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MONTE CARLO METHODS & CUTOFF EFFECTS
Z= /DUHdetD pf, mg; U)e=56(BU) B_QN
N¢ g
@ Importance sampling <+ positive Boltzmann weight
@ Sign problem for real ;1 # 0 <> det D € C
o Thermodynamical studies with T = W

e Thermodynamic and continuum limit at fixed T by
N, N, =00, a—0

+
gluon quark

http://www.jicfus.jp Slat — Scont +qa+ C282 + ...
Non-unique discretization: different lattice actions < different cutoff effects
e Wilson: LO O(a)

> local, doublers-free, correct CL
> no chiral symmetry

o Staggered: LO O(a?)

> theoretically not fully understood (rooting)
» remnants of chiral symmetry
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THE SIGN PROBLEM IN LATTICE QCD
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OUTLINE

©@ QCD PHASE DIAGRAM AT REAL AND IMAGINARY [
© EXTENDED QCD COLUMBIA PLOT (2 # 0)

e THE ORDER OF THE THERMAL PHASE TRANSITION

e EXTRAPOLATION FROM IMAGINARY CHEMICAL

POTENTIAL
o Nature of the Roberge-Weiss endpoint at Ny = 2
o Z, line in my — (£)% at Ny =2

© EXTRAPOLATION FROM NON-INTEGER Ny AT ;1 =0
® 7, line in mz, — (Ny)

O OuTLoOK
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THE QCD PHASE DIAGRAM AT REAL

RHIC-BES uarks and Gluons e PQCD
TR A o Models % <1

Temperature T [MeV]

o Lattice QCD % >1

@ heavy-ion collisions

: » RHIC-BES
~ » NICA
P : » Nuclotron-M
Nuclei ° L \ > LHC
: / » FAIR
& Net baryon density n/ no
< Compact Stars ( )_/y n0=0.1y6 LR

~
http://nica.jinr.ru/

o Location and order of thermal phase transitions as a function of u?
e Existence of a critical endpoint (CEP) at u # 07
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THE QCD PHASE DIAGRAM AT [ = i
THE ROBERGE-WEISS SYMMETRY

TA
\ Z(n) =2 (-n)
- 4 Z(HPY_ (1, 2N
First order lines (7) - 7 +1 NC
T
C=0Rk+1)—,keZ
TcRW‘ End or meeting points '.' 'ul ( ) NC
a & 1 N, —1
. Lmle = > Trc | [ Uo(no,n)]
o n0:0
2nm
s (p) = —— with n € {0,1,2}
0 I T > 7 3
: s
Roberge and Weiss (1986), 0< i < 3
10.1016/0550-3213(86)90582-1

@ RW endpoint: true phase transition
e Meeting of RW and chiral/deconfinement phase transitions continued to p
e Rich phase structure depending on N¢ and m,
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1% order o Coarse lattices
o All 3 critical at uf

o 1% order regions
extend till p =0
> myq —0
> My,d — OO

I* triple

) I triple

e 27 order critical
masses m§, m$ at
p=0

—
=

de Forcrand and Philipsen (2002), 10.1016/S0550-3213(02)00626-0,
D’Elia, Lombardo (2003), 10.1103/PhysRevD.67.014505
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OUTLINE

© EXTENDED QCD COLUMBIA PLOT (2 # 0)
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2D COLUMBIA PLOT ms — my 4 AT p =0

Dependence of the order of the thermal phase transition on m,
e Breaking of global Z(3) for m, 4, ms — o0
o Restoration of global SU,(Nf) x SUg(Nf) for my 4, ms — 0

Current knowledge (no CL)

@ Physical point

Order parameters
4 e Polyakov loop for m, 4, ms — oo
P =Trel /At

o - o Chiral condensate for m, 4, ms — 0
rossover ; ww _ 6|0g Z/amu.’d

0 Ma.d

Svetitsky, Yaffe (1982), 10.1016/0550-3213(82)90172-9
Pisarski, Wilczek (1984), 10.1103/PhysRevD.29.338
Aoki et al. (2006), 10.1038/nature05120
de Forcrand and Philipsen (2007), 10.1088/1126-6708/2007/01/077
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10.1103/PhysRevD.29.338
 10.1038/nature05120
 10.1088/1126-6708/2007/01/077

At least two possible scenarios on the nature of N = 2 chiral transition

Mg

0

F. CUTERI

2D COLUMBIA PLOT ms — my 4 AT p =0

Second order scenario

Ny=2

04)

@ Phusical point

miric

)
7.

