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[Bailin and Love ’84; Schafer, Shuryak
’98; Alford, Rajagopal, Wilczek, ’98;
Rapp, Schafer, Shuryak, Velkovsky ’98;
Berges, Rajagopal, ’99; Son ’99;
Pisarski, Rischke ’00; ...; Nickel,
Wambach, Alkofer ’06; ...; Fischer,
Luecker, Mueller ’11; ...; Strodthoff,
Schaefer, von Smekal ’12; ...; Khan,
Pawlowski, Rennecke, Scherer ’15; ...;
Reviews: e.g. Buballa ’05; Alford,
Schmitt, Rajagopal, Schafer ’07]
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EARLY UNIVERSE [Watts et al. “16]
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©

g .. on the fixed-point structure
5 of hot and dense QCD with

= o two massless quark flavors

.. symmetry breaking patterns
0.01-] ... qualitative
.. first steps on a longer trip
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... quantitative
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QCD: from high to low energies

eRenormalization Group (RG) flow:

5 Tun = [ { 1Bk + 060+ 9410
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eRenormalization Group (RG) flow:

5 Tun = [ { 1Bk + 060+ 9410
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QCD: from high to low energies

eRenormalization Group (RG) flow:

5 Tun = [ { 1Bk + 060+ 9410

momentum shells)

(integrating out




Role of gluon-induced four-fermion interactions?



Role of gluon-induced four-fermion interactions

[Gies & Jaeckel ’05; JB & Gies ’05, '06]

O\
g =0
9’ = gz
fixed-point )\

annihilation

e Of -3 - I
K is the RG scale:

K~p (“momentum scale”) ~ )\2 ~ Ag?



Role of gluon-induced four-fermion interactions

[Gies & Jaeckel ’05; JB & Gies ’05, '06]

O A
g° =0

g° =gz

fixed-point )\
annihilation

@

critical gauge coupling ggr:

If 92 > ggr === no fixed points

(A — 00)



How many four-quark channels”? Symmetries!



How many four-quark channels”? Symmetries!

[Gies & Jaeckel ’05; JB & Gies 05, '06; Mitter, Pawlowski, Strodthoff *14; JB, Leonhardt, Pospiech’ 18]

symmetry group
color SU(N.)
chiral SUL(2) ® SUR(2)
vector Uy (1)
axial Ua(1)
Poincare v 4
time reversal v
parity v
charge conjugation v
# of channels 4 ottt
# of fixed points 16




How many four-quark channels”? Symmetries!

[Mitter, Pawlowski, Strodthoff *14; JB, Leonhardt, Pospiech’ 18]

symmetry group
color SU(N.)
chiral SUL(2) ® SUR(2)

vector Uy (1)

axial UX(1)
Poincare v/
time reversal v/
parity v/
charge conjugation v
# of channels 6
# of fixed points 64

Fierz-complete
set



How many four-quark channels”? Symmetries!

[UB, Leonhardt, Pospiech’ 18]

symmetry group
color SU(N.)
chiral SUL(2) ® SUR(2)
vector Uy (1)
axial Ua(1)
Poincare X
time reversal v
parity v
charge conjugation ) ¢
# of channels 8 ottt
# of fixed points 256




How many four-quark channels”? Symmetries!

[UB, Leonhardt, Pospiech’ 18]

symmetry group
color SU(N.)
chiral SU(2) ® SUR(2)
vector Uy (1)
axial UX(1)
Poincare ) 4
time reversal v
parity v
charge conjugation ) ¢
# of channels 10 ottt
# of fixed points 1024




How many four-quark channels”? Symmetries!

may be broken
spontaneously

[UB, Leonhardt, Pospiech’ 18]

symmetry group
color SU(N.)
chiral SU(2) ® SUR(2)
vector Uy (1)
axial UX(1)
Poincare ) 4
time reversal v
parity v
charge conjugation ) ¢
# of channels > 10 fievian
# of fixed points > 1024




Running of gluon-induced four-quark interactions

[JB ’'06; Mitter, Pawlowski, Strodthoff ’14; Springer, JB, Rechenberger, Rennecke’ 16]

[U 4(1)symmetric, vacuum limit: JB '0O6]

[broken U 4(1), explicity chiral symmetry breaking,
vacuum |limit: Mitter, Pawlowski, Strodthoff ’14]

(bosonized) 4-fermi-interactions

3
2 L
_ scalar-pseudoscalar
< 1L channel
\\
0
_1 L 1 L 1 ! !
0.6 0.8 1 1.2 1.4 1.6
fixed-point k [GeV]
annihilation

1.8 0.1 1 ) ‘10
k [GeV]

e scalar-pseudoscalar channel is dominantly generated

at high scales

®at high scales: similar
and chemical potentia

oehavior at finite temperature




Four-quark interactions and symmetry breaking”?



