o,7

Il
1
3 3
—_ 1

Key insight: only electrons with momenta separated by Q scatter!

I 1 |
o . T .
® low-energy physics: states near Fermi hot spots

surface most important

e discrete set of “hot spots” on the k
original Fermi surface 0
€k = €k+Q = E€F
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Going beyond mean field



Full fluctuations: Spin-fermion model
more general: Allow spin density wave (SDW) order fluctuations around

e take full Hamiltonian, decouple interaction (Hubbard-Stratonovich field ()

Z = TI‘e_ﬂH ~ /D({(ﬁq})e*s; Tre_ﬂH(‘ﬁq)

Il
| —
3 3
—_

H(Py) =Y exchac+ A diqiq(@ Fdae  Q
k k,q

e important fluctuations of g at small q < 7

e high-energy electrons integrated out: bare ¢*-theory for SDW order

1
Sp = / ar / P (0,0 + 5(VP)* + 58+ 7 (#)?

e

Analytical theory: hard

flow to strong coupling, no controlled solutions available

conflicting predictions

A. Abanov, A. V Chubukov, and J. Schmalian, Adv. Phys. 52, 119 (2003)
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Enabling quantum Monte Carlo

Unbiased, numerically exact method: Quantum Monte Carlo (QMC)

e tendency towards SDW order at Q = (7, )

e structure of hot spots and Fermi surface curvature in
vicinity important for universal physics

generically: fermion sign-problem

simulations prohibitively expensive

e small modification: two fermion flavors 1, 1,

e split Fermi surfaces, sustained hot spot structure

allows extra antiunitary symmetry U = iocy™o5"C

= sign-problem-free determinantal QMC

Want to learn more about this? Slides in the back
E. Berg, M. A. Metlitski, and S. Sachdev, Science 338, 1606 (2012).
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Model probed by QMC
Lattice field theory S = foﬂ dr(Lp + L) with

e two-flavor fermionic action

Z wazs )62] - tocij] '@[Jajs

%,5,8 r
a=T.y - 6 ky T
+ A Z e Qi3 gﬁi]ssfwliswyisl +h.c. SDW coupling
i,5,s"

e bosonic action for O(2) order parameter @:
I« 1 (d@g\? 1 L2
Le=32.2 <dT> t3 2 (Bimd)

4 Z [ %) } r tunes across

SDW transition

e O(2) symmetry: allows us to track finite-temperature phase transitions

Mermin-Wagner theorem: no continuous symmetry broken at 7" > 0 in 2D
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Determinantal quantum Monte Carlo



Quantum Monte Carlo (QMC)

Goal: From the action S = fO’B dr[Lp + L,) = Sr + S, compute expectation
values of a physical quantity A at some finite inverse temperature 8 = 1/T

W= [DEwaesse 2= [Dgpeses:

General idea of all quantum Monte Carlo approaches:
® map partition function to average over configurations {$}  with statistical
weights p, > 0
e generate Markov chain of samples and measure weighted averages of
observables

e different procedures for the mapping

-— {(z}n—l —_— {a’}n —_— {a’}n+l -
Pn-1 py pn+l

Competing orders in a nearly antiferromagnetic metal
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Determinantal quantum Monte Carlo (DQMC)

Standard algorithm in condensed matter physics for strongly correlated fermions

coupled to bosonic degrees of freedom
R. Blankenbecler, D. J. Scalapino, and R. L. Sugar, Phys. Rev. D 24, 2278 (1981).

Recipe:

e Keep the bosonic field integral and write the fermionic integral as a trace in
Fock space

B -
7 = /D(QBMM e~ Se—SF _ /D((ﬁ) e Se Tr, {eﬁ) dTHF(V’("’)):|

e Ateach 7, Hp is evaluated for a different field configuration {&(7)}
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e Discretize imaginary time into time slices¢ = 1,...,m, 8 = mAT:

m

B
Sy = / drL, (1) = ATZL¢(€AT)
0

(=1
Tr, {e— Jr dTHF«a(T))} ~ T, [ E i Gtean)

e Split up Hamiltonian Hr = Hi + Hy (p), [Hgk,Hy(p)] # 0:

Z Z wa i [16ij + taij] Yo g0 kinetic energy
i,j,00=2,y
=A Z Bilo 7-?/195 i oVy.i,r +hee field-coupled interaction
’L o, T

e Apply a symmetric Trotter decomposition

AT o He(0) _ o AT o (Hx+Hy (£))

m
~ H e—ATHK/Qe—ATHV(Z)e—ATHK/Q

{=1
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e Put together: partition function with systematic error