S

Crossover

Ny =

My, d

Mg

0

First order scenario

Ny=2

@ Physical point

o
P
KR
Crossover

2y

Mad

e Direct (expensive) approach: p =0 and m, 4 — 0
o Indirect (cheaper) approach: 1 = iy;, bigger my 4 and scaling laws

Svetitsky, Yaffe (1982), 10.1016/0550-3213(82)90172-9
Pisarski, Wilczek (1984), 10.1103/PhysRevD.29.338
Aoki et al. (2006), 10.1038/nature05120
de Forcrand and Philipsen (2007), 10.1088/1126-6708/2007/01/077
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10.1103/PhysRevD.29.338
 10.1038/nature05120
 10.1088/1126-6708/2007/01/077

Mg

@ Physical point

Crossover

Z

0 Mo 0

May.d
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2
3D COLUMBIA PLOT (4)" — ms — mygq

Nr=2 o0

(&)

Sign
problem

_ -0

@ Physical point

Crossover

0 Myd NO
sign
problem

-(3)*



 arXiv:1610.09979

courtesy of A. Sciarra arXiv:1610.09979

inT
3

o From mi in RW plane p = ip; =
o Send p; — 0 mapping (72(my 4) (3D lsing)

tric

o Expected tricritical scaling mi/j’ =C [(%)2 — (%)2 }
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TOWARDS REAL-/ COLUMBIA PLOT

Real world ——
n
£
466D eritical point
.
2y
—
-
T
o (/ { Crossover /1@1') oo
—
— 7
— o m,

Real world ——

QCD critical point DISAPPEARED

@ Analytical continuation on constraint that no non-analyticity is met

e Existence of 2"¢ order CEP depending on the bending of the Z, surfaces

continued from p;

FEB 01, 2017
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OUTLINE

e THE ORDER OF THE THERMAL PHASE TRANSITION
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ESTABLISHING THE ORDER OF THE TRANSITION

o Analysis of the order parameter (O) distribution and its moments

BA((0), 5. g, V) = BolB. e i M) = T
O = Lim, 1W

the condition Bs(8, mgq, it, No) = 0 VN,;

Vmy, identif b
@ Vmg 1dentity /BC Y {the crossing of B4(ﬂ7 mg, 4, NJ) for different Ng.

® Buy(B(c), mg, i1, N ) gives the order of the transition as function of 3, mg or p

1 1%torder;
O — (O))* ’ '
B4(5(c), mg, p, Ny) = <<(((’)—<<(’)>>))2>>2 o 1.604, 2"9orderZ,;
Be crossover.

)
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FINITE SIZE SCALING (FSS) ANALYSIS

Critical exponent v by either fit or quantitative collapse

— V, — V>V, — V3>V2>V1 — V=0

3

By

1.604

X-Xo)
Ba(X, N,) = By(Xc,00) 4 a1 x + a» x> + O(x®)
XE(X_XC)N;'/V’ X:B7 m, &71
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OUTLINE

e EXTRAPOLATION FROM IMAGINARY CHEMICAL

POTENTIAL
o Nature of the Roberge-Weiss endpoint at Ny = 2
o Z, line in my — (£)% at Ny =2
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ROBERGE-WEISS TRANSITION IN Nf =2 QCD
(Unimproved) Wilson fermions on N, = 4,6 [10.1103/PhysRevD.93.054507]

T
\ / %:wiznk, kez
T= ! — ap
AN, TN,
,'l “\ O=Lm
o 1
__,_-"' | \\___ 2(am + 4)
0 T M
T
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ROBERGE-WEISS TRANSITION IN Nf =2 QCD
(Unimproved) Wilson fermions on N, = 4,6 [10.1103/PhysRevD.93.054507]

