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1 Introduction

Rutherford more or less purposefully discovered 1911 that atoms are not evenly
distributed charge balls but consist of a very small positively charged core and
an electron “shell” [1], carrying an equal negative charge. Physicists then got
interested in a more detailed knowledge of both parts, the electron distribution in
atoms and the inner structure of the nuclear core. Following work by Bohr [2–4] and
Sommerfeld [5] dealt with the electrons and their orbits in atoms. And last but not
least, the emergence of quantum mechanics helped to shed some light onto the, by
then, mysteries of atomic physics. Nowadays we have a very accurate understanding
of the electrons and their behaviour in atoms deduced mostly from electromagnetic
scattering experiments. Our current models in terms of quantum mechanics and,
in particular, quantum electrodynamics (QED) describe experiments to a very high
precision.

However, it is still a challenge to give an accurate description of the inner core
of an atom, the nucleus. This nucleus is, in contrast to the electrons of an atom,
held together by additional interactions to the Coulomb force, since it seemed be an
accumulation of positively charged particles which, as such, would repel each other.
Furthermore, the relation between the charge and the mass of an atom was already
determined for a number of elements and it was known that an element of charge
Z has a mass number A which is approximately twice the charge number. It was
postulated by Lord Ernest Rutherford that a neutral particle with the approximate
mass of the proton is responsible for this charge/mass ratio of atoms. This neutron
dubbed particle was discovered by Sir James Chadwick in 1932 [6] and completed
the picture of the nucleus at that time. The nature of the strong force which holds
the nucleus together, however, was still waiting for an explanation, qualitatively as
well as quantitatively.

Already early models used the exchange of virtual particles, comparable to
photon exchange in quantum electrodynamics, to describe the bonding force in
nuclei [7–9]. In QED, the massless exchange particle, the photon, leads to an in-
finite range of the interaction. To describe the limited range of the nuclear force,
these first models introduced massive exchange particles. On the other hand, they
had to be light enough to fill the range between the nucleons. Based on this con-
sideration, the mass range of these particles was determined to be different from
any mass of the known particles at that time, namely electrons, and the nucleons
themselves. Hence, they were named mesons, to indicate the “intermediate” nature
of their mass. These exchange mesons were later experimentally found. However,
not only them, but a whole zoo of new particles was detected and needed to be
classified and understood. For example there were so-called “strange” particles
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1 Introduction

showing up in detectors of bubble chamber experiments on cosmic rays performed
by Rochester and Butler in 1947 [10]. Those particles were unexpectedly slowly
decaying reaction products, hence the name strange.

Classification attempts by Ne’emann [11], Gell-Mann [12, 13] and Zweig [14, 15]
resulted in the so-called quark model. In this model, the strongly interacting
particles, called hadrons, like the proton and neutron as the constituents of the
atomic nucleus (which are called baryons) and the exchange mesons, have an ad-
ditional intrinsic structure and their constituents are called quarks. The modern,
quantum field theoretical, approach is called quantum chromodynamics (QCD)
and describes these quarks as fractionally charged particles carrying an additional
colour charge. Three of them can be combined in such a way that they form a
colourless object namely the above mentioned baryons. Besides this description of
the baryons, the mesons are bound states of a quark and an antiquark, which has
the same mass as a quark but the opposite electric and colour charge. In this way
both, baryons and mesons, are colourless objects.

The underlying principle of QCD is that of a non-abelian gauge theory, in con-
trast to the abelian theory of electrodynamics. The fundamental degrees of freedom
are quarks and antiquarks and the force mediating particles are called gluons, which
can also interact with themselves due to the non-abelian nature of the theory. Be-
sides colour, the quarks have another degree of freedom, the so-called flavour. It
was introduced first on the meson level, when the “strange” particles mentioned
above were detected [10]. In terms of the quark model [11–15], these particles re-
quired the introduction of a new, heavier quark with a different flavour from that
of the ones building up protons and neutrons. Today we know six quark flavours
grouped into three families. Together with the three fermions, the three neutrinos,
and the force mediating gauge bosons, they are part of the Standard Model. Since
three of the quarks are very heavy compared to the rest, particle models are often
reduced to the lightest ones which are the up, down, and strange quarks, or shortly
u, d, and s, respectively.

Since quarks are fermions, and according to the spin-statistics-theorem, the wave-
functions must be antisymmetric with respect to the exchange of any two of them.
This can be achieved, for example, by anti-symmetrising the colour part of the
wavefunction and keeping it symmetric in all other parts such as flavour, spin,
angular dependence, etc., either combined or separately. The above mentioned ap-
proaches to the strong force are based on group theoretical considerations and give
the possibility of viewing these particles as representations of the underlying gauge
group. This results in a systematic approach to the classification of the particle
zoo. The convincing description of how these particles are made up, works even
if the symmetry on which this model hinges is not an exact symmetry but an ap-
proximate one. This is the case of the flavour symmetry which would be exact, if
all the quarks had the same mass.

In a more mathematical language, the quarks are given by the fundamental
representation of SU(3), denoted in a group theoretical notation as 3 [16]. The
anti-quarks are given by the complex conjugate representation which is denoted

2
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Figure 1.1: The particles of the meson octet as they depend on the third com-
ponent of the isospin I3 and the hypercharge Y .

by 3̄. As mesons consist of a quark and an anti-quark, the respective states are
given by the tensor product of the representations and the nine states can be
decomposed as 3 ⊗ 3̄ = 8 ⊕ 1. The connection to the real particles is established
by identifying the corners and the centre of the hexagon in figure 1.1 according to
their experimentally found isospin, strangeness, and charge quantum numbers.

For the baryons this approach is a bit more complicated, since they consist
of three quarks. The connection to real particles is established by taking into
account not only the flavour SU(3), rather than, together with each quark’s spin,
the so-called spin-flavour SU(6). Decomposing these SU(6) multiplets into SU(3)
multiplets according to the total spin of the quarks, one finds an octet of spin-1/2
baryons which can be identified with real particles according to figure 1.2.

In both diagrams, the particles are shown according to their third component
of the isospin I3 and their strangeness quantum number S. Together with the
electric charge Q and baryon number B, this is combined into a new quantum
number, the hypercharge Y , which is defined as Y = S + B = 2(Q − I3). The
inclusion of particles with more than one strange quark leads to higher multiplets,
as does the inclusion of particles containing the heavier quarks, the charm, bottom,
or top quark, c, b, and t, respectively. Together, they extend the symmetry group
further, but those details are beyond the scope of this introduction and we refer the
interested reader to the literature, for example to [16, 17], for more details about
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Figure 1.2: The particles of the baryon octet as they depend on the third com-
ponent of the isospin I3 and the hypercharge Y .

this group theoretical classification.
The degrees of freedom we have to take into account for the description of an in-

teraction are determined by the available centre-of-mass energy. First descriptions
of the interaction between nucleons in a nucleus go back to Yukawa and involved
meson exchange via a Yukawa-potential [7]. Since the interaction energies are too
low to probe the inner structure of the hadrons, this meson exchange model proved
quite successful for the description of nuclei with respect to, for example, the bind-
ing energies or the charge form factors. We use some results of this approach in
our calculations and for the energy range considered in this work, quarks are in
fact not the relevant degrees of freedom. The quark picture is, however, important
and helpful to understand the intrinsic properties of the particles involved in the
interactions we consider.

In this thesis we investigate scattering processes between mesons and nuclei. In
particular, we are interested in the production of baryons containing one strange
quark in pion-nucleus reactions. There exist four such baryons, called hyperons
and we can find them in figure 1.2, in particular they are the Σ−, Σ0, Σ+, and the
neutral Λ. They all lie on the axis Y = 0, since for these particles we have S = −1
for the strangeness content1 and B = 1 for baryons. The Σ’s form an isospin triplet

1This is S = −1 instead of S = +1 for historical reasons.
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and the Λ an isospin singlet.
For our investigations, we assume that the incoming pion interacts with a bound

nucleon and produces a pair of strange particles, a K-meson2 and a Λ-baryon (see
figure 1.2), of which the Λ is assumed to replace the struck nucleon forming a
hypernucleus. Since the Λ carries the additional strangeness quantum number, it
is not subject to the Pauli principle as all the other nucleons in the nucleus. It
can, instead, occupy any orbit in the residual nucleus’ potential. It is therefore an
excellent probe for our understanding of the nucleonic potentials and the resulting
bound states.

Therefore, we gain access to the spectroscopy of hypernuclei, which helps to
understand the interaction between hyperons and nucleons in bound systems such
as atomic nuclei. This topic is subject to active research since these interactions
are also interesting for the understanding of neutron stars and their equation of
state [18–23]. A schematic picture of the structure of a neutron star is shown in
figure 1.3 [24, 25] and, as the big question mark indicates, the composition of the
innermost core is still unknown. The presence of hyperons in neutron stars would
change the degrees of freedom and therefore the equation of state which, in turn, is
related to the so-called stiffness or softness [19]. It can therefore alter the maximum
mass of neutron stars [26] and the search for such an upper bound on the mass
of neutron stars in observational data could provide a clue on the number of the
relevant degrees of freedom. So could, for example, the transition to a quark-gluon
plasma in the innermost core lead to a further increase of the degrees of freedom
and change the maximum mass as well to something different from that expected
from pure hadronic matter [27–29]. The observation of neutron stars with the
respective mass could then provide a verification of the existence of such a plasma
independent from laboratory experiments [30, 31]. The understanding of these
production processes at the small scale at the single nucleus level helps to extend
current models to include the right fraction of each contributor to the equation of
state.

Aside from the application to neutron stars and their equation of state, hyper-
nuclei were produced in a variety of ways in the laboratory. The first discovery of
a hypernucleus goes back to the observation of cosmic rays in emulsion chambers
in 1952. A historical review of the physics of strange particles can be found, for
example, in [32]. Later experiments with hypernuclei were performed at CERN and
at the Brookhaven National Laboratory (BNL). Other experiments were performed
in Japan at KEK and even more are planned for the future [33], for example at
MAMI-C and PANDA-GSI [34].

Furhtermore, hypernulcei can be produced in secondary reactions in heavy-ion
collisions [35–37]. In that processes, particles from the fireball from the primary
interaction reach the—up to then—spectator core and produce strange particles,
by the same process that we consider in this thesis. This process, induced by
heavy-ion reactions, is subject to active research, theoretically for example within

2It is commonly called “kaon” for short. See figure 1.1 for the respective quantum numbers.
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Figure 1.3: The structure of a neutron star to our current understanding [24, 25].

the semiclassical transport model approaches [38, 39], as well as experimentally by
the HypHI collaboration [40]. Since the theoretical calculations thus far are either
semiclassical [38, 39] or non-relativistic [41, 42], the work in this thesis will help to
further improve the understanding of the underlying elementary process by being
a fully relativistic quantum mechanical approach.

An extensive review on the production and decay of hypernuclei by Bandō et
al. can be found in [43], where also different production mechanisms are discussed.
The theoretical approaches to the experimental data deal with the production [44]
or the polarisation of hypernuclei [41, 45] in (π+, K+) reactions. The experiments
were mostly done in Japan at the KEK facility [42, 46–49]. A recent review on the
available spectroscopic data using the various reactions can be found in [50].

The theoretical models used for the comparison with the data for example in [41,
42, 45] are successful in describing these data quite well. However, the nuclear
model therein is not very sophisticated as it uses a non-relativistic Hamiltonian
approach which is questionable. On the other hand, the mesons are treated within
a so-called distorted wave model, that is, they are treated with their in-medium
modifications taken into account and thus should be realistic. In this thesis, we try
to combine the in-medium treatment of the mesons with a fully relativistic model
of the nucleon and hyperon bound states.

We use an effective Lagrangian model which was already used to describe strange-
ness production in elementary reactions, for example in nucleon-nucleon scatter-
ing [51, 52], in proton-nucleus collisions [53, 54], and recently in photon induced
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reactions [55]. We closely follow this approach and extend it to pion-nucleus reac-
tions, in particular to (π+, K+) reactions on light (12C) to medium-heavy (40Ca)
nuclei. Furthermore, we can use the experimental input to fit some of the paramet-
ers in these model calculations, which can then be used to predict the outcome of
future experiments. Also, the experiments mentioned above provide us with spec-
troscopic data which helps to improve on the description of hypernuclei. Having
access to these data enables us to calculate the differential cross sections in pion
induced reactions with the model that is described in this work.

This thesis is organised as follows: Chapter 2 is devoted to the description of
the nucleon and hyperon bound states used in our calculations. We give a brief
overview of the general method before discussing the Fourier transform of the bound
states needed for our calculations in momentum space. In chapter 3 we introduce
our model for the elementary process of strangeness production via the excitation
of nucleon resonances. We go into detail about the Lagrangians involved and how
to calculate the scattering matrices in the case of pion-nucleus interactions. After
discussing these ingredients for the calculations, we then give a short overview
over general reaction theory in chapter 4, including relativistic kinematics and the
calculation of differential cross sections.

Then, in chapter 5 we deal with the in-medium modifications which arise from
the fact that the scattering happens inside a nucleus and not on a free nucleon.
Unlike free particles, the mesons traverse some part of the nucleus before they
interact which has to be dealt with. Elastic scattering, for example, leads to a
change of the energy and momentum of the incoming pion as well as the outgoing
kaon. We discuss the details of common approaches and present the approach we
use. Since we are performing all the calculations in momentum space, we also lay
down the details about the Fourier transformation and it’s caveats.

Eventually, we present our results in chapter 6, wherein we start by presenting
the results within the plane wave approximation, where the interactions of the
meson with the (hyper)nucleus are neglected. We compare our calculation with
experimental data on light nuclei such as 12C. Within that approach, we can
describe the experimental data for two different orbital transitions on this nucleus.
Furthermore, we present our results for the pion induced process on 40Ca on the
example of one particular transition. However, there is yet no experimental data
available that we could compare to. In chapter 7 we present the results of the
extension of the model by taking the initial and final state interactions into account
using the eikonal approximation.
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2 Nuclear Theory

The aim of this thesis is to describe pion induced production of hypernuclei in
coherent reactions. In particular, this reaction takes place inside the nucleus: the
pion scatters on a nucleon which is bound inside the nucleus, the thereby produced
Λ baryon ends up in a bound state and forms, together with the remaining nucleons,
a hypernucleus. Therefore, we need a realistic description for these bound states.
Fortunately, there are already many models and calculations as well as experimental
data available. These models are of phenomenological [8, 9, 56] or microscopic
nature [57–59]. Both are aimed at the description of the nuclear properties of a
wide range of nuclei with a minimal set of parameters. In this chapter, we will give
a short introduction of both concepts and discuss their relevance for describing
pion induced strangeness production on nuclei.

2.1 General models

As noted above, there are basically two types of models available which deal with
the description of the bound states inside a nucleus. On one hand there are the phe-
nomenological models which are based on the work of Walecka and Serot [8, 9, 56],
and which are also known as quantum hadrodynamics (QHD). Based on relativ-
istic mean-field theories, these models include the interaction of nucleons based
on σ-meson and ω-meson exchange, where the scalar meson (σ) is responsible for
the long-range (attractive) part of the interaction and the vector meson (ω) cre-
ates the short-range (repulsive) part. With their empirically derived couplings,
these models can be applied to infinite nuclear matter and charge symmetric nuc-
lei [8, 9, 56]. Extensions of these models with additional mesons, for example
including the ρ-meson, electromagnetic interactions, and meson self-interactions
have been studied [60], as well as extensions to hypernuclei [61].

The success of these Walecka-type models lead to the question if these empirically
adjusted couplings could be derived from first principles, that is from quantum
chromodynamics (QCD), directly. This leads to microscopic approaches aiming at
an ab-initio description of nuclei and hypernuclei by a consequent application of
nuclear many-body theory. In particular, these are the “Dirac–Brueckner” (DB) or,
more completely, “Dirac–Brueckner–Hartree–Fock” (DBHF) frameworks. Within
these approaches, starting from a nucleon-nucleon (NN) interaction, an effective
interaction is derived which describes the nuclear matter properties. The important
advantage of those sophisticated models is, that they can describe a wide range
of nuclear properties of a wide range of nuclei at the same time with only few
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2 Nuclear Theory

parameters. They can be further improved by including the density dependence of
the couplings which leads to the density dependent relativistic hadron field theory
(DDRH) [57–59]. We will go more into the details of this approach in the next
section.