Aspects of the low-energy regime: brief reminder

o classical action (NJL model):
S = / {@Zlaw - 5\(0'—7'(') [@1@2 o (@757??#)2}}

e spontaneous (chiral) symmetry breaking:

W) # 0

ebosonized version: (o ~ Yp, T~ YysTY)

S = /x {@Zi@@b + (o +iysT M) — A, (07 + 7?2)}



Aspects of the low-energy regime: brief reminder

large four-fermion
coupling indicates

onset of chiral
symmetry breaking
m? < 0

m2 ~ 1/5\(0_7T)

o
no fermion mass/gap finite fermion mass/gap wine-bottle
(Yp) =0 (Yh) #£ 0 potential
(symmetric phase) (broken phase)

ebosonized version: (o ~ Yp, T~ YysTY)

S = /x {@Zi@@b + (o +iysT M) — A, (07 + 7?2)}



—ffective low-energy description

[UB, Leonhardt, Pospiech '18]

®-ierz-complete ansatz for the effective action:

[y = / {15 (iZ)7000 +1Z17i0i —1Zupyo)

1- 1-
—I__)\(O'—T(') (S_P)+§)\CSC (CSC)

1< 1< ad]
+—)\(S+p)_ (S"‘P)_—|—§)\(S+P)a;dj (S—I—P) y




—ffective low-energy description

[UB, Leonhardt, Pospiech '18]

®-ierz-complete ansatz for the effective action:
[y = / {QZ (iZv000 +1Z17:0; — 1 Z,pv0) ¥

e complicated ground state: many “wine bottles” ...

TITINIREY



—ffective low-energy description

[UB, Leonhardt, Pospiech '18]

oU 4 (1)-breaking channels:

(S —P) = (p)” — (Pys70)°
(CSC) =4 (s 7 T¢C) (W7 T ) meemacncs
(S+P)_ = ()" — (P157%)°

+ (Pys9)° — (97Y)°
(S +P)* = (¢T%)" — (py57Tp)

+ (PsT)” — (97T

oU 4 (1)-symmetric channels: the remaining six channels



—ffective low-energy description

[UB, Leonhardt, Pospiech '18]

®-ierz-complete ansatz for the effective action:

[y = / {15 (iZ)7000 +1Z17i0i —1Zupyo)

1- 1-
—I__)\(O'—T(') (S_P)+§)\CSC (CSC)

1< 1< ad]
—I——)\(5_|_p)_ (S"‘P)_—|—§)\(S+P)a;dj (S—I—P) y

1< ()
> 5% (05,)7 ]
j=5
®|cading order in the derivative expansion, allows to

oreserve Flerz-completeness

®parameter Tixing inspired by gluon-induced four-quark
flows: (Ao—r)(A) # 0, Aese(A) =0, ..., A0(A) = 0)



RG flow of four-quark interactions at low energies

7.k



RG flow of four-quark interactions at low energies

(four-fermion coupling
grows rapidly; onset
of symmetry breaking)



RG flow of four-quark interactions at low energies

initial condition of the differential equation
determines whether, e.g., chiral symmetry is
spontaneously broken or not



RG flow of four-quark interactions at low energies

[UB’ 11]

A

no direct access to low-energy observables but the
scale for low-energy observables ) is set by the scale kqy at which
the four-fermion coupling diverges, 1/\(kg) = 0:

O ~ ko ~ [N = A\ |5



RG flow of four-quark interactions at low energies

A

(fine-)tuning of the initial condition
“mimics” the effect of the gauge degrees of
freedom in a “gluon-free” low-energy
parametrization of QCD



RG flows: finite temperature e zeo gensiy)

[UB, Janot '11; JB, Herbst’ 12]

O\ T/k >0

T

(decreases with increasing temperature)



RG flows: finite temperature e zeo gensiy)

[UB, Janot '11; JB, Herbst’ 12]

O\ T/k >0

NN A(A)

scale for low-energy observables
now depends on the temperature:

kr ~ ko \/const. K




:%G ﬂOWS: ﬂﬂite deﬂSity | (but zero temperature)