Histogram of Ljthzcromean

7000
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' i
B rtonk kez
T

5000 f-
° 4000 - T T
S 1 = au- = —
Q 1
LN IURTRTTE T . 0. s NS, =W g L T R a(B) N N
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0 j ‘ ‘ ‘ ‘ ‘ j h—
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ROBERGE-WEISS TRANSITION IN Nf =2 QCD
(Unimproved) Wilson fermions on N, = 4,6 [10.1103/PhysRevD.93.054507]

3.0

1.0

T N.,=20 (raw)
F N,=24 (raw)
{ T N,=30 (raw)
i {
! | i f
by
ty
114 %
4
i Frat 3
n % i N
¥ x
-5.7‘8(1 ).%85 3.71‘)” .7"‘)")

5.775

%:wiznk, ke

— api =

b
a(p) N

O:le

" 2(am + 4)
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ROBERGE-WEISS TRANSITION IN Nf =2 QCD
(Unimproved) Wilson fermions on N, = 4,6 [10.1103/PhysRevD.93.054507]

2.6
24 7 E:71':|:27Tk,k€Z
T
2.2 _
2 |
E 1 s
3 18 e T=—— —au=—
5 aB) N, TN
16 4
14 N 0= le
1.2 |
. PR S
5.8 - 2(am + 4)

fit reweighted data by Bu(B, Ny) = Ba(Be,00) + a1 (B — B)NYY + ... .

Ferrenberg, Swendsen (1989), 10.1103/PhysRevLett.61.2635

F. CUTERI - GOETHE UNIVERSITY FEB 01, 2017 19 / 33


10.1103/PhysRevD.93.054507
 10.1103/PhysRevLett.61.2635

ROBERGE-WEISS TRANSITION IN Nf =2 QCD
(Unimproved) Wilson fermions on N, = 4,6 [10.1103/PhysRevD.93.054507]

Ny =4 —+— N, =6 e

07 b % 4 — Ny=4 — N=6
2t order 4 06301}
3 1 :
0.6 E = 1
i 1 2l
s 05 Tricritical I N g_»
04 + } -
15 triple <
b
03 - -
K
L
0.08 0.10 0.12 0.14 0.16

Fheay = 0.10(1),  kigsh = 0.155(5)

Hﬁreig:';y — 011(1)’ thﬁ; = 01625(25)
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ROBERGE-WEISS TRANSITION IN Nf =2 QCD
(Unimproved) Wilson fermions on N, = 4,6 [10.1103/PhysRevD.93.054507]

Pinke, Philipsen (2014), 10.1103/PhysRevD.89.094504, F.C. et al (2015), 10.1103/PhysRevD.93.054507

Bonati et al. (2011), 10.1103/PhysRevD.83.054505
N,=4 —+— N, =6 —e— N,=8 N, =4 =
L staggered

T T

0.7 - B

274 order

06 - ﬁ % ]

Tricritical

-; 15! triple
03 4

I I I I I I I I I
500 1000 1500 2000 2500 3000 3500 4000 4500
my, {MeV}

mtrlcr. heavy __ 3659t22:3u9) [\/IeV, m:rrlcr. light _ 669t%51 MeV

0.12fm <a<0.18 fm
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ROBERGE-WEISS TRANSITION IN Nf =2 QCD
(Unimproved) Wilson fermions on N, = 4,6 [10.1103/PhysRevD.93.054507]

Pinke, Philipsen (2014), 10.1103/PhysRevD.89.094504, F.C. et al (2015), 10.1103/PhysRevD.93.054507

Bonati et al. (2011), 10.1103/PhysRevD.83.054505
N,=4 —+— N, =6 —e— N,=8 N, =4 =
L staggered

T T

0.7 - B

274 order

06 - ﬁ % ]

Tricritical

-; 15! triple

0.3 - i

I I I I I I I I I
500 1000 1500 2000 2500 3000 3500 4000 4500
my {MeV}

@ Tension between results for different discretizations (Wilson, staggered)

o Need larger N, to attain continuum limit
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ROBERGE-WEISS TRANSITION IN Nf =2 QCD