Since the full treatment of these microscopic models leads to involved calculations
due to non-linearity and other complications, one still has to rely on approxima-
tions. Even ab-initio calculations at the hadronic level in nuclear medium are very
involved. Therefore, here none of these rather involved calculations are performed,
but we want to outline the problems and possibilities of these approaches in the
following sections. For the present purpose, we use a purely phenomenological
approach which, however, is justified by microscopic principles.

2.2 Dirac–Brueckner theory and extensions

In Dirac–Brueckner calculations, one takes a free NN-interaction and calculates
from that the saturation properties of nuclear matter by solving the Bethe–Salpeter
equation in the ladder approximation.

The starting point is a Lagrangian with baryon fields ψ and a number of scalar,
pseudoscalar, and vector meson fields, decomposed into free parts and an interac-
tion part: L = LB + LM + Lint. We denote by LB and LM the usual Dirac and
Klein–Gordon type Lagrangians for non-interacting baryons and mesons, respect-
ively [62, 63],

LB =
∑

b

ψ̄b (i��∂ −mb)ψb , (2.1)

LM =
1

2

∑

m

(
∂µφm∂

µφm −m2
mφ

2
m

)
− 1

2

∑

n

[
1

2
F (n)
µν F

(n)µν −m2
nV

(n)
µ V (n)µ

]
.(2.2)

In (2.1), ψb denotes the different baryon fields such as the nucleons (proton and
neutron), their resonant excitations. And in (2.2), φ and the index m denote the
scalar meson fields such as the π-, σ-, and δ-mesons. Vµ and the index n label the
different vector meson fields, for example the ρ- and ω-meson. As usual, the vector
meson field strength is given by Fµν = ∂µVν − ∂νVµ.

The interaction Lagrangian Lint is model dependent and can be used for the
calculation of the bound state wave functions as well as for the explicit pion-nucleon
interaction. In the scope of Dirac–Brueckner theory, a frequently used Lagrangian
(see for example [64]) is

Lint = gσψ̄φσψ + gδψ̄(τ ·φδ)ψ − i
gπ
2m

ψ̄γ5γµ∂µ(τ ·φπ)ψ

− i
gη
2m

ψ̄γ5γµ∂µφηψ − gωψ̄γµA(ω)
µ ψ − i

fω
2m

ψ̄σµν∂µA
(ω)
ν ψ

− gρψ̄γµ(τ ·A(ρ)
µ )ψ − i

fρ
2m

ψ̄σµν∂µ(τ ·A(ρ)
ν )ψ . (2.3)
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2.2 Dirac–Brueckner theory and extensions

In this form it contains the interaction of the nucleon with six mesons: π, ρ, σ, ω, η,
and δ, representing the meson spectrum below 1 GeV. The long-range part is taken
care of by the π-meson, whereas the heavier ρ- and ω-mesons are responsible for
the short-range part. Table 2.1 shows a summary of the various mesons’ properties
from [17].

meson IG JPC mass [MeV]

π0 1− 0−+ 134.98
π± 1− 0−± 139.57
η 0+ 0−+ 547.85
ρ 1+ 1−− 775.49
ω 0− 1−− 782.65

σ (f0) 0+ 0++ (400 . . . 1200)
δ (a0) 1− 0++ 984.7

Table 2.1: Details of the various meson properties present in the NN-
Lagrangian (2.3), data taken from [17].

The σ-meson has a large uncertainty in its mass which stems from the fact that
it is observed as a broad resonance-like structure in ππ-scattering. Here, however,
only the t-channel is of importance which implies to integrate over the spectral
functions of the mesons. For a more detailed discussion see [17] and the references
therein.

The Lagrangian (2.3) has free parameters that need to be fixed, at least there
are the meson masses and their respective coupling constants. As noted in [60],
slightly different sets of parameters are used for actual calculations. Typically, the
meson masses are fixed to the peak values of the corresponding spectral function
(the values given in table 2.1). This leaves the meson-nucleon coupling parameters
for fitting.

Once completely determined, the DB-Lagrangian can be used to model the re-
lativistic NN-interaction in the nuclear medium, from which the self-energy is ob-
tained that a nucleon acquires when moving through the nuclear medium. In a
fully relativistic model, the self-energy has the Lorentz structure [64, 65]

Σ(k) = Σs(k)− γ0Σ0(k) + γ ·kΣv(k) .

By introducing effective masses and momenta,

m̃(k) = m+ Σs(k) , k̃0 = k0 + Σ0(k) , k̃ = k + kΣv(k) ,

we can recover the usual form of the Dirac equation

(�̃�k − m̃)ψ̃ = 0 .

11



2 Nuclear Theory

Most of the nuclear models are simplified for actual calculations by using the
mean-field approximation, which we introduce in the next section. Furthermore,
we not only have to deal with nucleon-nucleon interactions, but also with nucleon-
hyperon interactions to describe the bound states of the hypernucleus in the final
state. Walecka-type models were successfully used for hypernuclear matter [61].
Within the scope of density-dependent relativistic hadron-dynamics, an applica-
tion to hypernuclei was described in [59], where also a connection to experimental
spectroscopic data is established.

2.3 Relativistic mean-field theory

The Dirac–Brueckner approach to the description of nuclear matter is feasible only
for infinite nuclear matter and even then it is numerically very involved. Extend-
ing this approach to finite nuclei has not yet been done extensively and here the
Walecka-type models are still the best way to describe a broad range of nuclear
properties such as binding energies and spin-orbit splitting for a large number of
nuclei. For finite nuclei, relativistic mean-field theory [9, 60] is still the model of
choice and widely used.

For the treatment of finite nuclei, the local density approximation (LDA) [66] can
be used, which includes the many-body correlations in effective two-body couplings
rather than treating them explicitly. The modified QHD interaction Lagrangian
reads [64]

Lint = ψ̄Γσ(ˆ̺)φσψ + ψ̄Γδ(ˆ̺)(τ ·φδ)ψ − ψ̄Γω(ˆ̺)γµA(ω)
µ ψ

− ψ̄Γρ(ˆ̺)γµ(τ ·A(ρ)
µ )ψ − eψ̄QγµA(γ)

µ ψ .

This way, the coupling constants g were replaced by the density-dependent quant-
ities Γ(ˆ̺) [57, 58]. These vertex functionals are constrained to be Lorentz-scalars
as well as scalars in spin, isospin, and flavour space. They depend on the density
operator ˆ̺ which, in turn, depends on the baryon fields itself: ˆ̺ = ˆ̺(ψ̄, ψ) [57, 58].
This modifies the equations of motions for all the involved fields, giving in-medium
corrections to the vertices. The resulting equations of motion for the meson
fields [57, 59] read

(� +m2
σ)φσ = Γσ(ˆ̺)ψ̄ψ , (2.4a)

(� +m2
δ)φδ = Γδ(ˆ̺)ψ̄τψ , (2.4b)

∂νF
(ω)µν +m2

ωA
(ω)µ = Γω(ˆ̺)ψ̄γµψ , (2.4c)

∂νF
(ρ)µν +m2

ρA
(ρ)µ = Γρ(ˆ̺)ψ̄τγµψ , (2.4d)

∂νF
(γ)µν = eψ̄Qγµψ . (2.4e)

They have the standard structure except for the important difference of the field-
theoretical vertex functionals which account for the resummation of the baryon-
baryon interactions via the density operator ˆ̺. Applying the chain rule to the

12



2.3 Relativistic mean-field theory

Euler–Lagrange equation of the baryon spinor wave functions ψ and ψ̄, we get an
additional term

δLint

δψ̄
=
∂Lint

∂ψ̄
+
∂Lint

∂ ˆ̺

δ ˆ̺

δψ̄
,

where δ denotes the functional derivative, since Lint is a functional of the density
operator via the vertex functional Γ(ˆ̺). The density-dependence of these self-
energies leads to the additional so-called re-arrangement terms [58, 59, 64]:

Σs = Σs(0) + Σs(r) , Σµ = Σ(0)µ + Σ(r)µ .

They enter the equations of motion for the nucleons, which is given by a modified
Dirac equation

[γµ (i∂µ − Σµ)− (m− Σs)]ψ = 0 . (2.5)

Furthermore, one distinguishes between vector density dependence (VDD) and
scalar density dependence (SDD) [64]. In the first case, all mesons contribute
to the vector re-arrangement term, such that

Σs(r) = 0 ,

Σ(r)µ =

(
∂Γω
∂ ˆ̺

ψ̄γνA(ω)
ν ψ +

∂Γρ
∂ ˆ̺

ψ̄γν(τ ·A(ρ)
ν )ψ

−∂Γσ
∂ ˆ̺

ψ̄φσψ −
∂Γδ
∂ ˆ̺

ψ̄(τ ·φδ)ψ
)
uµ ,

where uµ is the four-velocity. In the case of scalar density dependence, the (pseudo)-
scalar mesons contribute to the scalar re-arrangement term via their vertex func-
tionals Γσ and Γδ . The (pseudo)vector mesons contribute to the vector re-arrange-
ment term, and the self-energy modifications are then given by

Σs(r) =
∂Γσ
∂ ˆ̺

ψ̄φσψ −
∂Γδ
∂ ˆ̺

ψ̄(τ ·φδ)ψ ,

Σ(r)µ =

(
∂Γω
∂ ˆ̺

ψ̄γνA(ω)
ν ψ +

∂Γρ
∂ ˆ̺

ψ̄γν(τ ·A(ρ)
ν )ψ

)
uµ .

The equations of motions (2.4) and (2.5) are highly non-linear. A self-consistent
solution for the wave-functions is impossible, since the source terms and the ba-
ryon self-energies depend on the baryon operators. In the mean-field or Hartree
approximation, this problem is circumvented by substituting the fields by their
expectation values

φσ 7→ 〈φσ〉 ,
φδ 7→ 〈φδ〉 δi3 ,

A(ω)
µ 7→ 〈A(ω)

µ 〉 δµ0 ,
A(ρ)
µ 7→ 〈A(ρ)

µ 〉 δi3δµ0 .
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2 Nuclear Theory

The baryon bilinear expressions in the equations of motion (2.4) are substituted by
the densities as

ψ̄ψ 7→ 〈ψ̄ψ〉 = ̺s , (2.6a)

ψ̄τiψ 7→ 〈ψ̄τiψ〉 δi3 = 〈ψ̄τ3ψ〉 = ̺s
3 , (2.6b)

ψ̄γµψ 7→ 〈ψ̄γµψ〉 δµ0 = 〈ψ̄γ0ψ〉 = ̺ , (2.6c)

ψ̄τiγ
µψ 7→ 〈ψ̄τiγµψ〉 δi3δµ0 = 〈ψ̄τ3γ

0ψ〉 = ̺3 . (2.6d)

Note that in (2.6), ψ denotes the nucleon isospin doublet containing both the proton
and the neutron

ψ =

(
ψp

ψn

)
.

The densities in (2.6) can therefore be expressed in terms of the proton and neutron
densities, ̺p and ̺n respectively, as follows:

̺s = ̺s
n + ̺s

p , ̺s
3 = ̺s

n − ̺s
p ,

̺ = ̺n + ̺p , ̺3 = ̺n − ̺p .

2.4 Nucleon wave functions

Once the origin and structure of the self-energies is understood we may introduce
approximations simplifying the numerical calculations. For our purpose, we use an
empirical approach to describe the effective self-energies in terms of single-particle
scalar and vector potentials. The substitution looks like

Σµ 7→ V µ , Σs 7→ −Vs ,

where the vector potential can be taken to be time-like only, V µ = (Vv, 0) for
spherically symmetric nuclei [8]. The Dirac equation (2.5) then reads

(
i��∂ −m− γ0Vv − Vs

)
ψ = 0 . (2.7)

Rather than deriving the self-energies, and hence the potentials in (2.7), self-con-
sistently, we use, as a realistic approximation, a Woods–Saxon parametrisation for
the nuclear short-range potentials Vv and Vs

Vα(r) =
V0α

1 + exp{ rα−Rα
aα
} . (2.8)

Furthermore, the Coulomb potential is included for the protons. In (2.8), V0α,
Rα, and aα are adjustable parameters and the Greek letter α ∈ {s, v} labels the
scalar and vector potential, respectively. The radial parameters Rα are further
parametrised according to Rα = r0αA

1/3. The free parameters are extracted from
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2.4 Nucleon wave functions

experimental data for the charge radius, the nucleon separation energy, and the
first diffraction minimum of the charge form factor. This procedure was discussed
in detail in [67] and the fit parameters and the resulting potential parameters for
12C and 40Ca are shown in tables 2.2 and 2.3. The resulting charge form factor of
12C is compared to experimental data from [68] in figure 2.1.

separation energy [MeV] charge radius
nucleus orbital proton neutron [fm]

exp. theory exp. theory exp. theory
12C 1p3/2 15.957 15.653 18.722 18.562 2.472 2.470

40Ca 1d3/2 8.328 8.265 15.641 15.797 3.450 3.465

Table 2.2: Nuclear variables used to fit the potential parameters for 12C and 40Ca
in comparison to experimental data. Values taken from [67, 69].

nucleus Vv [MeV] r0v [fm] av [fm] Vs [MeV] r0s [fm] as [fm]
12C 385.7 1.056 0.427 −470.4 1.056 0.447

40Ca 348.1 1.149 0.476 −424.5 1.149 0.506

Table 2.3: Potential parameters for the vector and scalar potentials from the fit
to the experimental values from table 2.2.

The differential equation (2.7) is solved with the ansatz

ψ(x) =

(
fn,j(r)Yjmjℓs (x̂)

−ign,j(r)Yjmjℓ′s (x̂)

)
. (2.9)

The spin-spherical harmonics Yjmjℓs are given by [70]

Yjmjℓs (x̂) =
∑

mℓ,ms

〈ℓ,mℓ, s,ms | j,mj〉Yℓmℓ(x̂)χs,ms , (2.10)

where χ is the usual two-dimensional Pauli-spinor and Yℓm are the spherical har-

monics of the first kind, ℓ′ = 2j − ℓ, and mℓ + ms
!

= mj . x̂ denotes the angular
variables θ and φ of the three-vector x. The Dirac conjugate spinor is, as usual,
given by ψ̄ = ψ†γ0.

Using the ansatz (2.9) for (2.7), one can eliminate the lower components and
arrives at a differential equation for the upper component f(r). We go into more
details about this equation and their solution in appendix D. We present some
explicit results for these radial functions for 12C below, and for the hypernucleus
12
ΛC in the next section.
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Figure 2.1: The charge form factor of 12C compared to experimental data
from [68].

The densities are given by the absolute magnitude of the radial functions f and
g by

̺ =
1

4π

∑

α

(2jα + 1)
(
|fα|2 + |gα|2

)
, (2.11)

̺s =
1

4π

∑

α

(2jα + 1)
(
|fα|2 − |gα|2

)
,

where ̺ denotes the usual (vector) density and ̺s is the scalar density. The label
α combines all the quantum numbers of the respective wave function, such as n, j
(as used in (2.9)) and possibly others. These densities are calculated for both the
neutrons and the protons, and for 12C the vector densities are shown in figure 2.2.
In contrast to 12C, 40Ca is a heavier, and thus larger, nucleus. This can clearly
be seen in figure 2.3, where the respective neutron and proton densities are shown.
They reach out much further than in the Carbon case and also the inner structure
changes. The differences between the neutron and proton densities in both cases
are due to the Coulomb repulsion.

For the description of the initial and final state interactions of mesons (see also
chapter 5), it is useful to parametrise these densities. Common parametrisations
include a modified Gaussian form or a Woods–Saxon form. With a fit to the
calculated densities from the bound states above, we can determine the parameters.
These fit parameters and how they compare to the densities calculated from the
solution of the Dirac equation (2.5) are discussed in more detail in section 5.4,
where we use them especially for the eikonal approximation.

Next we turn to the radial parts of the wave functions itself. Our coherent model
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Figure 2.2: The neutron and proton density profiles of 12C as calculated from the
radial parts of the wave function. The slight difference stems from
the Coulomb repulsion of the protons.

