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The phase diagram of water

Features:

> 1°% order and 2"? order phase
100MPa Critical point .

Solid Liquid ~ *7x2ov transitions
g e » Critical opalescence at the
100k Freczing point at l_ffm? Bm]\m}: point at Latm Critical pOlnt (dlverglng
- correlation length)
1kPa as
Solid/Liquid/Gas triple point L. . .. .

T » Critical point is identical* to

that of the Ising model!

~> Universality
Cmglee - Own work, CC BY-SA 3.0
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The rich structure of O(N) symmetric field theories

ale) = [ s { (600 + 5t 6607 + un 660 — H - 6(x) )

v

¢ is an N-component vector (similarly for H)

K/,/_T;;zirnl

®
1 order

» Arise from lattice models near critical points:

» Exhibit Ising-like 2°¢ order phase transitions:
~ O(N) Wilson-Fisher (WF) points

» Universality: O(N) WF points are prolific! L irier]
» Ising NV = 1, Superfluid Helium N = 2, Ferromagnets

N = 3, chiral* QCD N = 47 Random walks N = O7 -2 Stephanov, M. A., Phys.Rev.D 78 (2006)
094508

GieBen, May 2023 Gr! ry Johnson (NCSU)



The Landau-Ginzburg approximation and mean-field

Sale) = [ {5(T66P + 3t 6200 + Jun ') — H - 9} 2)

=

/ Do e 5 A ~a ! whereais a microscopic length scale (3)
A
€ Landau Ginzburg Approximation: Intuition - maintain locality and symmetries
1 2 1 2 1 4
el ~ [ {32(Vox)7 + 51600 + 7ud(o)’ - H - p(x)} @)

€& Mean-Field: minimizing I ~ spatially constant field configurations |¢(x)| = M

1 1
specific free energy f(M) = V‘lFMF[M]:§1§M2+Zujw4—HJ\[ (5)
extremizing f'(M) = 0 (6)
stability f”(M) > 0 (Criticality : f"(M)=0 (7)
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Wilson-Fisher critical points at mean-field

€ The mean-field free energy:
X P R
f(M) = itM' + ZM —HM

f(Mo) =0 ~ H= M (t+ M3
€ Reduced temperature: t <« T — T,

¢ Correlation length: ¢ = me_flf where m?2, . = f"(Mo)
~> 2" order transition when f”(Mp) =0

@ Criticality: Solve f”(My) =t + 3MZ = 0 for t=0 yields H=0

GieBlen, May 2023 Gr! ry Johnson (NCSU)



Yang-Lee edge singularity at mean-field

€ The mean-field free energy:

1 1
f(M) = 5tM? 2 M*—HM

f'(Mo) =0 ~ H= DM, (t+Mj)
® Fort < 0: f"(My) =t+3MZ =0 yields H real and non-zero ~ Spinodal point
@ Criticality in the complex plane: allow for complex fields

® Fort>0: f/(M,) =t+3M? =0 yields H purely imaginary ~ Yang-Lee edge
singularity (YLE)

€ The Yang-Lee edge location: H. and M, are both purely imaginary
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Emergence of a cubic theory

€ The mean-field free energy:
f(M) = %tMQ + iM‘* ~HM
€ Re-expanded about the Yang-Lee edge:
F(M) =4 |Mc| (M — M.)® — (H — Ho)(M — Me) + O(M — M,)*
@ Tuning h — h. brings one to the YLE - for ¢t > 0

@ No longer a A ¢* theory but an i g ¢> theory!

@ To truly understand the Yang-Lee edge, we need Lee-Yang zeros!
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The Lee-Yang theory of phase transitions I

@ Consider the Ising model:
= —ZJSZSJ HZSZ ()
(4,9)

@ Factorize the partition function via its zeros:

Zy (B, H) = _BNHZUL 2" NH (z—2) where z=e 2PH (9)
n=0

@ Thermodynamic limit: F ~ /dw g(w,t) log (2 — w) where t x T — T,

» non-analyticitites in the density of zeros g(w,t) ~ non-analyticities in F

» Lee-Yang circle theorem: Ising-like* ~» z, = €' ~» purely imaginary H
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The Lee-Yang theory of phase transitions I1

AIm(h) AIm(h) AIm(h)
T > T, T=T. T < T,
i he(T)
% Re(h) * Re(h) % Re(h)
—1 hc(T)
Y Y Y
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The density of zeros I