(Unimproved) Staggered fermions on .. = 6 [Philipsen and Sciarra arXiv:1610.09979]

0.7 *

—— 274 order I % T ; I
0.6 I ' % T

X 0.5 * Tricritical / %
AN . Larger volume

o4 } Only 2 volumes e

[—— STILL RUNNING 15t triple STILL RUNNING —
L N

I Il I I I
I

| |
0.20 0.30 0.40 0.50 0.60 0.7

m

| |
0.003  0.005  0.007  0.009 0.011

e Simulations ongoing

e Waiting for pion mass measurement

@ Shift wrt N. = 4 (d’Elia, Sanfilippo (2009), 10.1103/PhysRevD.80. 111501
Bonati et al. (2011), 10.1103/PhysRevD.83.054505)
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2
Z, CRITICAL LINE IN m, — (4)" IN Nf =2 QCD
(Unimproved) Wilson fermions on N =4 [10.1103/PhysRevD.93.114507]

o Starting point mi" at N, = 4 (Pinke, Philipsen (2014), 10.1103/PhysRevD.89.094504)

RW transition

O=1tp =N TrD!

T Y =
a(B) N, " 3N,
B 1
2(am + 4)

Nl/l/

) 1 1
fixed p =0 +— By(k,N,) = By(r,00) + by {n — } N;/” +
Re
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DIFFERENT DISCRETIZATIONS COMPARED

T T
0 H
i
02 -
=3
04 L | az0.25fm
mi(z),wﬂson — —
06 |- s L _ Ke(p =0) =0.1815(1)
mzwnc.s:aggerea - c o —~
-0.8 Wison(y_ —4)  m 4 mﬂ(:u’ - 0) ~ 560 MeV
i Wilson (- 6) -
1 | mEee(Twisted Mass, N, =12) = = i
RW m&rossever (Clover, Ny = 16) .
(%)2 1 1 1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800 900 1000
Mz
e Wilson O(a) improved results from Burger et al. (2013), 10.1103/PhysRevD.87.074508
(Twisted Mass) and Brandt et al. (2014), arXiv:1310.8326 (clover)
@ No need for extrapolation using tricritical scaling law
@ Only qualitative agreement between different discretizations
(cf. staggered Bonati et al. (2014), 10.1103/PhysRevD.90.074030)
o Expected shift of uizz(mu,d) to smaller my, 4 as a — 0
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OUTLINE

© EXTRAPOLATION FROM NON-INTEGER Ny AT ;1 =0
® 7, line in mz, — (Ny)
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Nf CONTINUOUS PARAMETER IN THE PATH
INTEGRAL

@ Partition function describing Ny flavours of degenerate mass m

Zy, (m, p, Nf) = /DA [det M(A, m, )]V eS¢
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Nf CONTINUOUS PARAMETER IN THE PATH
INTEGRAL

@ Partition function describing Ny flavours of degenerate mass m

Zy, (m, p, Nf) = /DA [det M(A, m, )]V eS¢

@ Investigation of the phase diagram in the N¢ vs m plane
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Nf CONTINUOUS PARAMETER IN THE PATH
INTEGRAL

@ Partition function describing Ny flavours of degenerate mass m
Zy, (m, p, Nf) = /DA [det M(A, m, )]V eS¢

@ Investigation of the phase diagram in the N¢ vs m plane

> mapping out the mz, (Nf) line
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Nf CONTINUOUS PARAMETER IN THE PATH
INTEGRAL

@ Partition function describing Ny flavours of degenerate mass m
Zy, (m, p, Nf) = /DA [det M(A, m, )]V eS¢

@ Investigation of the phase diagram in the N¢ vs m plane
> mapping out the mz, (Nf) line

o Chiral limit extrapolation constrained by universality
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Nf CONTINUOUS PARAMETER IN THE PATH
INTEGRAL

@ Partition function describing Ny flavours of degenerate mass m

Zy, (m, p, Nf) = /DA [det M(A, m, )]V eS¢

@ Investigation of the phase diagram in the N¢ vs m plane
> mapping out the mz, (Nf) line
o Chiral limit extrapolation constrained by universality