0

0.02

0.04

0.06

0.08

0.1

0.12

0 1 2 3 4 5 6

̺
[f

m
−

3
]

r [fm]

neutrons
protons

Figure 2.3: The neutron and proton density profiles of 40Ca as calculated from
the radial parts of the wave function. Here, again, the difference is
due to the Coulomb repulsion between the protons.
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Figure 2.4: The p3/2 orbital of 12C in coordinate space, the magnitude of the upper
and lower components, f (solid line) and g (dashed line), respectively,
as a function of the radial distance r.

requires that the nucleus remains in its ground state, and since the struck nucleon
is “transformed” into a hyperon, we have to look at the least bound nucleon. If the
process takes place at a nucleon in a different orbit, the resulting hypernucleus ends
up in an excited state. It would then be detectable by an additional photon from
the transition to the non-excited ground state. This additional photon, however,
is not yet measured in the experiments, so that we assume that the nucleus and
the remaining nuclear core in the hypernucleus, that is, the core without the struck
nucleon, are in their respective ground states.

In 12C the least bound state is the p3/2 orbital for both, the neutron and the
proton, for which the radial components are shown in figure 2.4. In that figure,
the upper component f (solid line) and the lower component g (dashed line) are
shown as functions of the radial distance r. The magnitude of g is much smaller
than that of f , which justifies the name “small” component for it. Non-relativistic
calculations neglect this component but as we will see, in momentum space they
may become comparable in magnitude for some momentum transfers.

2.5 Λ bound states

The Λ, in contrast to an additional nucleon, can occupy any bound state since it
is not subject to the Pauli exclusion principle with respect to the nucleons and it
is the only fermion of its kind in the final hypernucleus. This property makes it an
excellent probe for single bound states in a nuclear potential.

For the actual calculation we use the well-depth search method, where the depth
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2.5 Λ bound states

of the vector and scalar potentials are fitted to reproduce the experimental binding
energies of the bound states. The theoretical models involved are for example [59],
which is an extension of [58] to hypernuclei and reproduces the experimental bind-
ing energies quite well. We have summarised these together with the potential
parameters for our simple potential model in table 2.4.

state Ebind [MeV] Vv [MeV] r0v [fm] av [fm] Vs [MeV] r0s [fm] as [fm]

s1/2 10.79± 0.11 171.5230 1.1486 0.3960 −211.7654 1.1207 0.4764
p3/2 0.10± 0.04 171.5230 1.1486 0.3960 −211.7654 1.1207 0.4764
p1/2 0.10± 0.20 200.6974 0.983 0.5779 −247.7746 0.9825 0.6064

Table 2.4: Potential parameters for the vector and scalar potentials of the 12
ΛC

hypernucleus.

There are data available from the late 1980’s and early 1990’s [44, 71], and
more recent data [42]. All those seem to agree on a binding energy of around
(10.79± 0.11) MeV for the s1/2 orbit in 12

ΛC [50, 72–74]. According to these data,
the p3/2 orbital has a binding energy of (0.10± 0.04) MeV [42]. The p1/2 state is
most likely unbound and we omitted it when fitting the potential parameters shown
in table 2.4.

The lowest lying bound state for the Λ hyperon is s1/2, which is plotted in
figure 2.5. The other possible bound states for the Λ are p1/2 and p3/2, which
are shown in figures 2.6, and 2.7, respectively. Again, the magnitude of the lower
component g (dashed line) is smaller than that of the upper component f (solid
line). This difference is more pronounced in the s1/2 and p3/2 states and less so in
the case of the p1/2 orbital.

Since the neutron and Λ are both neutral particles, they are supposed to behave
similarly in the nucleus. The Λ, however, has a much lower binding energy, which is
still not fully understood and subject to active research in nuclear structure theory.
An often quoted idea is that only the u- and d-quarks are interacting with the
surrounding nuclear medium, reducing the effective potential by 30 %. However,
this simple idea is excluded by experimental data which have shown that this
reduction is more likely to be 50 %. A more quantitative measure of this difference
is the volume integral of the potential, given by

I :=
1

A

∫

R
3

V (x) d3x ,

which evaluates to

I =
4πR3V0

3

[
1 +

(
πa

R

)2
]
.

We can then build the ratio of these integrals for both, the scalar and the vector
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Figure 2.5: 12
ΛC hypernucleus Λ wave function for the s1/2 orbital in coordinate

space, where the solid line is the upper component, and the dashed
line the lower component.
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Figure 2.6: 12
ΛC hypernucleus Λ wave function for the p1/2 orbital in coordinate

space, where the solid line is the upper component, and the dashed
line the lower component.
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Figure 2.7: 12
ΛC hypernucleus Λ wave function for the p3/2 orbital in coordinate

space, where the solid line is the upper component, and the dashed
line the lower component.

potential,

R
(s,v)
Λ :=

I
(s,v)
Λ

I
(s,v)
N

.

Plugging in the numbers from table 2.3 and table 2.4, we get for the ratios

Rs
Λ = 0.539 , Rv

Λ = 0.536 .

Another quantitative measure of the bound state’s spatial extension is the root-
mean-square (rms) radius. The rms-radii for the neutron and Λ bound states
are shown in table 2.5, where the relation to the different binding energies of the
particles is evident. The Λ states have much larger radii than the corresponding
neutron orbitals, reflecting their smaller binding energies.

rms radius [fm]
bound state neutron Λ

s1/2 1.89 2.43
p3/2 2.50 7.18

Table 2.5: Root-mean-square radii in fm of the nuclear and hypernuclear orbits
in 12C and 12

ΛC.

For a visual comparison, we show the wave functions for the neutron and the Λ for
the same orbital, the p3/2 state, in figure 2.8. As discussed above, the magnitudes
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Figure 2.8: 12C and 12
ΛC neutron and Λ wave functions for the p3/2 orbital in

coordinate space.

of the radial functions of the Λ are approximately half as large as the nucleon
components but reach out much further.

2.6 Momentum space wave functions

In section 2.4, we described how we obtain a realistic model of the nucleon and
hyperon wave functions needed for our calculations. These functions are calculated
in coordinate space. But to be useful for our calculations of the reaction amplitudes,
we need to transform them to momentum space by a Fourier transformation

ψ̂(k) =
∫

R
3

e−ik ·x ψ(x) d3x .

Using the partial wave decomposition for plane waves

e−ik ·x = 4π
∞∑

ℓ=0

ℓ∑

m=−ℓ
(−i)ℓjℓ(kr)Yℓm(k̂)Y

∗
ℓm(x̂) , (2.12)

we can split the Fourier transformed wave function ψ̂ again into a part depending
on the magnitude of the three-momentum and an angular part [75]. In analogy
to (2.9), we write

ψ̂(k) =

(
f̂n,j(k)Yjmjℓs (k̂)

−iĝn,j(k)Yjmjℓ′s (k̂)

)
,
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Figure 2.9: 12C p3/2 orbital in momentum space.

and the coupled spherical harmonics Y are given by (2.10), which translates to

Yjmj
ℓ 1

2

(k̂) =


〈ℓ,mℓ −

1
2
, 1

2
,+1

2
|j,mj〉Yℓ,mℓ− 1

2

(k̂)

〈ℓ,mℓ + 1
2
, 1

2
,−1

2
|j,mj〉Yℓ,mℓ+ 1

2

(k̂)


 .

The radial parts of the momentum space wave functions are given by [75]

f̂(k) =
1

2π2

∞∫

0

jℓ(kr)f(r) r2dr ,

ĝ(k) =
1

2π2

∞∫

0

jℓ(kr)g(r) r2dr .

The functions f and g, and therefore f̂ and ĝ, are real valued functions. An
additional δ-function fixes the zeroth component of the momentum to the on-shell
energy of the particle.

For the illustrations, we start again with the nucleon bound states in momentum
space. Figure 2.9 shows the p3/2 orbital of a neutron in 12C. The Λ bound states
of 12

ΛC in momentum space are shown in figure 2.10 (s1/2), figure 2.11 (p3/2), and
the questionable p1/2 bound state is shown in figure 2.12.
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Figure 2.10: 12
ΛC s1/2 orbital in momentum space.
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Figure 2.11: 12
ΛC p3/2 orbital in momentum space.
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Figure 2.12: 12
ΛC p1/2 orbital in momentum space.
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3 Resonance Model for Strangeness
Production on a Nucleus

The central issue of this thesis is to model the production of hypernuclei in pion-
nucleus reactions. Therefore we have, among other things, to describe the com-
plicated interaction of a pion with a nucleus. In this chapter we are going into
the details of our model, disentangling the main reaction process from the nuclear
corrections.

3.1 General features of pion-nucleus interactions

A simplified view of the regarded process is depicted in figure 3.1 and it involves, in
principle, the simultaneous interaction of the meson with all the nucleons. Hereby,
the pion interacts with the nucleus A producing a K-meson and a Λ-baryon. In
the following, the kaon is measured in the detector and the Λ is captured into an
orbit of the residual nucleus, forming a hypernucleus ΛB.

At projectile energies Tlab larger than the nuclear Fermi energy εF, Tlab ≫ εF, the
reaction mechanism is dominated by one-step processes where the pion interacts
with only one of the target nucleons. Under such conditions, we are allowed to
use the impulse approximation, which is depicted schematically in figure 3.2. The
details of the pion-nucleon interaction, indicated therein by the grey box, are laid
down in the following sections.

The elastic interactions with the remaining nucleons are taken into account as
initial and final state interactions and are treated separately. In the left panel of
figure 3.3, the impulse approximation is improved by including the initial state
interactions of the pion which are indicated by the additional vertical box. The
right panel of the same figure shows the inclusion of the final state interactions of
the kaon in a similar way.

ΛB

Kπ

A

Figure 3.1: Schematic picture of the π + A → K + ΛB invloving all the nucleons

in the process.
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ΛB

Kπ

A

Figure 3.2: Schematic picture of the process π + A → K + ΛB in the impulse

approximation, excluding initial and final state interactions.

π K

ΛBA

π

ΛBA

π K
K

Figure 3.3: Pion scattering indicating the interaction with one nucleon and the
initial state interactions of the pion (left) and the final state interac-
tions of the kaon (right).

The next step is to combine these effects and an even more complete picture arises
if we take both, initial and final state interactions into account. This is shown in
figure 3.4 and it is the most complete description we can get in the framework of the
impulse approximation and should give the most accurate results. In both pictures,
the horizontal box stands for the explicitly treated interaction, while the vertical
boxes include the effective model for the elastic interactions. The advantage of
disentangling the production process from the in-medium interactions in this way
is that the latter can be dealt with by means of effective models.

3.2 Resonance model for strangeness production

We first turn to the production vertex depicted in figure 3.2. Our model for this
production process is based on the excitation and decay of nucleon resonances. In
this chapter, we will describe this model in detail, including the involved reson-
ances and Lagrangians, as well as their evaluation to scattering matrix elements
and amplitudes. This approach was already successfully applied to strangeness
production in proton-proton [51] and proton-nucleus [54] reactions, as well as to

A

K

ΛB

π π K

Figure 3.4: Pion scattering indicating the interaction with one nucleon and both,
the initial and final state interactions of the mesons.
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3.2 Resonance model for strangeness production�
N

π

R Λ

K

Figure 3.5: Tree diagram for the elementary process of pion-induced strangeness
production via resonance excitation and decay on a single nucleon.

the photoproduction of hypernuclei [55].

The key idea of this approach is that the pion interacts with a nucleon, producing
an intermediate resonance which subsequently decays into a kaon and a Λ. This
process is illustrated in figure 3.5 in terms of a Feynman-diagram, where time goes
from left to right. We then use the usual Feynman rules to calculate the scattering
amplitudes and cross sections for different resonances. Since we are interested in
strangeness production, we take only these resonances into account that have a
significant branching ratio into the KΛ-channel and which have a mass that can be
reached with the available centre-of-mass energy. There are three major resonances
which play an important role and which are listed in table 3.1.

resonance width [MeV] decay channel branching ratio g

N(1650) S11 150 Nπ 0.700 0.8096
Nρ 0.080 2.6163

1
2

(
1
2

−)
Nω 1.8013

Nσ 0.025 2.5032
KΛ 0.070 0.7658

N(1710) P11 100 Nπ 0.150 1.0414
Nρ 0.150 4.1421

1
2

(
1
2

+
)

Nω 0.130 1.2224

Nσ 0.170 0.6737
KΛ 0.150 6.1155

N(1720) P13 150 Nπ 0.150 0.1469
Nρ 0.700 19.483

1
2

(
3
2

+
)

Nω 16.766

Nσ 0.120 1.5557
KΛ 0.080 1.0132

Table 3.1: Coupling constants and branching fractions into various decay channels
of the resonances included in our calculations, taken from [76], which
are derived from [51, 77–80].
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3 Resonance Model for Strangeness Production on a Nucleus

3.3 Lagrangian approach to the resonance model

The general LagrangianL used in our nuclear model (see chapter 2) consists of a free
part (LB from (2.1) and LM from (2.2)) and an interaction part Lint given by (2.3).
It can, in principle, also be used to calculate the elementary reaction process as
shown in figure 3.5. However, since our aim is to describe the production of particles
containing a strange quark, we need additional interaction terms which couple also
the Λ-baryons and the strange mesons to the other fields. These additional terms
connect the pion to a nucleon and a nucleon resonance, as well as the nucleon
resonance to a kaon and a Λ-baryon. Thus, the full Lagrangian is composed of the
free terms and the interaction terms as

L = LB + LM + Lint + LmR
int .

In this section, the particulars of the construction of these additional interaction
terms, denoted by LmR

int above, are discussed. Nowadays, there are many nucleon
resonances known but their properties are determined with high accuracy [17] only
for a part of them. For tractability, however, we have to restrict ourselves to
the ones with a sizeable branching fraction into the channels we are interested in.
This leads to the inclusion of the spin-1/2 and spin-3/2 resonances as shown in
table 3.1. The notation in the first column of this table is as follows: the number
in parenthesis is the pole mass and S and P are indicating the orbital angular
momenta L = 0 and L = 1, respectively. In the line below, the quantum numbers
are listed as I(JP ) [17], with the isospin I, the total angular momentum J , and
the parity P .

Besides coupling the particles with their correct spin, the interaction Lagrangi-
ans have to respect the symmetries of strong interactions. This implies, besides
being a Lorentz-scalar and hermitean, invariance under parity exchange, charge
conjugation, and time reversal. While invariance under parity exchange differenti-
ates between even and odd parity resonances, invariance under charge conjugation
distinguishes between real and imaginary coupling constants. Explicit details about
these symmetries are given in appendix C.

3.3.1 Spin-1/2 resonances

A spin-1/2 resonance behaves in principle like an ordinary nucleon but with a
larger mass. For the interaction terms of the spin-1/2 resonances there are two
choices, called pseudoscalar (PS) and pseudovector (PV). In pion-nucleon scattering
processes the cross section vanishes as the pion momentum approaches zero. This
is called the chiral limit and the pseudovector type ensures the right behaviour of
the interaction cross section when one approaches this limit. In contrast to that,
the pseudoscalar one does not respect the chiral limit but is easier to evaluate. The
couplings in both cases are fixed in such a way that they are equal on-shell, and
far off-shell, the difference is suppressed due to the denominator of the resonance

30



3.3 Lagrangian approach to the resonance model

propagator. It is therefore arguable which Lagrangian to use in our case, and the
best approach would be to introduce a mixing parameter as was investigated in [81].

To avoid the introduction of additional parameters in our model due to a PS-PV
mixing for the interaction Lagrangians [81], we use the convention used in [79, 82].
This is in line with former analyses [83] and the discussion in [84], thus, we use
the pseudovector Lagrangians (3.2) for the 1/2+ resonance and the pseudoscalar
ones (3.1) for the 1/2− resonance.

The pseudoscalar interaction Lagrangians for the spin-1/2 resonances are given
by

LPS
πNR = −gπNRψ̄RΓ(τ ·φπ)ψN + h. c. , (3.1a)

LPS
RKΛ = −gRΛKψ̄RΓφKψΛ + h. c. , (3.1b)

where the Γ takes care of parity conservation. We use

Γ =




1 for odd parity

iγ5 for even parity

and h. c. in (3.1) denotes the hermitean conjugate.
The pseudovector Lagrangians respect the chiral limit by coupling to the de-

rivative of the pion wave function rather than to the wave function itself. This
introduces an additional mass dimension, which is taken care of by a “rescaling”
of the coupling constant. It also ensures the matching of the on-shell behaviour of
both Lagrangians, PS and PV.