The 1D Ising Model - distribution in the fugacity » = e =27

T T T
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The density of zeros II

The 1D Ising Model: The mean-field approximation:

g(H.Y g(H.H

J

-1
Im(H)
Im(H)

@ Near the edge: g(H,t>0) « (H — H.)°

y Johnson (N
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The density of zeros III

Relation between density of zeros g(H,t) and the magnetization:

Re [M(H,t)] 2w g(H,t) where H €iR (10)
M(0,t) = 2mg(0,1) (11)

@ High temps: t > 0, density vanishes about origin - g(|H| < |H.|,t) =0~ M € iR
€ Low temps: ¢ < 0, density is finite about origin which produces M (H = 0,t) # 0!

¢ Edge scaling: g(H,t > 0) o (H — H.)” ~ M — M, (H — H.)”
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The Yang-Lee edge singularity I

f(]\f) =1 |A/[c‘ (Af - A/IC)S - (H - Hc)(]w - A/[c)

= /x {;(w)r‘# %LW& - (HHc)SD}

» Critical Data: ¢ ~ M — M,

¢ o« (H-H,)’ (12)
d—2+n
= — 1
7 d+2—n (13)

» Imaginary coupling ~ n < 0.
» H # 0~ o is identical V O(N) models.

» ¢3 ~ upper critical dimension d, = 6.

Gregory Johnson (NCSU)
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The Yang-Lee edge singularity I1

The thinking: non-analyticities in g(H,t) yield critical points
The Wilson-Fisher Point (WF): The Yang-Lee Edge Singularity (YLE):

» Occursat t =H =0 » Occursatt >0and H =+H, € iR

S = /x {;(VW + %WQ I iw‘* Hsb} S = x{ (V) + Zigp® — (H—Hc)go}

@ Idea A: For t < 1, YLE € critical region of WF ~» extended universality.

@ Idea B: The dependence of the gap H, on T — T, is universal (in appropriate
variables).
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Scaling and universality near critical points I

@ Big Idea: Critical points (static) belong to universality classes labelled by the
underlying symmetry and the dimension.

Example: QCD’s critical endpoint®, the liquid-gas critical point, and the Ising model
critical point ~» Ising Universality Class.

@ The proper framework for scaling is via the Renormalization Group (RG):

~> homogeneous free energy and correlation functions in ¢ and h (scaling invariance):
fs(t,h) = b= fo(tb¥, hbvn) (14)
® Take hb¥» = 1 ~» b= h~/¥: universal scaling function Fj(z)

fs(t,h) = hYYn fo(t R/ 1) (15)
hd/yn F,(z= th*yt/yh) (16)
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Scaling and universality near critical points II

@ Free energy of any member of a universality class ~ a universal scaling function Fs(z):
fo(t,h) = RV F(z = thve/vm) (17)

@ Universal magnetic equation of state:

Ofs
M= aj; M = h'%f5(2) where z=th /A (18)
More on Universality:
RG Eigenvalues — Critical Exponents: » All thermodynamic quantities have
> 5= Yn 7 1 _ Y scaling functions.
d—yn B  yn Hls
» Powerful to know details of these
» Critical amplitudes are needed to define functions.

e wesezled vanalsiles & i, » Most* details have been heavily studied.
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Extended universality from the Yang-Lee edge: Two views

Rescale t and H: Universal magnetic equation of state:
M =B(-t)’ ~ M = (-f)” M = hYS fg (2)
M = B.HY? ~ M = h'/? z=th /A8
Universal Amplitude* Ratio: Universal Location:
H.=iHyt? ~ h, = iR, 1% 2o = thy P
5 T
R), = BCB?O Arg(z.) = 358 but |z.| =?
Important? Yes! It determines analytic structure, radius of convergence, etc.
Another useful quantity: (. = ZICM
Ry
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A moment for pause

@ YLE critical exponent o (and 7) - well studied: in d=3, o ~ 0.085

@ YLE universal location - previously unknown for the physically relevant cases of d = 3!