> tricritical scaling
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Nf CONTINUOUS PARAMETER IN THE PATH
INTEGRAL

@ Partition function describing Ny flavours of degenerate mass m

Zy, (m, p, Nf) = /DA [det M(A, m, )]V eS¢

@ Investigation of the phase diagram in the N¢ vs m plane
> mapping out the mz, (Nf) line
o Chiral limit extrapolation constrained by universality

> tricritical scaling

> Non-unique interpolation between Ny =2 and Nf = 3;
Inp=2 g = /DU[det M(U, m, u)># e=%¢

Znpan = /’DU[detI\/l(U,ml,u)]z[detM(U,mz,u)]e_sG
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FURTHER INSIGHTS INTO THE PHASE DIAGRAM

We still do not know the order of chiral transition for Nf = 2

me 15t
) ) ) 18t
@ Physical point 1 _» Zo
el
- Crossover
Crossover Lo
S
N ‘
0 Moy,d L

0 1 2

Only two possible scenarios out of more are discussed ( Vicari (2007), arXiv:0709.1014,...)

>Nf
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FURTHER INSIGHTS INTO THE PHASE DIAGRAM

mgz,(Nf) according to the second order scenario

Ny=2 00 mA
ms 0(4)
°
5 1t o7
) ° Physical point g 2
”1"\.'.”‘1 _:3 / |
o
i
W
- ("rossovejr
Crossover | &
Zy st
0 LOHL/: 1 >
Mu.d 0 1 2 Xj?n 3 Ny

F. CUTERI - GOETHE UNIVERSITY




FURTHER INSIGHTS INTO THE PHASE DIAGRAM

mgz,(Nf) according to the second order scenario

Ny=2

_ o0
Mg 04)
° Physical point m
HIL'.i(i

2 H

$ g

) ‘_./. )
Crossover | . riric 3 N
3 \ f
NFe > 2
0 Mauy,d
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FURTHER INSIGHTS INTO THE PHASE DIAGRAM

mgz,(N¢) according to the first order scenario

Ny=2 00 mA
ms
@ Physical point r E
Crossover ot
2, 2
0 May,d 0
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FURTHER INSIGHTS INTO THE PHASE DIAGRAM

mgz,(N¢) according to the first order scenario

Ny=2 00
M
@ Physical point r m
§ (
§
3 1.91‘,
] >
Crossover ;L N}m 2 3 N f
NEe < 2
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CODE & INVESTIGATED PARAMETER SPACE

o All simulations employ the OpenCL-based CL?QCD code
Philipsen et al. (2014) arXiv:1411.5219 https://github.com/CL2QCD/cl2qcd

» Unimproved rooted staggered fermion discretization (RHMC algorithm)

@ No. of flavours — Nf=2.8,2.6,2.4,22,2.1,2.0
o Coarse lattices — N, =4

o Chemical potential — nw=20

@ Scan in mass — m € [0.0250, 0.0007]

o Finite size scaling — N, =8,12,16,20

e Scan in temperature — (3 —15) [ values

e Statistics — ~ (200k — 400k) per

F. CUTERI - GOETHE UNIVERSITY FEB 01, 2017
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CHECKING THE ORDER OF THE TRANSITION...

o Chiral condensate (37)) and moments of its distribution
(B = (0u))")
- - n/
(@6 - (Gu)?)"

Bﬂ(<1zw>76’ m, V) = BH(B’ m, NU) =
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CHECKING THE ORDER OF THE TRANSITION...

o Chiral condensate (37)) and moments of its distribution
(B = (0u))")
- - n/
(@6 - (Gu)?)"

Bﬂ(<1zw>76’ m, V) = BH(B’ m, NU) =

e Vm, N, identify 8. by the condition B3(3,m, N,) =0
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CHECKING THE ORDER OF THE TRANSITION...

o Chiral condensate (37)) and moments of its distribution
(B = (0u))")
- - n/
(@6 - (Gu)?)"