LPV
πNR = − gπNR

mR ±mN
ψ̄Rγ

µΓ∂µ(τ ·φπ)ψN + h. c. , (3.2a)

LPV
RKΛ = − gRKΛ

mR ±mΛ
ψ̄Rγ

µΓ∂µφKψΛ + h. c. , (3.2b)

where Γ is given by

Γ =





i for odd parity

γ5 for even parity ,

and the upper and lower signs are used for even and odd parity resonances, re-
spectively.

3.3.2 Spin-3/2 resonance

The treatment of spin-3/2 particles goes back to Rarita and Schwinger [85], math-
ematically its wave function is given by the tensor product of a spin-1/2 and a
spin-1 particle. It is described by a vector spinor field ψµ which satisfies the Dirac-
equation for each Lorentz-index µ

(i��∂ −m)ψµ = 0
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3 Resonance Model for Strangeness Production on a Nucleus

and the additional constraints
γµψ

µ = 0 .

These equations are called Rarita–Schwinger equations [85].
For the interactions of spin-3/2 particles with a nucleon and a pion there are

basically two choices, one is the conventional coupling given by

LπNR =
gπNR

mπ
ψ̄RµΘ

µν∂ν(τ ·φπ)ψN + h. c. (3.3)

with
Θµν = ηµν + aγµγν . (3.4)

The parameter a is related to the so-called off-shell parameter z [86, 87]. The
disadvantage of this conventional approach is that in the resulting propagator non-
propagating terms occur which project onto the spin-1/2 degrees of freedom of the
particle which can be viewed as four-point contact interactions.

Another approach to model these interactions was proposed by Pascalutsa [88]
based on a gauge invariant treatment of the interaction vertex. Instead of coupling
the bare spinor ψµ to the other fields, and in analogy to vector (spin-1) fields, the
field strength is coupled to them. This gauge-invariant Lagrangian reads

L = gεµναβ∂µψ̄Rνγ5γα∂β(τ ·φπ)ψN + h. c. .

The Pascalutsa formalism has the advantage that only physical spin-3/2 degrees of
freedom are propagated. As has been shown in [89], it is related to the conventional
approach by a redefinition of the fields. Thus, it makes the separation of the
propagating spin-3/2 parts and the background contributions explicit.

We use the couplings fixed in other reactions, for example strangeness production
in nucleon-nucleon and nucleon-nucleus reactions as described in [51, 53] which uses
the conventional approach. Since these couplings are already fixed to experimental
data, we do not need to disentangle the resonance interaction from the point in-
teraction. From (3.3) and (3.4) with the choice z = −1/2, the spin-3/2 resonance
Lagrangians are given by

LπNR =
gπNR

mπ
ψ̄µR∂µ(τ ·φπ)ψN + h. c. ,

LRKΛ =
gRKΛ

mK
ψ̄µR∂µφKψΛ + h. c. .

3.4 Resonance Propagators

The two interaction vertices of figure 3.5 are connected by a resonance propagator.
For the spin-1/2 resonance we have the simple spin-1/2 propagator, which is given
by [62, 63]

D1/2 = i �p+m

p2 −m2 + iǫ
. (3.5)
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The spin-3/2 propagator is given by [90–92]

iDµν3/2 = �p+m

p2 −m2 + iǫ
P µν(3/2)−

2

3m2
(�p+m)P µν(1/2),22 +

1√
3m

(P µν(1/2),12 +P µν(1/2),21) , (3.6)

where P µν(3/2) is the projection operator onto the spin-3/2 degrees of freedom

P µν(3/2) = ηµν − 1

3
γµγν − 1

3p2
(�pγ
µpν + pµγν�p)

and the P(1/2) project onto the (non-propagating) spin-1/2 states

P µν(1/2),22 =
pµpν

p2
,

P µν(1/2),12 =
pλp
νσµλ√
3p2

,

P µν(1/2),21 =
pµpλσ

λν

√
3p2

.

Inserting these projectors into the propagator (3.6), the more commonly used form
for the spin-3/2 projector [86, 93] is given by

P µν = ηµν − 1

3
γµγν − 2

3m2
pµpν +

1

3m
(pµγν − pνγµ) , (3.7)

such that the propagator D can be written as

Dµν3/2 = −i �p+m

p2 −m2 + iǫ
P µν . (3.8)

3.4.1 Resonance width

Both propagators, (3.5) and (3.6) or (3.8), exhibit a pole at the mass-shell1 p2 = m2,
as we know from general quantum field theory [62, 63]. The two-point correlation
function, which is the propagator in coordinate space, is given by the Fourier
transforms of (3.5) and (3.8) and the resolution to the pole problem is to shift the
integration curve away from the real axis or, equivalently, to add a small imaginary
term iǫ to the denominator [62]. For stable particles such as nucleons, this seems
to be an arbitrary choice, but it gives the correct description of the correlation
function or, in other words, the amplitude for the propagation of a free particle.

Since resonances are unstable excitations, they have finite lifetimes and the ad-
ditional shift terms in the propagators arise naturally and are given by the corres-
ponding decay widths. Besides, the resonances in our case are excited and decay
inside the nucleus in which, in contrast to the vacuum, additional collision processes

1In the case of the spin-3/2 particle and in our (conventional) approach this only applies to the
spin-3/2 degrees of freedom. The spin-1/2 parts arising in this formalism have no pole, so
they are not propagating but describe contact interactions, see the discussion in [89].
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3 Resonance Model for Strangeness Production on a Nucleus

may lead to a modification of their lifetimes. In general, such effects would have to
be taken into account by calculating the resonance self-energies [67, 94, 95], which
are conveniently expressed as

Π(ω, q) = Σ(ω, q)− i

2
Γ(ω, q) ,

where the real and imaginary parts are related by a dispersion relation. The result-
ing modifications of the propagators then give rise to the spectral functions. Here,
however, we only take the imaginary parts of the self-energies into account, which
are related to the decay widths Γ of the individual resonances by

Γ(ω, q) = −2ℑΠ(ω, q) .

These, in turn, lead to a shift of the pole masses into the complex plane via m 7→
m∗ = m− iΓ/2.

In the following we use a simple parametrisation for the width from decays to the
Nπ-channel, which follows the assumption that Γ ∼ p2L+1, where L is the intrinsic
angular momentum of the resonance. In particular, the Nπ-width is given by [51]

ΓNπ =
3

4π
g2

Nπ

EN ±mN

m
pcm
π (3.9)

for the spin-1/2 resonances2 N(1650) S11 and N(1710) P11, and by

ΓNπ =
1

12π

(
gNπ

mπ

)2
EN ∓mN

m

(
pcm
π

)3
(3.10)

for the spin-3/2 resonance N(1720) P13. The upper and lower signs correspond to
odd and even parity, respectively. The Nπ centre-of-mass momentum is given by

(
pcm
π

)2
=

1

4m2
R

[
m2

R − (mN +mπ)
2
] [
m2

R − (mN −mπ)2
]
. (3.11)

Note that (3.9) and (3.10) are the decay widths at the pole-mass of the resonance.
They are used to obtain the coupling constants from the branching fractions as
given in table 3.1. For the actual calculation of the scattering cross sections, we
need the Nπ-width as a function of the resonance momentum p. This is given
by [51, 96, 97]

ΓNπ = Γ0

(
pcm
πR

pcm
π

)2L+1

,

where pcm
π is given by (3.11), and pcm

πR is given by (3.11), but replacing mR with the
four-momentum p of the resonance.

2In the case of the even parity resonance N(1710) P11 and in the non-relativistic limit, pcm
π
≪ mN,

we obtain for the factor EN −mN ≈ (pcm
π )2/2mN, and therefore Γ ∼ p3 = p2L+1.

34



3.4 Resonance Propagators

In addition to the Nπ decay, we take the resonance decays to the Nρ-channel
into account. The ρ-meson itself is a resonance having, in our approximation, the
spectral function

S(m) = −1

π
ℑDρ(m) ,

where Dρ is the ρ-propagator

Dρ(m) =
1

m2 −m2
ρ + imΓρ→ππ

,

and the ρ-decay-width into two pions can be expressed as

Γρ→ππ(m) = Γ0
ρ→ππ

m2
ρ

m2

(
pρ→ππ(m)

pρ→ππ(mρ)

)3

.

As in [51], we use for the on-shell width of the ρ-meson the value Γ0
ρ→ππ = 150 MeV,

and pρ→ππ is given by

p2
ρ→ππ(m) =

(m2 − 4m2
π)m

2

4m2
.

The decay width of the resonance into this channel is then given by integrating
over the spectral function

Γ(m) = 2

m−mN∫

2mπ

m′Γ
∗
(m′)S(m′) dm′ . (3.12)

The function Γ∗(m) for the spin-1/2+ resonance is given by

Γ∗(m) =
1

4π

(
gRNρ

2mN

)2 [
4(EN + Em)(pcm)2 + 3(EN −mN)m2

] pcm
π

m
,

for the spin-1/2− resonance by

Γ
∗
(m) =

1

4π

(
gRNρ

2mN

)2 [
−4(EN + Em)(pcm)2 − 3(EN +mN)m2

] pcm
π

m
,

and for the spin-3/2+ resonance we use

Γ∗(m) =
1

12π

(
gRNρ

m+mN

)2 [
2(2EN + Em)(pcm)2 + 3(EN −mN)m2

] pcm
π

m
.

With these prerequisites, we can evaluate the integral (3.12). Together with the
decay width into the Nπ-channel, ΓNπ from (3.9) and (3.10), the total width is
given by

Γ = ΓNπ + ΓNρ .
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3 Resonance Model for Strangeness Production on a Nucleus

It modifies the propagators (3.5) and (3.8), which yields

D1/2 = i �p+m

p2 − (m− iΓ/2)2
,

Dµν3/2 = −i �p+m

p2 − (m− iΓ/2)2
P µν ,

for the spin-1/2 and spin-3/2 resonances, respectively, with P µν from (3.7).
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4 Reaction Theory

The theory and calculation of scattering processes has been extensively discussed
in textbooks, see for example [62, 63, 70]. In this chapter, we will recapitulate
the most important parts and introduce the notation used in our calculations. We
start by describing the kinematics of the processes and end with a formula for the
differential cross section containing the transition matrix element.

4.1 Kinematics

Pion-induced production of strange particles on nuclei can be seen as a two-body
process on the pion-nucleus level. However, we have to distinguish between the
elementary process on the nucleon, and the overall reaction on the nucleus as dis-
cussed in chapter 3. For the kinematics, we first look at the pion-nucleus reaction:
π+ A→ K + ΛA. Starting from the momentum four-vectors p = (E,p) of the pion
and the nucleus A, the total available centre-of-mass energy is given by

s = (pπ + pA)2 = (Eπ + EA)2 − (pπ + pA)2

in any inertial system because it is a Lorentz-scalar. The πA-centre-of-mass frame
is defined by pπ + pA = 0. Hence, in that frame the Lorentz-invariant total energy
s is given by [70]

s = (Eπ + EA)2 = m2
π +m2

A + 2mAE
lab
π .

Here, mπ is the pion rest mass, mA is the rest mass of the target nucleus A, and
we use the superscript “lab” to distinguish the quantities in the laboratory frame
from the ones in the centre-of-mass frame (without superscript). The energies of
the incoming particles are, as usual, given by

Eπ =

√
|pπ|2 +m2

π ,

EA =

√
|pπ|2 +m2

A ,
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and in terms of the pion kinetic energy in the laboratory frame, T lab
π = Elab

π −mπ ,
the magnitude of the relative momentum is given by

q2 := |pπ|2 =
(s−m2

π −m2
A)2 − 4m2

πm
2
A

2s

=
m2

AT
lab
π (T lab

π + 2mπ)

s
.

On the other hand, in terms of the four-momenta of the outgoing particles,
the kaon and the hypernucleus B, the square of the total energy is equal to s =
(pK + pB)2. Since in the centre-of-mass frame the condition pK +pB = 0 holds, the
respective energies are then given in terms of Lorentz-invariant quantities by

EK =
s−m2

B +m2
K

2
√
s

,

EB =
s+m2

B −m2
K

2
√
s

,

where we relabled the hypernucleus ΛA to B for the sake of brevity. The respective
momentum is then simply given by

|pK|2 = E2
K −m2

K .

Knowing the magnitude of the kaon momentum, the direction of the outgoing
kaon is given by the scattering angle θK with respect to the incoming pion beam.
By giving cos θK it is easy to calculate the differential cross section dσ/d cos θK and
dσ/dΩK.

However, since we use the impulse approximation, our elementary reaction in-
volves only a single nucleon. In addition to that, the process does not take place
on free nucleons, rather on bound ones in the nucleus. The wave functions of
these bound states are calculated in the (hyper)nucleus rest frame. So we need
to boost the momenta to that very frame. The velocity of the nucleus A in the
πA-centre-of-mass frame is given by

vA =
pA

EA

,

and the z-direction is determined by the incoming pion, setting p lab
π = (0, 0, plab

π ).

4.2 Cross sections

Applying standard methods [62, 63], adapted to the process at hand, the differential
cross section dσ is given by

dσ =
d3pK

(2π)3

1

2EK

d3pB

(2π)3

mB

EB

1

2Eπ

mA

EA

|M|2
vi

(2π)4δ(4)
(
pπ + pA − (pK + pB)

)
. (4.1)
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We evaluate (4.1) in the πA-centre-of-mass frame, where the relative incident ve-
locity vi is given by

vi = |vπ − vA| =
∣∣∣∣∣
pπ
Eπ
− pA

EA

∣∣∣∣∣ =

∣∣∣∣∣
pπ
Eπ

+
pπ
EA

∣∣∣∣∣

= |pπ |
∣∣∣∣∣

1

Eπ
+

1

EA

∣∣∣∣∣ = |pπ |
|Eπ + EA|
EπEA

= |pπ |
√
s

EπEA
, (4.2)

with the total centre-of-mass energy
√
s = Eπ+EA. Using (4.2) in (4.1) then leads

to

dσ =
1

(2π)2

d3pK

2EK

d3pB

2EB

mAmB

|pπ |
|M|2√
s
δ(4)

(
pπ + pA − (pK + pB)

)
.

The interesting quantity for us is the differential cross section with respect to
the kaon solid angle dΩK. For this purpose, we express the integral measure d3pK

in spherical coordinates, using d3pK = |pK|2 d|pK| dΩK. We then obtain the dif-
ferential cross section dσ/dΩK by integrating over the kaon energy EK and the
three-momentum d3pB of the undetected hypernucleus B. Using spherical coordin-
ates, the three-dimensional integral is separated in an obvious way into an energy
and an angular part

d3pK = p2
K

d|pK|
dEK

dEK dΩK , (4.3)

and by using EK =
√
p2

K + m2
K, we have

dEK

d|pK|
=
|pK|
EK

. (4.4)

Integrating (4.1) with the help of (4.3) and (4.4), we get

dσ

dΩK
=

1

(2π)2

mAmB

|pπ |
√
s

∞∫

0

dEK
|pK|

2

∫

R
3

d3pB

2EB
δ(4)

(
pπ + pA − (pK + pB)

)
|M|2 . (4.5)

The three-dimensional integral can be rewritten as a four-dimensional one using
the identity [62]

∫

R
3

d3p

2E
=
∫

R
4

d4p δ(p2 −m2)Θ(p0) . (4.6)

Using (4.6) and the four-dimensional δ-function, which fixes the hypernucleus’ mo-
mentum pB, we can write (4.5) as

dσ

dΩK

=
1

(2π)2

mAmB

2
√
s|pπ|

√
s∫

0

dEK|pK| δ
(
(pπ + pA − pK)2 −m2

B

)
|M|2 . (4.7)

39



4 Reaction Theory

In the centre-of-mass frame we have

(pπ + pA − pK)2 = (pπ + pA)2 + p2
K − 2pK · (pπ + pA) = s+m2

K − 2EK

√
s ,

and we can therefore substitute the argument of the δ-function in (4.7). This gives

dσ

dΩK
=

1

(2π)2

mAmB

4s|pπ|

√
s∫

0

dEK|pK| δ(EK − ẼK)|M|2 ,

where ẼK is the kaon centre-of-mass energy

ẼK =
s−m2

B +m2
K

2
√
s

.