[UB, Leonhardt, Pospiech '17]

O\ w/k >0

NN A(A)

+4

i
(decreases with
increasing chemical potential)



:%G ﬂOWS: ﬂﬂite deﬂSity | (but zero temperature)

[UB, Leonhardt, Pospiech '17]

O\ w/k >0

NN A(A)

similar symmetry restoration effect
as at finite temperature



QG ﬂOWS: ﬂﬂite denSity ” (but zero temperature)

[UB, Leonhardt, Pospiech '17]

+4

—



QG ﬂOWS: ﬂﬂite denSity ” (but zero temperature)

[UB, Leonhardt, Pospiech '17]

“BCS instability”,
symmetry breaking for any value of the chemical potential

k,, ~ exp (—const./u”)



SBUT: more than one coupling — competing effects

[UB’ 11]

8,5)\2- — k@k)\z ~ 2)\7, — C@)\? — Cj)\jz

(e.q. fixed-point annihilation may be induced by competing effects)



Fixed-point structure and phases: 1 channel



Fixed-point structure and phases: 1 channel

[UB, Leonhardt, Pospiech '18]

® cffective action:

Iy =

1
/ {(kinetic term) + 5)\(0_77) (S —P) }

escale-fixing procedure: adjust the initial condition of
the scalar-pseudoscalar coupling such that a given
value for the symmetry breaking scale kg is obtained
INn the vacuum limit

oenote: RG f
mapped o

ow of the 1-channel approximation can be

N the mean-field gap equation for the

guark mass: s 1
mq(ko) =~ 300 MeV, m,(kg) ~ 800 MeV



Fixed-point structure and phases: 1 channel

T/Kg

0.4

0.3

0.2

0.1

| |
one channel

Vo, ) |
\ Vo, ) _ /
| | | | | |
0.2 0.4 0.6 0.8 1 1.2

1.4



Fixed-point structure and phases: 1 channel

T/Kg

0.4

0.3

0.2

0.1

Ly (,U

= 0) ~ 190 MeV

one channel

ter (T = 0) ~ 500 MeV

(“large value” because of the large sigma mass,
cf. also [Schaefer, Wagner ’08])




Fixed-point structure and phases: 2 channels

4l T/k‘ = O, /L/k’ =0 |\ I: | | Ao -ml —cloupling

N\ . |Acsc| - coupling = = =
2 “\i\\\\
N\, L\\ §\§

50 |

|Ail

25

® cffective action:
L 1- 1-
[, = /x {(kmetlc term)+§)\(0_w) (S—P)+§)\CSC (CSC)}

e same scale-fixing procedure (also same kg) as in the
1-channel approximation: (A, —x)(A) # 0, Aesc(A) = 0)



Fixed-point structure and phases: 2 channels

T/Kg

0.4

0.3
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Fixed-point structure and phases: 2 channels

| | | | | |
two channels

o
X
= 02} _
0.1 I _
O | | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4

M /Ko



Fixed-point structure and phases: 2 channels

Ve, )

>\CSC
|




Fixed-point structure and phases: 2 channels

>\CSC
|




Fixed-point structure and phases: 2 channels




Fixed-point structure and phases: 2 channels




Fixed-point structure and phases: 2 channels

o T/ 020, p/k=0 10

>\CSC
|




Fixed-point structure and phases: 2 channels




Fixed-point structure and phases: 2 channels

45:\ T/k=~0.30, u/k =0 H\Qt

)\CSC
|




Fixed-point structure and phases: 2 channels

>\CSC
|




Fixed-point structure and phases: 2 channels

S T/k~0.40, p/k =0 777

TTT7 77777
W

>\CSC
\
\
O




Fixed-point structure and phases: 2 channels

4\\&\ T/k~045, p/k=0 ///

N\\\rrrrtss

>\CSC
\
\




Fixed-point structure and phases: 2 channels

X T/k~050, p/k=0 |7, "~
SN =

777 :
> \ '/ // |

>\CSC
\
N

A(o—m)



Fixed-point structure and phases: 2 channels

T/Kg

0.4

0.3

0.2

0.1

| |
two channels

0.2

0.4

0.6

M /Ko

0.8

1.4



Fixed-point structure and phases: 2 channels

| | | | | |
two channels

T/Kg

0.1 |




Fixed-point structure and phases: 2 channels

Ve, )

>\CSC
|




Fixed-point structure and phases: 2 channels

4\\\ T/k=0, pu/k=~0.25 H \\\

)\CSC
|

A(o—m)