/ D (3 By, H Uy ()
=1

US(;( ) — —ATHK/Q —ATH\/(Z) —ATHK/Q

+0(AT?),

e Integrating out the fermions, we can express the Fock trace as a regular matrix
determinant

m

[TV

Try, = det

11 [ 2.0
=1

with B(p(‘g) — e*ATK/QefATV(Z)efATK/Q

e K and V() are complex 4N x 4N-matrices, indexed by flavor o = z, y,
spino =1, andsitei =1,... N

Their entries are just the matrix elements of Hx and Hy
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DQMC - basic algorithm

Our formulation of the partition function contains statistic weights we can
directly compute:

Z= [D@e s det L+ 1, Bo(0)

We have all the basic ingredients to setup a Monte Carlo simulation:

e Start with a random configuration of fields ;(¢) for each site i and time
slice ¢

e Repeat the following Monte Carlo sweep many times:

o For each time slice £ and site ¢ propose a new field vector J;(¢)™"
o Accept the new field vector with Metropolis transition probability

p = min {17 6,(S::w75$d) * det []l + He=1 B (g)] }

det [1+ T,-, Ba'(0)]
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e To measure fermionic observables we use the equal-time Green’s
function for a configuration of fields ¢ time slice ¢

<¢a¢g>w = [L+By() ...  By(1)- By(m)-...- By(t+1)],

® A Wick’s theorem holds, providing arbitrary correlation functions

® Imaginary time-displaced correlation functions:
application of matrices B, B;l

e Average over all sites and time slices, for many field configurations
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Four stumbling blocks



1: Numerical stability

Core of the algorithm: Computation of long chains of matrix products, their
determinants and inverses 1/T = mAT

G,=[14B1By...By]|™t,  By=e ATE/2emATVigmATE/2

Problem: ill-conditioned matrices
e Numerical multiplication B; - By mixes very small and very large eigenvalues
e Scales are “washed out” = unstable at low temperatures (long chains)
Solution:

e Separate scales by singular value decomposition (SVD)

X X X X x X X X X

_ T_ X X X X X X X X X
By =U15V] =

X X X X X X X X X

X X X X X X X X X

~ I R . 7
Y Y Y
unitary diagonal unitary
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To compute By - By = U1‘5'1V1Jr . UQSQVQT, first take

(UlSlvlTUg) .S, S, = X

X

OK: entries of S5 rescale distinct rows, scales of S5 are never mixed

Safe to compute SVD:

(LS Vi) - 85 X2 U, 5, Vi

With this procedure:

Finally

By - By = (UaSa)(VIVY)

Algorithm stable at low temperatures and strong interactions
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2: Finite-size effects

® Main limitation: moderate system sizes density of states, tight-binding model
. ) BL*/® =0 BL}/® =1
e Metallic systems: Non-localized wave . /% 2 12
function, sensitive to boundary conditions | L=3 L=32] 08
= Particularly severe finite-size effects S Loa™
M - 12
Effective remedy N p— I
—_ 08 —
Weak magnetic field, vanishing for L — oo 2, 2
Y 04
} e o M b L,
tasij¢ziswzjs — €' tasijwais¢ajs 12

e lifts energy degeneracy (= Landau

levels), single particle states forced to

cover energy bandwidth

F. Assaad, Phys. Rev. B 65, 115104 (2002). wft w/t

i-koeln.de
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3: Efficient sampling
QMC is numerically exact, provided simulations equilibrate and statistical
autocorrelations are under control (fight critical slowing down)

Accurate Monte Carlo sampling:
e local @;(7) moves
e additional global moves: overall shift + Wolff single cluster update
e extended ensemble with replica exchange (“parallel tempering”)
o parallel simulations at various 7 (degrees of order)
o configurations: random walk in 7-space

T T T T T T
(I 0] e |
—— canonical
) = replica exchange
” Es 0.8 - 0.8
— - = —nm
1‘{ | s
1‘~"’ n e, r = 0.6 4 - 0.6
| N
| _i\ g
g 04 Foa
<
=
0.2 02