8 e . 1
> 1d Ising: (zc,0) = (1, —3) » Mean-field (d > 4): (z.,0) = (537, 3)
1
> 2d Ising: (z¢,0) ~ (3.9554, 76) » Large N (2 <d < 4):
Fonseca, P. and Zamolodchikov, A., arXiv:hep-th/0112167

@ Impact of determining z. for 3d O(N) models:
» First calculation of a non-trivial universal quantity z..
Connelly,A., GJ, Rennecke, F, Skokov, V., PhysRevLett.125.191602
» O(4) z. ~ radius of convergence of u = 0 Taylor expansion for lattice QCD -
constraints on QCD’s critical endpoint.
Connelly, A; GJ, Mukherjee, S; Skokov, S, Nucl.Phys.A 1005 (2021) 121834

» Precision results for important 3d O(N) models: N =1—-5
GJ, Rennecke, F., Skokov, V., arXiv:2211.00710
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The functional renormalization group (FRG)

@ At the microscopic scale A: T'Lg[¢] &~ Salp] ~ no fluctuations (classical action!).
® Question: How do fluctuations on length scales larger than A=! alter I'Lg[p]?
® FRG: Construct a scale-dependent action I';[¢] by including a regulator Ry,

- a scale dependent mass term - which suppresses the fluctuations with p < k to T'x[].

@ Requirements of the Regulator Ry:
1.) Tk=nalp] = Salel, 2.) Tr=o[p] =T[p] ~ the full effective action.

@ The Functional (Exact) Renormalization Group Equation: ¢ = In(k/A)

A 1ﬂ{atRk (6%[@} + Rk> _1}.

2 8p; 0¢p;
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FRG within the derivative expansion 1

Quick Sketch: Leading order of the derivative expansion
@ The local potential approximation (LPA): p = %@qﬁi
gl = [ate{3v0r + v ). (19)
® Using the regulator Ry = (k? — p?)O(k? — p?):

9—(d—1) p.d+2 1 N -1
= : 2
6tUk(,0) dTl'd/QF(g) (k2+U]2+2pU£/+k2+Ué> ( O)
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FRG within the derivative expansion II

1 .
Next-to-leading order in the derivative expansion: p = 5@»(;51

ol = [ {Uio) + 5200) 007 + 1¥i00) 00}

@ Taylor expand about fixed renormalized mass: Z, ' U} (¢o.) = m% = const
@ Renormalize via Radial Field Renorm. Zy, = Zy(¢o.x) and Yy = Yi(¢o.1)

> 7| =2y

> Zjx = Zx+ pYi ~ Basis: UV, v\, Z{")

» Define the running anomalous dimension: 7, = —0;In Z|

¢ Numerically solving flows: choose Ry, = a(k? — p?)O(k* — p?)
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Scaling Solutions vs Explicit Solving of Flow Equations

@ For critical physics, it is best to use dimensionless renormalized variables:

- p=ki - () = kD 200
Scaling solutions:
» Scale invariance (fixed point) Explicit flow solutions:
~ 0,U,(p) = 0 (algebraic eqns.) » Perturb about fixed point solution

> Similar equations for Z(p), Yi(p), - » Numerically solve diff. equs. for k& € (0, A]

> Perturbations about U.(p) ~ critical » IR physics ~ exponents AND amplitudes
exponents (linearized beta functions)
B » Use m% to probe appropriate regions of
» U.(p) does not give critical amplitudes! complex H-plane:
Need physical Infrared (IR) potential H>0vs. H=0vs. H€iR

Uk=o(p) for the amplitudes

Gregory Johnson (NCSU)



FRG at O(9?%): the process I

Process for computing (. at d = 3 for O(N) models with N =1-5

Step 1: Principle of minimal sensitivity (PMS): Apply to A = $6 via WF scaling

solutions.

09 f
0.8 1
0.7

0.5
04 t
03 t

0.980 0.985 0.990 0.995 1.000 0.044 0.046 0.048 0.050
A/Amaz 7]
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FRG at O(9%): the process II

Step 1: A = 8§ PMS location ~ fix « for the IR flows.

Step 2: Thermal and massive perturbations to WF.

Question: How to tune the mass to see WF and YLE?

Typical Potential for T>T,

High Temp. t > 0:
Ul_o(p=0) = m%7+ >0

) ) U(¢)
my 4 < mp ~ Mp—g €R

0<mf<mg, ~ Mp—o € iR!

$<0 =0 #>0

GieBen, May E Gregory Johnson (NCSU)



FRG at O(9%): the process III

Magnetization: M, = ¢g i

?Running” Magnetic Field: Hj, = U (¢o.)