Fixed-point structure and phases: 2 channels

4\\\ T/k=0, pu/k~0.30 | M\\

SN 7777777 AN

SO RN

21\\\\\W///////L\\\\

;S;\:\E f///?f//,/// &\}\\\\é
==
St
Y,
S

< | “fixed-point creation”
: AR
\\\ \ s\\\\i\\

10



Fixed-point structure and phases: 2 channels




Fixed-point structure and phases: 2 channels

>\CSC
|




Fixed-point structure and phases: 2 channels




Fixed-point structure and phases: 2 channels

>\CSC
|

T/k=0, p/k~0.50 T

[—

“fixed-point annihilation”

INnduces dominance of
the diquark channel

\

\

1\

|
4

A(o—m)




Fixed-point structure and phases: 2 channels




Fixed-point structure and phases: 2 channels

~ (.60

1 T/k=0, p/k




Fixed-point structure and phases: 2 channels




Fixed-point structure and phases: 2 channels

AN T/k=0, pu/k=~0.70 H\\
NSTTT77777777

RN \:
SN NS

Ll

>\CSC
|




Fixed-point structure and phases: 2 channels

T/k=0, u/k ~0.75 |

>\CSC
|




Fixed-point structure and phases: 2 channels

4 |

T 7777777 AN

BN\
SNWZZNS




Fixed-point structure and phases: 2 channels
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Fixed-point structure and phases: 2 channels
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Fixed-point structure and phases: 2 channels



Fixed-point structure and phases: 2 channels

‘ \ T/k=0, p/k=~1.00 // j
|

s
N7 777777

; N AN
ESWNAZZIN

)\CSC
|

i? four-fermion coupling(s) \\\
“™\| diverge(s) for all values of \ \
_\| the chemical potential: | | |
\{  “BCSinstabilty” xs\ |
0l at high density
A(o—m)




Fixed-point structure and phases: 2 channels

T/Kg

0.4

0.3

0.2

0.1

| | | |
two channels

no symmetry restoration




Fixed-point structure and phases: 2 channels

T/Kg

0.4

0.3

0.2

0.1

| |
two channels

one channel

N
= -
= -
-~

1.4



Fixed-point structure and phases: 2 channels

T/Kg

0.4

0.3

0.2

0.1

M /Ko

I I I I tV\IIO channells
- one channel .
dominance
) of the -
scalar-pseudoscalar
i channel T
0 OI.2 OI.4 OI.6 OI.8 I1 1I.2

1.4



Fixed-point structure and phases: 6 channels

(Fierz-completeat 7' =0 and ¢ = 0)



Fixed-point structure and phases: 6 channels

(Fierz-completeat 7' =0 and ¢ = 0)

| | | | | |
SsiX channels
0.4 two channels —
—— one channel
0.3 r
o
X
= 02 F
0.1
O I I I I I I
0 0.2 0.4 0.6 0.8 1 1.2 1.4



Fixed-point structure and phases: 6 channels

(Fierz-completeat 7'=0 and ¢ =0)

0.4 |

0.3

O3/1




Fixed-point structure and phases: Fierz-complete

(10 coupled channels)



Fixed-point structure and phases: Fierz-complete

(10 coupled channels)

I I I I I I
Fierz complete

Six channels
two channels
one channel

T/Kg

-.-
- ey

01 -n-- 7

L |
......
- -]

0 0.2 0.4 0.6 0.8 1 1.2 1.4



(10 coupled channels)

Fixed-point structure and phases: Fierz-complete




Fixed-point structure and phases: U 4(1) breaking

[UB, Leonhardt, Pospiech '18]

104

0.4 Six channels =
| —

102 L
0.3 -

« 100 |

T/ko

0.2 |

2 L
0.1 r 10

0 ! ! ! ! ! ! 104 ! ! ! ! ! ! !
0 0.2 0.4 0.6 0.8 1 1.2 1.4 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

l.l/ko k/ko

ofierz-complete 10-channel basis can be mapped onto
a Fierz-complete U 4(1)-symmetric 8-channel basis

® “‘measure” strength of U 4(1) breaking with sum rules:
Rl ~ )\CSC —|— A(S+P)idj — O [dashed lines]

RQ Y 5\(5_|_P)_ — % S\CSC —I— 5\(0._7.‘.) — O [solid lines]



Fixed-point structure and phases: U 4(1) breaking

[UB, Leonhardt, Pospiech '18]