Thus, the final expression for the differential cross section is1

dσ

dΩK
=

1

16π2

mAmB

s

|pK(ẼK)|
|pπ |

|M(EK = ẼK)|2 . (4.8)

4.3 Matrix Elements

The dynamics of the reaction is contained in the matrix elementM which, in turn,
is needed for the calculation of the cross section (4.8). For pion-induced strangeness
production on a nucleon it is given in coordinate space by

M =
∫

d4x d4y ψ̄Λ(x)φ
∗
K(x)Γ1GR(x, y)Γ2φπ(y)ψN(y) . (4.9)

Γ1 and Γ2 are the interaction vertex factors determined by the Lagrangians as de-
scribed in section 3.3, and the resulting Feynman rules as described in appendix B.
To continue the calculation, we first substitute the nucleon and Λ wave functions
by their Fourier transforms. Then, we use the resonance propagator G(x, y) in
coordinate space. It is related to (3.5) and for a freely moving spin-1/2 particle it
is given by [62]

GR(x, y) =
∫

R
4

d4p

(2π)4
i �p+mR

p2 −m2
R + iǫ

e−ip · (x−y) . (4.10)

For spin-3/2 resonances, the integrand has to be multiplied by the additional spin-
projection operator P µν , which is defined by (3.7).

1Note that, according to [17, 62], the differential cross section for the two-body-reaction at hand
would be given by

dσ

dΩK

=
1

64π2

|pK|
|pπ |
|M|2
s
.

The difference in the prefactor between (4.8) and this formula stems from the different nor-
malisations used for the asymptotic states that are involved in the reaction. We go into the
details of this discrepancy in appendix E.
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4.3 Matrix Elements

The matrix element M (4.9) for the pseudoscalar case with these substitutions
then reads

M =
∫

d4x d4y
d4kΛ

(2π)4

d4kN

(2π)4

d4p

(2π)4
eikΛ ·x e−ikN · y e−ip · (x−y)

× ψ̄Λ(kΛ)φ
∗
K(x)Γ1 i �p+mR

p2 −m2
R + iǫ

Γ2φπ(y)ψN(kN)

=
∫ d4kΛ

(2π)4

d4kN

(2π)4

d4p

(2π)4

∫
d4x e−i(p−kΛ) · x φ∗K(x)

∫
d4y ei(p−kN) · y φπ(y)

× ψ̄Λ(kΛ)Γ1 i �p+mR

p2 −m2
R + iǫ

Γ2ψN(kN) . (4.11)

In the pseudovector case, we have an additional derivative acting on the meson
wave functions φK and φπ. The matrix element in that case is given by

M =
∫ d4kΛ

(2π)4

d4kN

(2π)4

d4p

(2π)4

∫
d4x e−i(p−kΛ) · x ∂µφ∗K(x)

∫
d4y ei(p−kN) · y ∂νφπ(y)

× ψ̄Λ(kΛ)Γµ1 i �p+mR

p2 −m2
R + iǫ

Γν2ψN(kN) . (4.12)

Here we absorbed the additional γµ and γν into the vertex factors Γµ1 and Γν2,
respectively. Finally, for the spin-3/2 resonance,M is given by

M =
∫ d4kΛ

(2π)4

d4kN

(2π)4

d4p

(2π)4

∫
d4x e−i(p−kΛ) · x ∂µφ∗K(x)

∫
d4y ei(p−kN) · y ∂νφπ(y)

× ψ̄Λ(kΛ)Γ̃1 i �p+mR

p2 −m2
R + iǫ

P µνΓ̃2ψN(kN) , (4.13)

with the vertex factors Γ̃1 and Γ̃2 to distinguish them from Γ1 and Γ2 in (4.11).
The integration over x and y in (4.11) can be carried out, yielding the Fourier

transforms of the meson wave functions, φ̂∗K(p− kΛ) and φ̂π(p− kN), respectively.
When the pseudovector Lagrangians are used (as in (4.12)), and in the case of the
spin-3/2 resonance (4.13), the derivatives of the kaon and pion wave function give
rise to additional factors i(p − kΛ)µ and −i(p − kN)ν , respectively. We can then
evaluate the matrix elements (4.11)–(4.13) in momentum space, this procedure
and the use of various approximations for the meson wave functions are detailed in
section 5.6
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5 Initial and final state interactions

For a fully dynamical description of the production of hypernuclei, we now consider
the interactions of the incoming and outgoing particles with the nucleus. In the
literature, there are several models to describe the interaction of the meson with
the (hyper)nucleus. A conceptual attractive approach, which is also in agreement
with our formulation of the production process (see chapter 3), is to start from
a Lagrange density including all the mesons, nucleons, and if necessary hyperons,
and to solve the resulting equations of motion self-consistently.

To simplify actual calculations, the most commonly used models [98–100] intro-
duce an effective optical potential instead of using the self-consistently calculated
self-energies. This optical potential describes the short-range interactions in the
medium, in addition to the long-range Coulomb force. Thereby, the potential para-
meters are fitted in such a way that they describe meson-nucleus scattering data.
We present further particulars about the construction of the optical potential sec-
tion 5.2.

The solutions of the equations of motion, with or without an additional potential,
are the meson wave functions in coordinate space. Since our calculations are carried
out in momentum space, we have to Fourier transform these solutions. This has
its own caveats and we deal with them in section 5.5.

5.1 Self-energies and distorted waves

The Lagrangian of a meson moving freely in space-time is the one for a non-
interacting scalar field [62, 63]

Lfree
M =

1

2
∂µφ∂

µφ− m2

2
φ2 .

The equation of motion (Euler–Lagrange equation) is the Klein–Gordon equation
and it reads

(� +m2)φ(x) = 0 . (5.1)

Its solutions φ(x) are the free meson wave functions. They are given by linear
combinations of plane waves in 3 + 1 dimensions

φ(x) = A e−ik · x+B eik ·x , (5.2)
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5 Initial and final state interactions

where the components of the momentum four-vector k = (E,k) satisfy the on-shell
condition

E2 = k2
0 = |k|2 +m2 .

Since for scattering processes we are only interested in stationary solutions, the
time-dependence of the wave function can be separated from the space-like part as
φ(x) = φ(x, t) [62], and (5.2) can then be written as

φ(x, t) = A e−iEt eik ·x+B eiEt e−ik ·x . (5.3)

A and B are the normalisation constants, and taking only the “forward” moving
part of (5.3) for an incoming particle, we set B = 0 and get φ(x, t) = A e−iEt φ(x).

The non-relativistic case is discussed at great length for example in [70] and
our case is completely analogous, keeping in mind that the relativistic energy-
momentum relation is E2 = |k|2 +m2 (= ω2(k)) instead of the non-relativistic one
E = |k|2/2m. Otherwise, the space-like part of the solution of the free equations
of motion are in both cases given by three-dimensional plane waves φ(x) ∼ eik ·x.

When the meson is moving in a nuclear medium such as a nucleus, the equation
of motion gets modified and the solutions are no longer given by plane waves. It can
be shown that this change is equal to the introduction of an additional potential
into the Klein–Gordon equation (5.1)

(
� +m2 + V (x)

)
φ(x) = 0 . (5.4)

The respective solutions φ(x) are called distorted waves and we will go into the
details of how to obtain a realistic potential V (x) for our purpose in the next
section.

5.2 The optical potential

The potential term in (5.4) includes the combined effects of the interactions of the
meson with the surrounding medium. A method to relate the scattering into open
and closed channels to an effective potential was introduced by Feshbach [101, 102]
and was already applied to various scattering problems, for example to meson-
nucleus scattering [103]. In higher energetic reactions this naming is not appropri-
ate, and we will refer to them as the explicit and background channels, respectively.
The general idea is to split the available state space of the reaction into states con-
sidered explicitly (denoted by P below) and states that contribute indirectly to the
reaction background (denoted by Q). In a mathematical language this is equal to
the (orthogonal) decomposition of the Hilbert space H into two subspaces:

H = P ⊕Q .

For meson-nucleus scattering [103], the explicit channels P are given by those
states that contain one or no meson in the final state, which are related to elastic
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Figure 5.1: Nucleon-hole contribution (a) and∆-hole contribution (b) to the pion
self-energy.

scattering and absorption, respectively. The background channels Q are thereby
given by all other states, for example states with more than one meson or with
additional nucleons in the final state, or any kind of inelastic excitations. The
equations of motion for the states of P and Q then decouple from each other and
the transition matrix element for the process in question can be written as the
expectation value of an effective potential [101, 102].

This, in turn, is related to the relativistic self-energy, which is calculated in
the framework of multi-channel scattering theory. For the pion for example, this
amounts to first order to summing up diagrams involving nucleon-hole and ∆-hole
loops as shown in figure 5.1 [100, 104, 105]. The self-energy of the kaon is calculated
in the same way, except that there are no suitable resonances that play the role
of the ∆ as in the pion case. Therefore, the main contribution in this case comes
from the nucleon-hole loops 5.1a.

The resulting self-energy Π(k) modifies the propagator as

Dπ =
1

k2 −m2 − Π(k)
. (5.5)

On the other hand, the change in momentum of the meson in the medium with
respect to the free momentum k0 is given by, up to first order in the optical potential
V ,

k2
0 − k2 = 2EV .

The pion self-energy Π in (5.5) can be identified with this change, and it is therefore
plausible to identify [104]

Π(k) = 2EV (k) .

Another starting point is the relativistic energy relation from the Klein–Gordon
equation, minimally coupled to the electromagnetic potential,

(E − eφ)2 − (p− eA)2 = m2 . (5.6)

We then take the electromagnetic interaction to be purely electrostatic, A = 0
(Coulomb gauge), where the scalar potential φ(x) is given by the charge distribu-
tion of the nucleus. To incorporate the additional strong interactions between the
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5 Initial and final state interactions

mesons and the nucleus, we have to respect the Lorentz structure of (5.6). It is
commonly assumed that the optical potential transforms like the zeroth compon-
ent of a four-vector [81]. It is then included in the energy term together with the
Coulomb potential by the substitution

E 7→ E − Vcoul − Vopt ,

where we set Vcoul := eφ. The square of this term, which appears in (5.6), is then
given by

E2 7→ (E − Vcoul − Vopt)
2 = (E − Vcoul)

2 − 2 (E − Vcoul)Vopt + V 2
opt

≈ (E − Vcoul)
2 − 2EVopt , (5.7)

where the term quadratic in the optical potential and the term VcoulVopt are usu-
ally neglected and we are left with (5.7). The Klein–Gordon equation with these
potentials reads (

−△ +m2 + 2EVopt

)
φ = (E − Vcoul)

2 φ .

While the Coulomb interaction is well understood, the short-range nuclear inter-
actions are more difficult to model, and we present some details of their description
below. The point is, as in the nucleon case, to use the method outlined above to fit
the parameters of a convenient parametrisation of the potential for the numerical
calculations.

5.2.1 Low energy mesons

Models for low energy pions, that is of energies from 10 MeV to a few 100 MeV, and
their interactions with nuclei have a long history. Their scattering on light nuclei
was studied for example by Kisslinger [98] and was then together with Tabakin [99]
refined, already more than 30 years ago. Computer programs for the scattering of
pions from nuclei were also developed by Eisenstein and others [106–108].

The connection to the self-energies is established by calculating the scattering
amplitudes and solving the Schwinger–Dyson equation for the propagator. For low
energy pions, this was done for example in [100], where the general form is taken
to be

Vopt(x) = V
(s)

1 (x) + V
(s)

2 (x) + δV
(s)

3 (x) + V
(p)

opt (x) .

The superscripts (s) and (p) denote the s-wave [109] and p-wave parts, respectively.
Relating the optical potential to the nuclear density ̺, Kisslinger suggested the

following parametrisation [99]

2EVopt = a1̺+ a2∇̺ ·∇+ a3△̺+ a4△2̺ , (5.8)

where a1, a2, a3, and a4 are the parameters which are in general momentum de-
pendent complex functions.
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5.3 Numerical solutions of the Klein–Gordon equation

5.2.2 High energy mesons

In the case of kaons, the complexity of the optical potential is reduced, and even
more so if the incident momentum is high enough to neglect parts of the paramet-
risation (5.8). Thus, for higher energies of the meson, a simpler form of the optical
potential proved to be sufficient [98, 110]:

2EVopt(r) = −Ak2b0̺(r) + Ab1∇̺(r) ·∇ , (5.9)

with a reduced number of parameters, which are fit to the experimental kaon-
nucleus elastic scattering cross sections. Kohno et al. in [111] set b1 = 0, hence
keeping only the first term in (5.9) for kaon momenta ∼ 600 . . . 800 MeV in the
laboratory frame. The only complex parameter left is then b0, and the density of
the nucleus is taken from nuclear models, for example as described in section 2.3.
We are left with

2EVopt(r) = −b0k
2̺(r) , (5.10)

which is additionally motivated by the t̺-approximation, and which will be dis-
cussed in section 5.4. This optical potential works well for high energetic pions
too, for incident energies of a few 100 MeV to a few GeV. In this case, b0 can be
taken to be purely imaginary and can be related to the total free-space elementary
scattering cross section by setting b0 ∼ iσtot/k.

5.3 Numerical solutions of the Klein–Gordon

equation

For spherical symmetric potentials it is convenient to expand the wave function
into partial waves [70]

φ(x) =
∞∑

ℓ=0

ℓ∑

m=−ℓ
cℓmRℓm(r)Yℓm(x̂) . (5.11)

In the case of plane waves for free particles (5.3), the radial functions are given
by the regular spherical Bessel functions of the first kind, Rℓ(r) = jℓ(kr), which
follows from the expansion (2.12).

Using (5.11), the modified Klein–Gordon equation (or Schrödinger equation in
the case of non-relativistic particles) separates into a radial and an angular part.
Its solution can be obtained by applying a standard numerical integration routine
for the resulting differential equation for uℓ(r) := rRℓ(r). For the actual evaluation,
we use a program based on the usual Runge–Kutta method.
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5 Initial and final state interactions

5.3.1 Distorted waves in a Coulomb potential

In the case of a Coulomb potential, the solution of (5.4), exploiting the spherical
symmetry of the potential [70], is given by

φ(x) =
1

kr

∞∑

ℓ=0

(2ℓ+ 1)iℓ eiσℓ Fℓ(k, r)Pℓ(cos θ) .

The Fℓ(k, r) are the regular spherical Coulomb functions [112]

Fℓ(k, r) = Cℓ e
ikr(kr)ℓ+1 F1 1(ℓ+ 1 + iγ; 2(ℓ+ 1);−2ikr)

with the hypergeometric function F1 1. The coefficients Cℓ are given by

Cℓ =
2ℓ e−

1

2
πγ|Γ(ℓ+ 1 + iγ)|
(2ℓ+ 1)!

,

where γ = mZ1Z2e
2/~2k is the Sommerfeld-parameter and σℓ = arg Γ(ℓ + 1 + iγ)

are the Coulomb phase shifts.
Using the irregular Coulomb functions and the resulting H (±)

ℓ as described in [70],
the scattering wave function can be expanded as

φ(x) =
1

2kr

∞∑

ℓ=0

(2ℓ+ 1)iℓ
[
H

(−)
ℓ (k, r) + e2iσℓ H

(+)
ℓ (k, r)

]
Pℓ(cos θ) .