Bﬂ(<1zw>7ﬁ’ m, V) = BH(B’ m, NU) =

e Vm, N, identify 8. by the condition B3(3,m, N,) =0

()
0.6
e
aid
0.4 pis
T
02 +
_ o
= "
= o i
& e
02 ﬁl,ﬂ
iﬁ
4
0.4 ﬂ
#
iﬁ
7“([1’ 001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009
j +5.182

FEB 01, 2017

F. CUTERI - GOETHE UNIVERSITY



CHECKING THE ORDER OF THE TRANSITION...

o Chiral condensate (37)) and moments of its distribution
(B = (0u))")

Bn(<1zw>7ﬁa m, V) = Bn(ﬁa m, NU) = _ _ > n/2
(B0 —(Bv))?)

Vm, N, identify . by the condition B3(3, m,N,) =0

@ By(Bc, m, N,) to extract the order of the transition as function of m

(36— (o)) e
By(Bc, m, Ny) = ~ {1.604, 2"orderZs;

- - 2 —00
<(¢1/’_ <¢1/1>)2> 3 Y 3, crossover.

c
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...AND LOCATING myg,(Ny)

Fitting B4(5c, m, N,;) at fixed Ns and various N,, as function of m

Bi(Bc, m, Ny) = By(Be, mz,,00) + a(m — mz, )NYV + ...

1.9

185 [ 1 Bs(fe, mz,,00) = 1.604
1.8

175 a=0.59(5)
1.7 -

165 - v =0.6301
1.6

11 - mz, = 0.0211(3)

145 5

14 Ny=28 Xndf=10 = 0.27
5 vl b b b b b b b 1

i
0.017 0.018 0.019 0.02 0.021 0.022 0.023 0.024 0.025 0.026
m
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How (WABE) SMALL IS THE TRICRITICAL SCALING
REGION IN myg,(Nf)?

0.03 0.24
022 4
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How (WABE) SMALL IS THE TRICRITICAL SCALING
REGION IN myg,(Nf)?
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de Forcrand and Philipsen (2003), 10.1016/j

.nuclphysb.2003.09.005

FEB 01, 2017


 10.1016/j.nuclphysb.2003.09.005

How (WABE) SMALL IS THE TRICRITICAL SCALING
REGION IN myg,(Nf)?
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de Forcrand and Philipsen (2003), 10.1016/j.nuclphysb.2003.09.005
Bonati et al. (2014), 10.1103/PhysRevD.90.074030
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How (WABE) SMALL IS THE TRICRITICAL SCALING
REGION IN myg,(Nf)?
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Nf = 2.2 € TRICRITICAL SCALING REGION?
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mz,"(Nf) = C (Nr — NE™) Xndf=1 = 0.28
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Nf = 2.2 € TRICRITICAL SCALING REGION?
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@ Assuming that the tricritical scaling sets in at Ny = 2.2

» Same scaling window in m as found in the extrapolation from p;
> NI =1.75(32)

e Waiting for ongoing simulations at Ny = 2.0...
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OUTLINE

O OuTLoOK
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OUTLOOK

o First investigation
> Just entered the scaling region...
» Coarse N, = 4 lattices explored
» Rooted staggered fermion discretization: cross check needed

@ Theoretical caveat: at non-integer N¢ our theory lacks locality and does NOT
correspond to a well defined QFT in the CL

@ Theoretical caveat: co many interpolations between Ny =2 and Ny = 3
|imN[*)273 Z(Nf = 2#) = Z(Nf = 2,3)
o However
> the relative position of N w.r.t. Ny =2 has to be uniquely determined by
every interpolation
> possible matching among interpolations

@ In view of a continuum limit: the width of scaling regions fixed in physical
units will shrink in lattice units
» Which extrapolation is more expensive?
* from imaginary chemical potential y; at Ny =2
* from non-integer Nf at u =0
* from Nf = 2 4 1 while increasing ms at 4 =0
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THANK YOU!

FEB 01, 2017 33 /



	QCD phase diagram at real and imaginary 
	Extended QCD Columbia plot (2=0)
	The order of the thermal phase transition
	Extrapolation from imaginary chemical potential
	Nature of the Roberge-Weiss endpoint at Nf=2
	Z2 line in m- (T)2 at Nf=2

	Extrapolation from non-integer Nf at =0
	Z2 line in mZ2-(Nf)

	Outlook