T T T T T T
06 -04 -02 00 0.2 0.4

Control parameter r

1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400
t [Monte Carlo sweeps]
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4: Computational cost of linear algebra

e exploit sparseness and low rank of matrices where possible

e still, computational effort scales like the cubed system size: "~ O(BNS)

® in our case: magnetic order parameter choice of O(3) vs. O(2) saves factor of

23 =16
O(3) model:  4Nx4N matrices 0O(2) model:  2Nx2N matrices
xt x|yt yd xt x} y1 yl_ additional unitary symmetry =0
AlB|| x1 xl y1 x|yt
- xT yl x1 yl
_ B[-Al| *!
Y@= 378 y1 xtxl xtxl
: K= Vip)=

B'[-A vl yiyt yiyt

Competing orders in a nearly antiferromagn
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Stumbling blocks

Technical troublemakers:

Numerical stability at low T’ Slow equilibration

v matrix factorization v global updates, replica exchange

Finite-size effects Computational cost

v artificial magnetic flux X O(ﬁN‘g) scaling

We would like to access larger systems: Can Hybrid Monte Carlo methods help?
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Physical results



Reminder: Experimental phase diagrams

Strongly correlated metals

Cuprates
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Reminder: Physical model

Lattice field theory S = foﬂ dr(Lr + L) with

e two-flavor fermionic action

Z ¢azs ) ig taij] ¢ajs

1,J,8
a=z,y

+A Z QT3 @i]ss,wjmwws, +hec.

. ’
%,5,8

e bosonic action for O(2) order parameter ¢:
I« 1 /d@\? 1 L L2
L¢=§ZC—2 <d7> +§Z(%—%‘)
+ Z [ %) }

SDW coupling

7 tunes across

SDW transition
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Numerically obtained phase diagram

0.2 paramagnetic . T 02
T
c L
Tdia
&~ 0.15 -0.15
O
= L
=
= superconducting
5 0.1 fluctuations —0.1
= « diamagnetism
g ' e « gap above T,
- coexistence
0.05 e ' —0.05
0- critical point? 0
10
tuning parameter r
energy scale Ep ~ 2.5 A=3c=2
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Spin density wave order

2D system, continuous O(2) symmetry

= expect Berezinsky-Kosterlitz-Thouless (BKT)

transition at 7" > 0

e critical low-temperature phase:

(7 - 174

T > Tspw,
T < Tspw

e universal exponent ) = 1/4 for T = Tspw
e Finite-size scaling of SDW susceptibility to locate (T = Tspw)
X = foﬂdT Zz(‘ﬁz(T)(ﬁO(O» ~ L2 for T < Tspw

High temperatures

Consistent scaling

Below superconducting dome

T < T,: Scaling breaks down

weakly first-order?

ni-koeln.de
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SDW susceptibility Iny

temperature

I

s "

. d-wave superconductor

P =

T
8

3
B Jo

T T T T
3 ! 25345
tuning parameter

d7g;(7)

4] @T=1/8,r=913
n=025(1)
34
4] BT =1/16,r=971 .
n=02522)
37 3
44 ©T=1/20,r=9.68 o
n=0.25(4) ’
34 .
In6 In8 N0 12 Inl4
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Superconducting transition
Linear response theory:
e current-current correlator:
Nazl(@) = 32, Jy dre™0 (ju(xi,7)2(0,0))
e longitudinal response: Al = limg, 0 Azz(gz,qy = 0)
transversal response: AL = limg, 0 Ara(gz =0, qy)

e superfluid density: p; = i [A“ — Al]

BKT transition at T:
® ps jumps by universal amount Apg = 23}

e ps > Ap: superconducting phase

i-koeln.de Competing orders in a nearly antiferromagn
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d-wave superconductivity : =

o
h
B
g
2
T
>

Pairing susceptibilities “ois] n
Ag(ri) =2 ¢T Q/JT + wT ¢T §ofii Lo
E 2itVeil = Vyir Yy .l
005 ) 5 : . _to
e d-wave: R R
_ b ———
P_ = de Yo i(AL(r;, 7)A_(0,0)) S0 mingperamaer £
;: ® S-wave:
2 — T
E Py = [dr32;(AL(ri, 7)A1(0,0)
g. 35
z “[v=0100
8 3.0F
2 250
5
4 D:f 2.0
= 15F
1.0
0.5 L L L L I I L
9 10 11 12 13 9 10 11 12 13 9 10 11 12 13