In the case of an additional short-range potential one gets an additional phase shift
δℓ, and the overall wave function is given by

φ(x) =
1

2kr

∞∑

ℓ=0

(2ℓ+ 1)iℓ
[
H

(−)
ℓ (k, r) + e2i(σℓ+δℓ) H

(+)
ℓ (k, r)

]
Pℓ(cos θ) . (5.12)

Using the addition theorem for the spherical harmonics,

(2ℓ+ 1)Pℓ(cos θ) = 4π
ℓ∑

m=−ℓ
Y
∗
ℓm(k̂)Yℓm(r̂) , (5.13)

we can write (5.12) for arbitrary choices of the z-direction as

φ(x) = 4π
1

2kr

∞∑

ℓ=0

ℓ∑

m=−ℓ
iℓ
[
H

(−)
ℓ (k, r) + e2i(σℓ+δℓ) H

(+)
ℓ (k, r)

]
Y
∗
ℓm(k̂)Yℓm(r̂) , (5.14)

and from a comparison with (5.11) we can read off cℓm and Rℓm

cℓm = 4πiℓY ∗ℓm(k̂) ,

Rℓm(k, r) =
1

2kr

[
H

(−)
ℓ (k, r) + e2i(σℓ+δℓ) H

(+)
ℓ (k, r)

]
. (5.15)

Note that the irregular Coulomb functions H (±)
ℓ (k, r) in (5.15) have the asymp-

totic behaviour

H
(±)
ℓ (k, r)→ ∓i exp {±i(kr − ℓπ/2− γ log(2kr))} for kr ≫ ℓ ,

such that Rℓm (5.15) approach spherical waves for large values of r.
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Figure 5.2: Differential cross section for K+ elastic scattering on 12C at plab =
635 MeV. Shown is the calculation using the optical potential (5.10)
with the parameter b0 = −0.5937 + i 0.4417 fm3. The experimental
data are taken from [113].

5.3.2 Kaon elastic scattering

To verify the validity of the simple optical potential (5.10) for elastic scattering
of K+ on 12C, we compare the cross sections obtained from the solution of the
Klein–Gordon equation to experimental data at different energies. Figures 5.2,
5.3, and 5.4 show such comparisons with experimental data [113–115] for kaon
momenta (in the laboratory frame) of plab = 635 MeV, 715 MeV, and 800 MeV,
respectively.

The potential parameters used for the calculations are summarised in table 5.1,
and the nuclear matter density is parametrised according to the results from our
nuclear model presented in section 2.4. More details about this parametrisation
can be found in the next section. We see that the simple optical potential (5.10)
fits the data at these energies quite well, although not perfectly.

In the case of pion-induced production of the hypernucleus 12
ΛC with a pion labor-

atory momentum of 1050 MeV [42], the outgoing kaon has a momentum of plab =
691.7 MeV, which lies in the range examined in [113]. It was shown above that we
can reproduce the respective cross sections quite well within the optical model ap-
proach. Since there are no elastic scattering data available to fit the optical poten-
tial parameters to, we interpolate between the parameters in table 5.1. A quadratic
fit to the data points in this table gives b0(691.7 MeV) = −0.3862 + i 0.4057 fm3.

The kaon wave function is calculated by solving the Klein–Gordon equation in
coordinate space with a standard Runge–Kutta method [106]. The resulting radial
functions for a selected number of ℓ’s are shown in figure 5.5. We see that only for
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Figure 5.3: Differential cross section for K+ elastic scattering on 12C at plab =
715 MeV. The calculation was done with the optical potential para-
meter b0 = −0.3433 + i 0.3923 fm3. The experimental data are taken
from [113, 114].
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Figure 5.4: Differential cross section for K+ elastic scattering on 12C at plab =
800 MeV. Shown is the calculations using the optical potential with
the parameter b0 = −0.3960 + i 0.3506 fm3. The experimental data
are taken from [115].
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5.4 The eikonal approximation

plab [MeV] ℜ b0 [fm3] ℑ b0 [fm3]

635 −0.5937 0.4417
715 −0.3433 0.3923
800 −0.396 0.3506

692 −0.3862 0.4057

Table 5.1: The optical potential parameters used for the calculation of the elastic
scattering cross sections of K+ on 12C.
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Figure 5.5: K+ wave function in 12C at plab = 691.7 MeV for ℓ ∈ {0, 10, 20}.

ℓ = 0 the wave function does not vanish at r = 0, as it is expected. Furthermore,
the first maximum of the real part of the wave function shifts to larger distances
as ℓ gets larger and the imaginary part gets negligibly small. It resembles the free
particle case where the radial part of the wave function is given by the spherical
Bessel function jℓ(r). The asymptotic behaviour of the wave function is shown in
figure 5.6, where the magnitude approaches unity at very large distances.

The same parametrisation (5.10) works also well for high energetic pions. For
elastic scattering on 12C at plab = 800 MeV, we use b0 = −0.16 + i 0.90 fm3. The
respective cross sections for π+ and π− compared to experimental data are shown
in figure 5.7.

5.4 The eikonal approximation

At higher energies, the full solution of the Klein–Gordon equation with an optical
potential might not be necessary and becomes also involved. One reason for this is
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Figure 5.6: The magnitude of the K+ wave function in 12C at plab = 691.7 MeV
as a function of the radial distance r.
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Figure 5.7: Differential cross section for π+ and π− elastic scattering on 12C at
plab = 800 MeV. Shown are the calculations using the solution of
the Klein–Gordon equation with an optical potential, with the only
parameter b0 = −0.16 + i 0.90 fm3. The experimental data are taken
from [116].
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5.4 The eikonal approximation

the partial wave expansion, which is only exact if one sums the terms for all ℓ up
to infinity. Since this is beyond computational power, we have to stop at a certain
(high) value and the rule of thumb is to expand at least up to ℓmax ∼ krmax, where
rmax is of the order of a few times the nuclear radius RA. Therefore, ℓmax increases
with increasing incoming pion momentum and with it the numerical complexity.

Semi-classical approximations are often used and the eikonal approximation [70,
117] proved to be quite successful for the description of high energy scattering
of pions on nuclei [118, 119]. It is inspired by ray optics and is similar to the
WKB approximation in quantum mechanics. The wave function in the eikonal
approximation is obtained by a modification of the plane wave which is given by a
straight-line integral of the optical potential up to the respective point. The wave
function in this approximation is given by (see for example [70])

φ(x) = exp



ik ·x− i

v

z∫

−∞
V (b, z′) dz′



 , (5.16)

where k is the incident (asymptotic) momentum of the particle, v = |k|/m is the
magnitude of the incident velocity, and b is the (two-dimensional) impact vector
in cylindrical coordinates. The optical potential is, in general, a complex function
V = U − iW which results in an additional phase factor from the real part U and
an amplitude reduction from the imaginary part W .

5.4.1 The t̺-approximation for the optical potential

However, we still need a potential to describe the in-medium interactions of the
meson. But since at higher energies several effects are suppressed, a simple form
can be used, instead of the full self-consistent evaluation of the self-energy. For
example the t̺-approximation simply relates the potential to the free-space single-
particle scattering amplitudes (or to the total cross section as indicated in (5.10))
and the density. The optical potential in this case is given by

Vopt(x) = − 4π

2Elab

[
fmp̺p(x) + fmn̺n(x)

]

= − k

2Elab

[
iσtot

mp(1− iγmp)
Z

A
+ iσtot

mn(1− iγmn)
N

A

]
̺(x) , (5.17)

where fmp and fmn are the elementary free-space meson-proton and meson-neutron
scattering amplitudes, respectively. Applying the optical theorem, they can be
substituted by the total cross sections σtot

mp and σtot
mn, leading to the second line

in (5.17). The respective ratios of the real to the imaginary part of the scattering
amplitudes are denoted by γmp := ℑ fmp/ℜ fmp and γmn := ℑ fmn/ℜ fmn. We have
also separated the neutron and proton contributions to the potential, whereby Z
is the proton number, N is the neutron number, and A is the total number of
nucleons.
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For spherically symmetric nuclei the density, and hence the potential, depends
only on the magnitude of x, |x| =: r. In these cases we can integrate (5.16) by
rewriting the argument of the potential as

V (r) = V (b, z) = V
(√
|b|2 + z2

)
.

The density ̺(r) is specific to each nucleus and can, in principle, be calculated
from the nuclear wave functions as described in section 2.4, in particular by (2.11).
Here, however, we approximate the density by relatively simple parametrisations
which are easier and faster to compute numerically. For light nuclei, that is for
A ≤ 16, a modified Gaussian shape

̺G(r) =
1

(
√
πRG)3

[
4 +

2(A− 4)

3

r2

R2
G

]
e
− r2
R2

G

with the radial parameter RG works well. For heavier nuclei, A > 16, a Woods–
Saxon shaped density

̺WS(r) =
̺0

1 + exp { r−R
a
} (5.18)

with the radial parameter R and an additional diffuseness parameter a is more
appropriate. The densities are normalised to the total nucleon number, such that

∫

R
3

̺(x) d3x = A ,

which is already fulfilled in the Gaussian case. In the Woods–Saxon case this
determines ̺0, which is given by [120, 121]

̺0 =
3A

4πR3

1

1 + (πa
R

)2
.

In the Woods–Saxon case, the radius parameter R can be approximated by

R = 1.28A1/3 − 0.76 + 0.8A−1/3 .

We fit the parameters RG, R and a to the radial densities given by (2.11). The
fitted values for both density approximations for 12C and 40Ca are given in table 5.2,
and the resulting densities are shown in figure 5.8 for 12C and in figure 5.9 for 40Ca.
It can be seen, that for the light nucleus both parametrisations work quite well,
whereas for the heavier nucleus the Gaussian density profile is not usable. In that
case it is better to use the Woods–Saxon form (5.18).

5.4.2 The Coulomb potential

In addition to the optical potential from the strong interactions, we have to account
for the Coulomb interaction, by separating the far-field region from the near-field
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5.4 The eikonal approximation

A Z Woods–Saxon Gauss
R [fm] a [fm] RG [fm]

12C 12 6 2.24 0.46 1.6
40Ca 40 20 3.49 0.547 2.08

Table 5.2: Density parameters for the eikonal approximation for 12C and 40Ca,
fitted to the nucleon wave functions and the elastic scattering cross
sections.
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Figure 5.8: The nuclear densities for 12C given by the parametrisations in the text
fitted to the densities as calculated from the bound states.
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Figure 5.9: The nuclear densities of 40Ca given by the parametrisations in the
text and the calculation from the radial parts of the bound state
wave function.

in the nucleus. Inside the nucleus, the Coulomb potential comes from the actual
charge distribution, whereas outside it is given by the potential of a point-charge
with the electric charge Ze. We split the Coulomb part as follows:

V eff
coul =

(
V eff

coul − V pt
coul

)
+ V pt

coul ,

where the part in parentheses is the one that vanishes outside the nucleus. This
term therefore has about the same range as the optical potential Vopt and we add
it to the potential as Vcoul := V eff

coul − V pt
coul for the calculation of the eikonal wave

function (5.16).
Both, the optical potential Vopt and the Coulomb potential Vcoul inside the nuc-

leus, give rise to the eikonal phase shift to the plane wave as indicated by (5.16).
Outside the nucleus, we only have to deal with the Coulomb potential of a point-
charge, which gives the standard Coulomb phase shift to the wave function.

5.4.3 Comparison to elastic scattering data

To verify the validity of the eikonal approximation, and to fix the parameters used
for the calculation of the meson wave function, we compare again the calculated
differential elastic scattering cross section to data. We start the comparison with
the elastic scattering of π− on 12C at momenta where experimental data is available.
The cross sections for plab = 800 MeV are shown in figure 5.10. Both density
distributions are used for the calculations in the eikonal approximation and describe
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Figure 5.10: Differential cross section for π−-elastic scattering on 12C at plab =
800 MeV. Shown are the calculations in the eikonal approximation
using the Gaussian density distribution (solid line) and the Woods–
Saxon parametrisation (dashed line). The experimental data are
taken from [116].

the data equally well. They deviate only at large scattering angles, where no data
is available.

In figure 5.11 we compare the differential cross section for π+ on 12C for plab =
800 MeV calculated by both methods, the solution of the Klein–Gordon equation
and the eikonal approximation, against each other. Apart from small differences,
the data are well described and it is feasible to use the eikonal approximation at
these energies.

The absorption effect of the nuclear potential can be seen when looking at the
magnitude of the wave function, in other words the envelope or modulation of
the oscillating plane wave. This is related to the imaginary part of the optical
potential via (5.16). It is furthermore related to the nuclear density by (5.17)
and the projection onto the b-z-plane in figure 5.12 shows that the range of the
absorption is indeed given by the size of the nucleus.

5.5 Fourier transformation

We need to Fourier transform the wave function from coordinate space to mo-
mentum space to use it for the scattering amplitude calculation as we indicated in
section 4.3, in particular in (5.28), (5.27), and (5.29). The four-dimensional Fourier
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Figure 5.11: The differential cross section for π+ on 12C at plab = 800 MeV calcu-
lated by solving the Klein–Gordon equation with an optical potential
(solid line) compared to the result using the eikonal approximation
(dashed line). The experimental data are taken from [116].
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transformation is given by (see for example [62])

φ̂(k) =
∫

R
4

eik′ ·x φ(x) d4x . (5.19)

Separating the time-dependence from the coordinate space function φ(x) as in (5.3)
gives 2πδ(k′0 −E) from the time-like part in (5.19) and we are left with the three-
dimensional Fourier transformation of the space-like part φ(x) of the meson wave
function

φ̂(k′) = 2πδ(k′0 − E)
∫

R
3

e−ik′ ·x φ(x) d3x =: 2πδ(k′0 − E)φ̂(k′) . (5.20)

We evaluate (5.20) under the condition that φ(x) can be numerically computed
up to a specific radius R, and is for larger radii given by an analytic expression,
for example by (5.14). First, we split the three-dimensional integral (5.20) into a
radial and an angular part, using again the expansion of the plane waves (2.12).
φ̂(k′) is thereby given by

φ̂(k′) = 4π
∞∑

ℓ=0

ℓ∑

m=−ℓ

∞∑

ℓ′=0

ℓ′∑

m′=−ℓ′
(−i)ℓ

∞∫

0

Yℓm(k̂′)jℓ(k
′r)cℓ′m′Rℓ′m′(r) r

2dr

×
∫

S2

Y
∗
ℓm(x̂)Yℓ′m′(x̂) dΩx . (5.21)

Note that in (5.21), and in what follows, k′ := |k′| must not be confused with the
four-vector k′ in (5.19). Due to the normalisation of the spherical harmonics Yℓm,
the integral over dΩx evaluates to Kronecker deltas,

∫

S2

Y
∗
ℓm(x̂)Yℓ′m′(x̂) dΩx = δℓ′ℓδm′m ,

and therefore two of the sums in (5.21) vanish. We are left with only ℓ and m as
summation indices and (5.21) reduces to

φ̂(k′) = 4π
∞∑

ℓ=0

ℓ∑

m=−ℓ
(−i)ℓcℓmYℓm(k̂′)

∞∫

0

jℓ(k
′r)Rℓm(r) r2dr . (5.22)

The function Rℓm(r) is either analytically known, usually at large distances, or
numerically calculated for short distances. Furthermore, Rℓm(r) does not depend
on m and we will write Rℓ(r) instead.

We define the radial integral in (5.22) as φℓ(k′) by

φℓ(k
′) :=

∞∫

0

jℓ(k
′r)Rℓ(r) r

2dr =

R∫

0

jℓ(k
′r)R

(1)
ℓ (r) r2dr +

∞∫

R

jℓ(k
′r)R

(2)
ℓ (r) r2dr .
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Here, R(1)
ℓ (r) is the numerically obtained radial part from integrating (5.4) and

R
(2)
ℓ (r) is known for example from the expansion (5.15) and matched according

to R
(1)
ℓ (R) = R

(2)
ℓ (R). If the asymptotic functions R(2)

ℓ (r) are given in terms of
the Coulomb functions as in (5.15) we can evaluate the oscillatory integral in the
complex plane as described in [122, 123].

We use again the addition theorem (5.13) and substitute the sum over the mag-
netic quantum numbers m of the spherical harmonics by a single Legendre polyno-
mial of the angle γ between the asymptotic momentum k and the Fourier trans-
formation evaluation point k′. This angle is given by spherical addition theorem [70]

cos γ = cos θ cos θ′ + sin θ sin θ′ cos(ϕ− ϕ′) ,

where θ and θ′ are the polar angles of k and k′, respectively, and ϕ and ϕ′ are the
corresponding azimuthal angles.