F omplete =— 104 L T/ko=0.4
0.4 & six channels =—— 4 77 b-------- . T/kg=03 ——
annels =—— _ .. T/ko>Ter (W) / kg —
0.3 108 1 K
o i > ~
< N RN o
~ 02 |+ 100 A T ) : ~
0.1 10-2 L
0 1 1 1 1 1 1 10-4 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
l.l/ko k/ ko

ofierz-complete 10-channel basis can be mapped onto
a Fierz-complete U 4(1)-symmetric 8-channel basis

® “‘measure” strength of U 4(1) breaking with sum rules:
Rl ~ )\CSC —|— A(S+P)idj — O [dashed lines]

RQ Y 5\(5_|_P)_ — % S\CSC —I— 5\(0._7.‘.) — O [solid lines]



But what about a U 4(1)-symmetric world?

(Fierz-complete: 8 coupled channels)

T/Kg

0.4

0.3

0.2

0.1




Fixed-point structure and phases: Fierz-complete

T/Kg

0.2

0.1

(10 coupled channels)

| | | | Fie;z completle
six channels —
two channels
one channel
Fierz-completeness\: .
does not matter?!? W\ Tt
0 0.2 0.4 0.6 0.8 1 1.2 1.4



Fixed-point structure and phases: many colors

[UB, Leonhardt, Pospiech '18]

e general structure of RG flow equations for many colors:

O N o—m) ~ 2ANo-m) —Clo-mApmyt D € <a LOYES
i#(o—)

8t)\j N2)\j + Z C§Z))\3‘|‘
i7#(o—)



Fixed-point structure and phases: many colors

[UB, Leonhardt, Pospiech '18]

e general structure of RG flow equations for many colors:

at)\(cr—w) ™~ 2)\(0'—71') \/

DN ~2)\

‘USing ()‘(0—7?) (A) 7& 0, A2 (A) =0,..., AlO(A) — O) , the
set of flow equations reduces to:

2
5’t)\(0_7r) — 2)\(0'—7'(') _ C(J—W))\(J—W)
875)\]' =0

NJL trajectory: “NJL coupling lives for itselt” in the limit of many colors



Fixed-point structure and phases: many colors

[UB, Leonhardt, Pospiech '18]

e general structure of RG flow equations for many colors:

at)\(cr—w) ™~ 2)\(0'—71') \/

DN ~2)\

‘USing ()‘(0—7?) (A) 7& 0, A2 (A) =0,..., AlO(A) — O) , the
set of flow equations reduces to:

2
5’t)\(0_7r) — 2)\(0'—7'(') _ C(J—W))\(J—W)
875)\]' =0

NJL fixed point (9 attractive & 1 repulsive direction) controls the dynamics



Fixed-point structure and phases: Fierz-complete

(10 coupled channels)

T/ko




Conclusions and outlook

Ccherr]

ICa

cherm

®phase boundary can be -
shapes (“almost any”) in

Ica

potential) anc

®-ierz-complete analysis of the fixed-point structure of
the QCD low-energy sector

®along the phase boundary only two dominant channels
are observed: scalar-pseudoscalar channel

(at small

diguark channel (at large
ootential), other channels are subdominant

when the same scale-fixing procedure IS Us

®|n progress: dynamical inclusion of gauge C
freedom In the analysis of the fixed-point st

'orced to assume many
-lerz-incomplete studies, even

ed

egrees of

[following earlier finite-temperature studies: JB, Gies '05,’06; JB '11]

r‘ucture



Conclusions and outlook

[JB, Leonhardt, F;ospieHnTarie.] u e Of
|

oFierz-

the | | | | | ‘\
4 |
0.15 m |

ealong '\ bnnels

T [GeV]

0.05 | e . |
|

sh dp ] 0 02 0.4 05 08 1
p |GeV]

I — —

ein progress: dynamical inclusion of gauge degrees
of freedom Iin the analysis of the fixed-point structure

[following earlier finite-temperature studies: JB, Gies '05,’06; JB '11]
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ein progress: dynamical inclusion of gauge degrees
of freedom Iin the analysis of the fixed-point structure

[following earlier finite-temperature studies: JB, Gies '05,’06; JB '11]
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potential) anc

®-ierz-complete analysis of the fixed-point structure of
the QCD low-energy sector

®along the phase boundary only two dominant channels
are observed: scalar-pseudoscalar channel

(at small

diguark channel (at large
ootential), other channels are subdominant

when the same scale-fixing procedure IS Us
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