Finite-size scaling

P_ diverges wi stem size = superconducting phase has d-wave symmetry
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Charge density wave (CDW) fluctuations
d-wave CDW susceptibility

Ef(l‘i) = Z (wxzswxis wyzswyi8>

T
°
T

s

temperatur
g s
f N
Brges
i
T T

s=T,] $het. E Fpreees superconduct(:r He|
C_(a) = / dr(A (a.7)A(q.0) P P

=14,T=1/12,r =104 3

2.75 4 & =
1 2 8 B
2:50 2.5 04 E
2.25 S 1 s 0 2
3 4 !
2.00 1l 24
1.75 S F 3
g 15 I o
1.50 © 15 S or=104 %,
Las 1o T=005 =
1 ——— —
— 0 05 1 15 2

momentum q, /T

°om e »
[ [ [ [}
00 = = —

N

enhanced CDW fluctuations, but short correlation length = no CDW phase

peak at q ~ (7, 0.837) effect of band structure
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Conclusions
Numerically exact, unbiased results:
e d-wave superconducting phase from spin density wave fluctuations
® phase diagram similar to various unconvential superconductors

e charge or pair density wave phases would require additional interactions

Read more:
o full discussion: arXiv:1512.07257 02 : ;snw o2
Y i
: T
® recent related papers: ~ o154 w L os
o Liet. al arXiv:1512.04541 s LEan
. . s superconducting
running on Tianhe-2! g 01 ) fluctuations o
o Xu et. al, arXiv:1602.07150 g FN——_
o 0.05 o " +0.05
. " A dwave superconductor =
e commentary: JCCMP Jan 2016 0L ‘ ‘ ‘ ‘ : ‘ Lo
8 9 10 11 12 13 14 15

tuning parameter r
Coming up:
® acloser look on quantum criticality

Thank you!

e algorithmic advances?
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Appendix



DQMC - What about the sign problem?

We just tacitly assumed the weights
pp =e % -det[1 + [}, B,(0)]

to be real and positive. Generally this is not necessarily true.

e If some p,, are negative, they cannot be interpreted as statistical weights for
the evaluation of observable estimates:

E =P A sums over all
<A>est'm = M field configurations &
i ) ) .
E ngé@ sampled during a simulation

would not hold
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® One can instead use the absolute value [p,| for the statistical weight:

<A>|p| _ Z¢|p<ﬂ| <A>¢
estim Z =D
gLre
e Additionally measure the sign s, = p¢/|p@ , then recover

_ Xppe () Tgselrel (), (s)ll
estim 2 gPe >3 Selpyl (8}‘17‘

estim

(4)

e For (sign) # 1: divide by average of strongly fluctuating +1

o Need about a factor of (sign>72 more samples compared to (sign) = 1

e E.g Hubbard model: (sign) ~ e N7

o in special cases ¥ = 0, else: only small systems at high temperatures are feasible
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No sign-problem in the SDW model

Prove that these issues do not apply to the two-band model

Recall
Pe = e - det [1+ H?:l B, ()],
with B, (£) = ¢~ ATK/2g=ATV() = ATK/2,
The matrices K, V ({) are given by (indexes: band, site, spin)

Koot ijoo' = 0go'0aa’ (—ta,ij — 110i5),

0 1 o
V(ﬂ)aa/ﬂ-j,(m/ = )\ |:1 O:| 6” [O' g Qﬁi(gAT)]o_U,

Now introduce an anti-unitary operator

__ + _band _spin
U=1i03"cy C

with Pauli matrices acting on band or spin index and complex conjugation C
Easy to check: / commutes with both K and V/(¢), also: U? = —1
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Hence, the anti-unitary U also commutes with M = [1 + Hznzl B, (0)).
Also remember: U? = —1

e Assume an eigenvector v:
Mv = Mlv
e Use anti-unitarity: UTMU = M
Ut Muv = \v
e UseU'U = 1 and anti-linearity U\v = \*Uv
MUv = X'Uv

So to every eigenvector v with eigenvalue A, also Uv is an eigenvector with
eigenvalue \*.
v and U are linearly independent:

Uv=av = Uv =o' Uy = —v=|a*
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e All eigenvalues of M = [1 + [[,~, B,(¢)] occur in complex-conjugate
pairs
e Sodet M =T, [M\]*>0

All weights are positive:

e 5% -det [L + []}2, Bo(£)] > 0

There is no sign-problem
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