Since the numerical solution is properly matched to the far-field solution, the con-
stants cℓm are the same in both regions and we obtain for the Fourier transformed
wave function (5.22) the final expression

φ̂(k′) = 4π
∞∑

ℓ=0

(−i)ℓ4πiℓ
2ℓ+ 1

4π
Pℓ(cos γ)

∞∫

0

jℓ(k
′r)Rℓ(r) r

2dr

= 4π
∞∑

ℓ=0

(2ℓ+ 1)Pℓ(cos γ)φℓ(k
′) . (5.23)

5.5.1 Eikonal Fourier transformation

Using U(x) := 2mV (x), the Fourier transformation of the eikonal wave func-
tion (5.16) is given by

φ̂(k′) =
∫

R
3

e−ik′ ·x exp



ik ·x− i

2k

z∫

−∞
U(b, z′) dz′



d3x

=
∫

R
3

eiq ·x exp



−

i

2k

z∫

−∞
U(b, z′) dz′



d3x , (5.24)

where we defined q := k−k′. Using the spherical symmetry of the optical potential
and (2.12), we define

η(r, cos θ) := exp



−

i

2k

z∫

−∞
U(b, z′) dz′



 = exp



−

i

2k

r cos θ∫

−∞
U(
√
r2 sin2 θ + z′2) dz′





to expand (5.24) into partial waves

φ̂(k′) = 4π
∞∑

ℓ=0

ℓ∑

m=−ℓ
iℓY ∗ℓm(q̂)

∞∫

0

1∫

−1

2π∫

0

jℓ(qr)η(r, cos θ)Yℓm(r̂) dϕ d(cos θ) r2dr .
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Figure 5.13: The real part ℜ φ̂ of the π+ eikonal wave function in 12C in mo-
mentum space for plab = 1050 MeV in the k′x-k

′
z-plane.

Since the spherical harmonic Yℓm(r̂) is the only function depending on the angle
ϕ of the coordinate vector x, we can perform the ϕ-integration, which gives

2π∫

0

Yℓm(cos θ, ϕ) dϕ = 2πYℓ0(cos θ)δm0 .

Therefore, the momentum space wave function in the eikonal approximation is
given by

φ̂(k′) = 8π2
∞∑

ℓ=0

iℓY ∗ℓ0(q̂)

∞∫

0

1∫

−1

r2jℓ(qr)η(r, cos θ)Yℓ0(cos θ) d(cos θ) dr . (5.25)

The disadvantage of (5.25) when compared to (5.23) is, that the integration over r
and cos θ has to be performed. In the case of the full distorted waves, (5.23), only
the r-integration remains since the angular dependence ends up in the Legendre
polynomial Pℓ(cos γ).

The pion eikonal wave function in momentum space, projected onto the k′x-
k′z-plane, is shown in figure 5.15. One can clearly see the peak at k′x = 0 and
k′z = 4.9 fm−1, which is the asymptotic momentum for plab = 1050 MeV. 1

1There are small-scale oscillations which are suppressed by about eight orders of magnitude and
not visible in the linear scale in the figure. These are numerical artifacts due to the finite
number of points and the finite size of the lattice in coordinate space which is also determined
by the maximum ℓ which, in turn, is restricted by the stability of the algorithms used for jℓ
and Yℓ0.
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5.6 Matrix elements

5.6 Matrix elements

We are now in a position to revisit the evaluation of the matrix elements from sec-
tion 4.3 for the calculation of the differential cross section. The coordinate integrals
(x and y in (4.11)–(4.13)) are actually the Fourier transforms of the meson wave
functions and we can use the results from section 5.5. In the following sections we
restrict ourselves to the pseudoscalar case for the description of how the calculation
of the matrix elementM is performed. The other cases are then straight forward
to evaluate.

5.6.1 Plane wave approximation

Starting from (4.11), as a first approximation we use plane waves for the kaon and
pion wave functions, which are states of sharp momentum; that is, we set

φK(x) = e−ikK · x ,
φπ(x) = e−ikπ ·x .

Since the corresponding space-time integrations result in (2π)4δ(4)(p − kΛ − kK)
and (2π)4δ(4)(p− kN − kπ), respectively, the integrations over two of the momenta
are easily performed analytically. We choose to integrate over d4p and d4kN, which
leaves the integral over the (four-dimensional) phase space of the Λ

M =
∫ d4kΛ

(2π)4
ψ̄Λ(kΛ)Γ1 i

γ · (kΛ + kK) +mR

(kΛ + kK)2 −m2
R + iǫ

Γ2ψN(kΛ + kK − kπ) . (5.26)

5.6.2 Distorted wave approximation

When we use distorted waves for the kaon, keeping the plane wave for the pion,
then the Fourier transform of the kaon wave function stays in the integral (4.11).
Performing the integration over d4p using the δ-function from the pion plane wave,
we eventually have to evaluate

M =
∫ d4kN

(2π)4

∫ d4kΛ

(2π)4
φ̂
∗
K(kN + kπ − kΛ)ψ̄Λ(kΛ)Γ1 i

γ · (kN + kπ) +mR

(kN + kπ)2 −m2
R + iǫ

Γ2ψN(kN) .

(5.27)
On the other hand, using distorted waves for the pion and plane waves for the

kaon, we have to keep the pion wave function in the integral. In this case we can
perform the integration over d4p using the δ-function from the kaon plane wave,
which leads to the integral

M =
∫ d4kN

(2π)4

∫ d4kΛ

(2π)4
ψ̄Λ(kΛ)Γ1 i

γ · (kΛ + kK) +mR

(kΛ + kK)2 −m2
R + iǫ

Γ2φ̂π(kΛ + kK − kN)ψN(kN) .

(5.28)
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5 Initial and final state interactions

Using distorted waves for both mesons in the momentum representation, we have
to perform the whole 12-dimensional integration numerically. The matrix element
M in that case is given by

M =
∫ d4kN

(2π)4

∫ d4kΛ

(2π)4

∫ d4p

(2π)4
φ̂
∗
K(p−kΛ)ψ̄Λ(kΛ)Γ1 i

γ · p+mR

p2 −m2
R + iǫ

Γ2φ̂π(p−kN)ψN(kN) .

(5.29)
We additionally shift the integration from the nucleon to the meson by setting

k′K := kN + kπ − kΛ ,

k′π := kΛ + kK − kN ,

which means that kN is replaced by

kN = kΛ + k′K − kπ and

kN = kΛ + kK − k′π ,

respectively. Instead of using kN and p as integration variables in (5.27)–(5.29), we
use then k′K and k′π .

5.6.3 Evaluation of the matrix elements

In this section we briefly sketch the details for the actual evaluation of the matrix
elements as given by (5.26), (5.27), (5.28), or (5.29). For faster computation and
numerical evaluation, we simplify the integrands with the help of the Dirac equation
with a potential [124]. It is given in momentum space by

�pψ(p) = mψ(p) + F (p) ,

where the additional term F (p) is given by the convolution of the potential(s) V
(see section 2.4, in particular (2.7)) with the spinor ψ,

F (p) = δ(p0 −E)
[∫

d3k Vs(−k)ψ(p+ k)− γ0
∫

d3k Vv(−k)ψ(p + k)
]
.

We present the details of this evaluation for the plane wave case only, as the
other cases are straight forward to evaluate from there on. First, we note that it is
possible to bring all the integrands in (5.26)–(5.29) into the following form, thereby
calling the integrand M :

M = ψ̄Λ(c1 + c′1��kK)ψN +ψ̄Λ(c2 + c′2��kK)FN +F̄Λ(c3 + c′3��kK)ψN +F̄Λ(c4 + c′4��kK)FN

=: M1 + M2 + M3 + M4 .(5.30)

Next, we use the explicit form of the spinor wave functions ψ(p) of the (hy-
per)nuclear bound states as it was discussed in chapter 2. The ψ(p), and in a
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similar manner the F (p), are given by

ψ(p) = δ(p0 −E)

(
fn,j(|p|)Yjmjℓs (p̂)

−ign,j(|p|)Yjmjℓ′s (p̂)

)
, (5.31a)

F (p) = δ(p0 −E)

(
ζn,j(|p|)Yjmjℓs (p̂)

−iζ ′n,j(|p|)Y
jmj
ℓ′s (p̂)

)
, (5.31b)

with the spinor-spherical harmonics defined by (2.10).
After bringing (5.26)–(5.29) into the form of (5.30), which is explained in detail

in appendix E, including the constants c1, . . . , c
′
4. We can then use the explicit

forms (5.31) to further simplify M by using the orthogonality relations of the
spherical harmonics and the two-dimensional spinor vectors. As an example, the
first term of (5.30), M1, in explicit matrix form reads

M1 := ψ̄Λ(c1 + c′1��kK)ψN

= δ(p0
Λ − EΛ)δ(p0

N − EN)

×
(
fΛ Y†Λ(p̂Λ) igΛ Y†Λ′(p̂Λ)

)(c1 + c′1k
0
K −c′1σ ·kK

−c′1σ ·kK −c1 + c′1k
0
K

)(
fN YN(p̂N)
−igN YN′(p̂N)

)
,

(5.32)

where we abbreviated the respective orbital and total angular momentum variables
and spin states by the subscripts Λ(′) and N(′) for simplicity:

YΛ := YjΛmjΛℓΛsΛ
, YΛ′ := YjΛmjΛℓ′

Λ
sΛ

,

YN := YjNmjNℓNsN
, YN′ := Y

jNmjN
ℓ′

N
sN

.

From the expansion of (5.32) it can be seen that M1 is given by a sum of four terms
which mix fΛ, gΛ, fN, and gN, together with their accompanying spinor-spherical
harmonics. We go into more explicit details about the evaluation in appendix E.

Putting then all four terms from (5.30) together, the full expression for the in-
tegrand is given by (E.4). Finally, we make use of the δ-functions for the zeroth
component of the momentum in the wave functions (5.31) for ψ and F . We are
then left with a three-dimensional momentum integral for each undetermined mo-
mentum, which are the Λ momentum in the plane wave case, and additionally
the meson momentum when using distorted waves. These resulting integrals are
eventually evaluated numerically with a Monte-Carlo [125] or a deterministic [126]
integration algorithm.
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6 Results I: Plane wave calculations

In this chapter, we present the results of our calculations done in the plane wave
approximation where the initial and final state interactions of the mesons with
the (hyper)nucleus are neglected. We present our results for different nuclei and
compare them, where available, to experimental data.

Very good angle resolved data are available from [42], where the production of
hypernuclei via the reaction A(π+,K+) ΛA was investigated for 12C, 51V, and 89Y.

Here, however, we restrict the results to the spherically symmetric nuclei 12C and
40Ca.

In these experiments, the incident pion momentum was chosen as plab = 1050 MeV.
It was selected because of an available pion beam on one hand and a maximum of
the elementary reaction cross section [42, 49] on the other hand.

6.1 Results for 12C

Because of the relatively high incident energy, we expect the initial and final state
interactions to be of minor importance. We compare our calculations to the ex-
perimental data taken from [42]. For the comparison with this data, the incoming
pion momentum in the laboratory frame is taken to be 1050 MeV, corresponding
to a kinetic energy Tlab = 920 MeV, unless otherwise noted.

6.1.1 The np3/2 → Λs1/2 transition

The first process is the Λ-production on the neutron in the p3/2 orbital, and the Λ
occupying the s1/2 orbital. Our results for this transition are shown in figure 6.1,
and apart from overestimating the differential cross section compared to exper-
imental data, one can see that all three resonances take part in the production
process by about the same amount. The experimental data seems to deviate from
the theoretical curve with increasing angle, but the inspected angular range from
2◦ to 14◦ in the experiment is not conclusive enough to find out if this discrepancy
continues at larger scattering angles and hints at different diffraction patterns.

In figure 6.2, we show the differential cross section over the whole angular range
from 0◦ to 180◦ for the same process at the same pion incoming momentum. Again,
all three resonances contribute by approximately the same amount to the total cross
section (obtained by summing the resonance amplitudes coherently) at small scat-
tering angles. At larger scattering angles, interference effects reduce the summed
cross section to values below the single resonance contributions at some points.

67



6 Results I: Plane wave calculations

10−3

10−2

10−1

100

101

102

0 5 10 15 20

d
σ

d
Ω

[ µ
b sr

]

θlab [◦]

N(1650) S11

N(1710) P11

N(1720) P13

total
Hotchi et al.

Figure 6.1: The differential cross section for π+ + 12C → K+ + 12
ΛC, where the

neutron occupies the p3/2 orbital, and the Λ the s1/2 orbital at a pion
incoming momentum of 1050 MeV.

Additionally, the difference in the diffraction pattern between our calculations and
the experimental data is even more evident. Unfortunately, and as already men-
tioned, the experimental angular range is too small to reach a definitive conclusion
about this difference. Since the diffraction structure is related to the nuclear form
factor, it may be a hint that the bound state wave function is actually larger than
calculated in section 2.5.

The cross section as a function of the dimensionless cos θ is shown in figure 6.3.
Instead of the angle of the outgoing kaon, which is indicated at the x-axis in
figures 6.1 and 6.2, the dependence on the magnitude of the momentum transfer
q = pπ−pK, q := |q|, might provide a better picture. The differential cross section
depending on q is shown in figure 6.4.

Furthermore, we calculated the differential cross section for the above process
with a varying incoming pion momentum from 700 MeV to 2000 MeV. Our results
as a function of the outgoing kaon angle are shown in figure 6.5. The angular
dependence varies greatly with the incoming momentum in both, diffraction struc-
ture and magnitude. For 700 MeV, which is close to the reaction threshold, we get
a flat angular distribution. Increasing the incoming pion momentum leads to an
increasingly forward-peaked angular dependence. At plab ≈ 1 GeV this distribu-
tion shows a maximum in its magnitude at the forward angle. Further increasing
the incoming momentum leads to even stronger forward peaking but less absolute
magnitudes of the differential cross section.

A more revealing figure is obtained by plotting the differential cross section
against the momentum transfer q. Figure 6.6 shows this dependence and it can
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10−14

10−12

10−10

10−8

10−6

10−4

10−2

100

102

0 20 40 60 80 100 120 140 160 180

d
σ

d
Ω

[ µ
b sr

]

θlab [◦]

N(1650) S11

N(1710) P11

N(1720) P13

total
Hotchi et al.

Figure 6.2: The differential cross section for π+ + 12C → K+ + 12
ΛC at a pion

incoming momentum of 1050 MeV over the complete angular range
from 0◦ to 180◦.
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Figure 6.3: The differential cross section for π+ + 12C → K+ + 12
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incoming momentum of 1050 MeV as a function of cos θ from −1 to
1.
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Figure 6.4: The differential cross section for π+ + 12C → K+ + 12
ΛC at a pion

incoming momentum of 1050 MeV as a function of the momentum
transfer q.

10−14

10−12

10−10

10−8

10−6

10−4

10−2

100

102

104

0 20 40 60 80 100 120 140 160 180

d
σ

d
Ω

[ µ
b sr

]

θ [◦]

0.7 GeV
0.8 GeV
1.0 GeV
1.2 GeV
1.6 GeV
2.0 GeV

Figure 6.5: The differential cross section for π+ + 12C → K+ + 12
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neutron occupies the p3/2 orbital, and the Λ the s1/2 orbital for a pion
incoming momentum range from 700 MeV to 2000 MeV.
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Figure 6.6: The differential cross section for π+ + 12C → K+ + 12
ΛC for the

(n−1
p3/2,Λs1/2) transition as it depends on the momentum transfer q

for a pion incoming momentum range from 700 MeV to 2000 MeV.

be seen, that the different diffraction minima occur at the approximately the same
momentum transfers independently from the pion incident momentum.

The total cross section can be calculated from the angular distributions, and it
is shown in figure 6.7. The maximum is reached at plab ≈ 1 GeV which confirms
what can already be seen in figure 6.5.

6.1.2 The np3/2 → Λp3/2 transition

The next Λ-bound state in 12
ΛC is the p3/2 orbital, which is just bound by about

0.1 MeV. We show the differential cross section for this transition, where the Λ
occupies the same orbital as the neutron, compared to experimental data [42] in
figure 6.8. One can see that we underestimate the differential cross section at very
small scattering angles, but match the data at approximately 10◦. It even suggests
that the curve of the diffraction structure is matched well. But, as discussed above,
the experimental angular range is too small to draw definitive conclusions.