Crossover n(N=2) between WF and YLE Approach of H and M to their YLE values
0.0 \ 1.0:
-01[ ] r
0.8j B
-0.2 <
0.6: i
-0.3[ ] t
—04f ] 04l ]
Yy ] [
0.2 i
0.6 ] [
;: 1‘0 2‘0 3‘0 4‘0 00 1‘5 zb 2‘5 50 3§ 40
-t -t
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FRG at O(9%): the process IV

The YLE scaling solution: g — / {; (890)2 + %ig o — 5HL,0}

h@or = 0~ 0 (gor— M) =0
W_O’k R (tlio,k _ C) Approach of H and M to their YLE values
at(SHk = 0 ~ 8t(Hk_H():0 ook U T T T T
Implication for physical variables: 0_85 ’,/"'—
Gok ~ kT ~> pop— Mo~kTET o)
SHy ~ k"5 ~ Hy—Hon k™20 ol "
L k
: —
In 3D: = nyLg ~ —.6 R My
[ M.
¢0k,7]\](vwk0~2 0'0‘1‘5‘H‘z‘ow“2‘5‘”‘3‘0‘”‘3‘5”“40
' 2.8 -t
H,—H.~k
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FRG at O(9%): the process V

Step 2 cont. Extract B, and §; C5 and ~; and H,

M = B,HY® where t=0 (21)
X = Cft™7 where H=0and t>0 (22)

a.) Set t =0 and m% < 1~ B, and §
b.) For a range of t > 0, find m§ , (t) ~ C5 and ~
c.) Compute H, for some sufficiently small ¢

B, v —1/86
Done*: (. = 1/'v<02+> tH Y

Step 3: Systematic error measure: Additional PMS
Repeat (. computation at H. PMS

ry Johnson (NCSU)
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FRG at O(9?%): the results I

€ Truncations: ~ (NU7 Ny, NZH) in terms of a p expansion

Typical H. PMS for N = 2:

4.1,2)

= (51,2)
s 623 Comparison of PMS locations at (6,2,3):
cws| [N 1 [ 2 [ 3 [ 4]
e R aa | 0.5108 | 0.5069 | 0.5026 | 0.5044
. . - ] ay, | 0.5044 | 0.5075 | 0.5064 | 0.4906
I am, | 0.6299 | 0.5921 | 0.5724 | 0.5617
0.110 0.1‘45 0.‘50 0.‘55 D.‘SD 0.‘65 0.‘70
a
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FRG at O(9%): the results II

The universal location:

€ Truncations: ~ (NU, Ny, NZ”)
1.65 Nooo
°, (5,1,2), (5,2,3), and (6,2, 3)
‘Cc‘ 1.60 ®o00000 b
¢ Error Analysis: (Ay), (Aveg)
1.55
. . € Mapping to z.: Literature ~ R,
20 5 10 15 20
N
vy [ 2 [ 8 [ 4 [ 5 |
[Ce| | 1.621(4)(1) | 1.612(9)(0) | 1.604(7)(0) | 1.597(3)(0) | 1.5925(2)(1)
|zc| 2.43(4) 2.04(8) 1.83(6) 1.69(3) 1.55(4)
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Summary and Future Work

Summary:

@ Extended universality of the YLE

@ A crossover via FRG in the complex
plane

€ Next-to-leading order result for (. of

s
2.0 2.5 3.0 3.5 4.0
O(N) universality classes

Future Work:
@ Compute ¢, and/or z. for the O(N) universality classes with —2 < N < 1.

€ Extract remaining universality of YLE.

@ Generalize study to multicritical fixed points and fixed points with fermionic degrees
of freedom.

GieBen, May 2023
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Extrapolation results: universal Yang-Lee edge location at LPA’

Results below were obtained using finite temperature flows:

c

25T %
= - )
2501 —_— NS oo
LPA/
_ 2.04 = 2.254 I
X - .
e o x
4"‘* —— Mean field T o© —2.00+
1.5 ——= N =00 T om - .
o1 1.754
¥ oo I o(oo . ..
T T T L J
3.0 3.5 4.0 4.5 e
d 10° 10" 107 103
N

€ Demonstrating that mean-field results

. . . € Demonstrating convergence to d = 3
become exact in d = 4 dimensions,

1 N limit.
independent of N. arge imi

Connelly,A., GJ, Rennecke, F, Skokov, V., PhysRevLett.125.191602
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