The differential cross section over the whole θ range is shown in figure 6.9 and
as a function of cos θ in figure 6.10. The dependence on the momentum transfer q
is shown in figure 6.11.

Here, again, we calculated the differential cross section with a varying incoming
pion momentum from 700 MeV to 2000 MeV. The results as a function of the
outgoing kaon angle for some selected pion momenta are shown in figure 6.12.
Similar to the results in the previous section, the differential cross section starts out
from a flat distribution close to threshold, becoming increasingly forward-peaked
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Figure 6.7: The total cross section for π+ + 12C→ K+ + 12
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transition as a function of the incident pion momentum plab.
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Figure 6.8: The differential cross section for π+ + 12C → K+ + 12
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Figure 6.9: The differential cross section for π+ + 12C → K+ + 12
ΛC at a pion

incoming momentum of 1050 MeV over the complete angular range
from 0◦ to 180◦.
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Figure 6.10: The differential cross section for π+ + 12C → K+ + 12
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Figure 6.11: The differential cross section for π+ + 12C → K+ + 12
ΛC at a pion

incoming momentum of 1050 MeV as a function of the momentum
transfer q.

at higher incoming momenta with a maximum at around 1 GeV.
The dependence of the differential cross section on the momentum transfer q

is shown in figure 6.13. It can be seen that here too, the different diffraction
minima occur at approximately the same momentum transfers for all incoming
pion energies.

The total cross section for the considered momentum range, calculated from the
angular distributions, is shown in figure 6.14. As noted above, the maximum is
again at plab ≈ 1 GeV.

6.2 Results for 40Ca

40Ca is also a spherically symmetric nucleus with an equal number of protons and
neutrons. It is larger than 12C and therefore permits more bound states for the Λ
than 12

ΛC. However, the experimental findings of Λ bound states show that these
are not as well defined as in the Carbon case [43].

6.2.1 The nd3/2 → Λs1/2 transition

In 40Ca, the least bound neutron state is the d3/2 orbital with a binding energy of
15.641 MeV [67]. The innermost Λ bound state is again the s1/2 state as in the case
of 12

ΛC. Since in this case there are no experimental data available, we present the
results of our calculations for the whole θ-range in figure 6.15. It can be seen that
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Figure 6.12: The differential cross section for π+ + 12C → K+ + 12
ΛC, where the

neutron occupies the p3/2 orbital, and the Λ the p3/2 orbital for a
pion incoming momentum range from 700 MeV to 2000 MeV.
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Figure 6.14: The total cross section for π+ + 12C→ K+ + 12
ΛC for the (n−1

p3/2,Λp3/2)

transition as a function of the incident pion momentum plab.

the diffraction pattern has a shorter period compared to the same process at 12C.
The reason for this is that the diffraction pattern is related to the nuclear form
factor and hence to the mass distribution. In particular, the period is inversely
proportional to the size of the nucleus.

The differential cross section as a function of cos θ is shown in figure 6.16 and the
q-dependence in figure 6.17. Again it can be seen that the all resonance contribute
about the same to the reaction cross section with interference effects showing at
larger scattering angles.

The incoming momentum dependence of the differential cross section for a pion
momentum from 700 MeV to 2000 MeV is show in figure 6.18. Similar to the results
on 12C, the differential cross section starts out from a flat distribution close to
threshold and becomes increasingly forward-peaked at higher incoming momenta.
The maximum is again at around 1 GeV.

The q-dependence of the differential cross section for this incoming momentum
range is shown in figure 6.19. The differences in the diffraction structure when
viewing the angular dependence vanish and it can be seen that, again, the different
diffraction minima occur at approximately the same momentum transfers. This
leaves only slight differences in the magnitude visible in the figure.

The dependence of the total cross section on plab, for the considered momentum
range and calculated from the angular distributions, is shown in figure 6.20. As
noted above, the maximum is again at plab ≈ 1 GeV.
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Figure 6.15: The differential cross section for π+ + 40Ca → K+ + 40
ΛCa at a pion

incoming momentum of 1050 MeV over the complete angular range
from 0◦ to 180◦.
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Figure 6.17: The differential cross section for π+ + 40Ca → K+ + 40
ΛCa at a pion

incoming momentum of 1050 MeV as a function of the momentum
transfer q.
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Figure 6.21: The differential cross sections for π+ + 12C → K+ + 12
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and π+ + 40Ca → K+ + 40
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p3/2,Λs1/2)

transition in the first reaction and for the (n−1
d3/2,Λs1/2) transition in

the second. Shown are the angular distributions for an incident pion
momentum of plab = 1000 MeV.

6.3 Comparison of 12C and 40Ca

Although the reactions on the two nuclei are quite different, we compare the res-
ults of our calculations for an incoming pion momentum plab = 1 GeV, where both
reactions have their maximum cross section. First, we show the difference in the
diffraction pattern of both processes by looking at the angular distribution in fig-
ure 6.21. As can be seen, the cross section on 40Ca is comparable to the one on
12C at forward scattering angles and gets smaller in comparison at large scattering
angles. The difference in the structure of the data reflects the larger radius of 40Ca,
as discussed above.

The differential cross section as a function of the momentum transfer q is shown
in figure 6.22. Because of its larger rest mass, 40Ca picks up less recoil from the
reaction. Hence, more energy is transferred to the kaon which is reflected by the
fact that the dashed line reaches higher q values.

The momentum dependence of the total cross section for both reactions is shown
in figure 6.23. As already indicated by the angular distribution, the cross section
on 40Ca is smaller than the one on 12C. The maximum of the total cross section
gets also shifted a small amount to lower incoming momenta from plab = 1 GeV to
plab = 950 MeV.
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7 Results II: Distorted wave
calculations

In this chapter, we present the results of the calculations with the inclusion of the
initial state interactions introduced in chapter 5. We present the results including
the initial state interactions within the eikonal approximation from section 5.4. The
results of the previous chapter without these interactions are already comparable
to experimental data. However, the absolute magnitude of the cross sections also
depends on the total flux of the incoming and outgoing particles. This is expected
to be reduced when the above mentioned interactions are taken into account.

7.1 Pion eikonal calculations

Because of its high energy, the first approximation to the pion wave function is
the eikonal approximation, where the plane wave is modified by a straight line
integral over the simplified optical potential as discussed in section 5.4. To make the
comparison to the plane wave calculations easier, we start with the same differential
cross sections as above.

Since the numerical calculations get expensive with respect to CPU time, we
concentrate on the np3/2 → Λs1/2 transition in the π+ + 12C → K+ + 12

ΛC reaction
at plab = 1050 MeV. For the same reason is the calculated angular range very
restricted.

First, we present the comparison to data for the small angular range of the
experiment [42]. In figure 7.1, our calculations with the initial state interactions of
the pion within the eikonal approximation is shown. Still, our results overestimate
the cross section and does not fit the form of the diffraction pattern very well.
However, and as already mentioned in the plane-wave case, the small angular range
of the experimental data is not conclusive enough to tell if this trend continues to
larger scattering angles or not.

A larger angular range is shown in figure 7.2, where we again show the θlab

dependence of the differential cross section. The angular range is restricted by the
calculation time of the numerical computer code. This gets longer as the value
of the cross section gets smaller due to the minimal contributions of each single
integration point. In our case at hand, we stopped the calculation at 75◦.

The differential cross sections as functions of cos θ and the momentum transfer
q are shown in figure 7.3 and in figure 7.4, respectively.
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Figure 7.1: The differential cross section for π+ + 12C → K+ + 12
ΛC where the

neutron occupies the p3/2 orbital, and the Λ the s1/2 orbital at a pion
incoming momentum of 1050 MeV including the final state interaction
within the eikonal approximation.
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Figure 7.2: The differential cross section for π+ + 12C → K+ + 12
ΛC at a pion

incoming momentum of 1050 MeV over the complete angular range
from 0◦ to 180◦.
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Figure 7.3: The differential cross section for π+ + 12C → K+ + 12
ΛC at a pion

incoming momentum of 1050 MeV as a function of cos θ.
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ΛC at a pion

incoming momentum of 1050 MeV as a function of the momentum
transfer q.
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Figure 7.5: The differential cross section for π+ + 12C → K+ + 12
ΛC at a pion in-

coming momentum of 1050 MeV. Shown is the comparison between
the pion plane-wave calculations (lines) and the results for the ini-
tial state interactions using the eikonal approximation for the pion
(lines with points). The same line-types mark the same resonance
contributions.

7.1.1 Comparison to the plane wave results

We compared both results, for the plane wave case and the initial state interactions
within the eikonal approximation, in figure 7.5. The differential cross section gets
minimally suppressed at forward angles in the eikonal case. However, it does not
decrease as fast as the plane wave cross section at larger angles. Furthermore, the
diffraction pattern becomes less pronounced which might hint at that the eikonal
wave function merely “smears” the pion incoming momentum and therefore the
diffraction pattern of the nuclear form factor.
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8 Summary and Outlook

In this work we studied the production of particles with a strange quark, kaons
and Λ-particles, in pion-nucleus reactions. Thereby, the Λ occupies one of the
hypernuclear orbitals and forms a hypernucleus, together with the remaining nuc-
leons. The calculation of the full process involves knowledge about the production
of the particles, the internal structure of the nucleus, and the interactions of the
incoming and outgoing particles with the nucleus. We reduced the complexity of
this description in several steps by disentangling the interaction of the incoming
pion with the nucleus by reducing it to a reaction on a single nucleon. Thereby, we
considered the nucleus as a superposition of bound nucleons on which this reaction
takes place, treating the inter-nucleon interactions completely independently from
the main production process. The secondary (elastic) reactions of the incoming
and outgoing mesons are separated in a similar fashion to make the process on the
nucleus computable.

Chapter 2 was devoted to the nuclear models which are used to calculate the
(hyper)nuclear wave functions for our calculations. After a short overview over the
available and more sophisticated methods used in involved nuclear calculations,
we presented our simplified but realistic approach which, however, is justified by
its agreement with experimental data and the results from such involved model
calculations. It results in a Dirac equation with a scalar and a vector potential
and has the advantage of being much faster to solve for the nucleon wave functions
numerically. We presented the details of the used potentials in section 2.4 together
with the method to solve the resulting differential equation. Furthermore, we
presented the numerical solutions in coordinate space in section 2.4 for the nucleon
bound states and in section 2.5 for the Λ bound states. Since our calculations
of the reaction cross sections were done in momentum space, we had to Fourier
transform these wave functions. We made use of the spherical symmetry of the
potential and the resulting decomposition of the wave functions into radial and
angular parts. The numerical results of the bound states in momentum space were
shown in section 2.6.

The following chapter then dealt with the description of the reaction process
itself in terms of a so-called resonance model. First, we described how we dis-
entangle the elementary reaction process from the effective elastic scattering and
absorption processes of the mesons. Then we went into the details of our model
for the elementary process which deals with the excitation and subsequent decay
of nucleon resonances. We take those resonances into account, that have a signi-
ficant branching into the kaon-Λ channel and whose masses are reachable by our
available centre-of-mass energy. The details of these resonances are described in
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8 Summary and Outlook

section 3.2. For our calculations, what we need is an interaction Lagrangian and
we presented our choices for the different resonances in section 3.3. Basically, one
can choose between pseudovector and pseudoscalar types for the spin-1/2 ones.
We settled with the variant favoured by [79, 82], where the pseudoscalar type is
used for the odd parity resonance, and the pseudovector one for the even parity
resonance. In addition to the pure interaction vertices that are described by the
Lagrangian, we have the resonance propagators. Since the resonances are unstable
excitations, these propagators are modified by the decay width, which is described
in more detail in section 3.4.

The general aspects of reaction theory were recapitulated in chapter 4. Following
the approach from [62, 63, 70], we presented the details of the kinematics and the
peculiarities for our approach in section 4.1. We then presented a short derivation of
the formula for the differential cross section for our process in section 4.2. The final
section in that chapter is devoted to the details of the calculation of the scattering
matrix elements from the interaction Lagrangians and the resulting Feynman rules.
In addition to that, we presented the implications of the various approximations
for the meson wave functions.

Before turning to the results of our calculations in chapters 6 and 7, we described
the initial and final state interactions of the mesons in chapter 5. These interactions
are modelled by a so-called optical potential and we discussed the details about it
in section 5.2. Therein, we showed how, in principle, this potential is obtained from
an elementary interaction by solving the resulting Schwinger–Dyson equations and
iterating the loop diagrams shown in figure 5.1. We also discussed that the optical
potential can be parametrised in different ways. And for our calculations, we used
a very simple parametrisation, just as we did for the nucleon bound states. This
optical potential gives rise to a modified Klein–Gordon equation which can easily
be solved numerically for spherically symmetric potentials. That solution was used
to verify the validity of this rather simple approach using the elastic scattering data
for K+ and π+ on 12C at various incoming momenta. We used the fitted parameters
to determine their value for our case, since there are no experimental data avail-
able for exactly those meson momenta that we investigated. In section 5.4 we then
introduced the eikonal approximation since at the relatively high energy, that the
pion has in our case, the full solution of the Klein–Gordon equation becomes nu-
merically involved and unstable. Furthermore, we used another approximation for
the optical potential, the so-called t̺-approximation. It connects the potential to
the free-space forward scattering amplitude (or, equally, the total elementary cross
section) and the nuclear density. The nuclear density, in turn, is approximated by
a Gaussian for light nuclei and a Woods–Saxon form for heavier nuclei, but the
parameters are fitted in such a way that the nuclear density as calculated from the
bound states is reproduced. With all these approximations, the elastic pion scatter-
ing data could be very well described, which justifies this approach. The magnitude
of the eikonal wave function, which acts as an envelope or modulation to the plane
wave, was shown in figure 5.12 and the nuclear distortion effects are clearly visible
therein. The last section in that chapter dealt with the Fourier transformation of
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the meson wave functions to momentum space for the cross section calculations.
We went into the details of how we made use of the partial wave expansion in
coordinate space for this transform. The resulting eikonal wave function was then
shown in figure 5.15, where we found a visible peak at the on-shell momentum. In
contrast to the plane wave approximation, where we would have had a δ-function,
it has a finite width which reflects the in-medium changes to the wave function.

Finally, in the last two chapters we presented the results of our calculations on
different nuclei. As target nuclei we investigated 12C as a light nucleus and 40Ca
as a medium-heavy one. Both are even-even nuclei, that is they consist of an even
number of protons and neutrons. On top of that, they are isospin symmetric nuclei
consisting of the same number of protons and neutrons. In chapter 6, the results
in the plane wave approximation are shown and compared to experimental data
from [42]. Section 6.1 dealt with our results for the π+-12C reaction. We found
that within that approximation the data for the np3/2 → Λs1/2 transition can be
reproduced apart from an overall factor of 2 . . . 3. The other deviation, which is
related to the diffraction pattern, suggests that the experimental data decreases
faster than our calculations. But the small angular range of the experimental data
makes a definite conclusion, if there really is a difference, difficult. The same applies
for the least bound Λ orbit in 12

ΛC, when we looked at the np3/2 → Λp3/2 transition.
Here, the data seems to be a bit better described, but the actual diffraction pattern
is hard to compare.

We presented our results for the pion induced strangeness production on 40Ca in
section 6.2. Unfortunately, there are no experimental data available to compare to.
Furthermore, the Λ bound states are much less well-known than in the Carbon case
and the shell structure is less pronounced [43]. However, we presented our results
for the nd3/2 → Λs1/2 transition in that section, as well as a direct comparison to the
reaction on 12C in section 6.3. It can be noted that the structure of the diffraction
pattern is slightly different with a shorter period for the heavier nucleus. The
absolute magnitude is quite similar in the forward direction and differs by about
two orders of magnitude at larger scattering angles, the 12C cross section being
larger than the one for 40Ca. This is also reflected in the momentum dependence of
the total cross section, which is always higher in the Carbon case for plab ≈ 800 MeV
and above. Additionally, the maximum of the momentum distribution of the total
cross section is shifted to a slightly smaller value from plab ≈ 1000 MeV in the
Carbon case to plab ≈ 950 MeV in the Calcium case.

In the last chapter we presented how the results changed when the initial state
interactions of the pion are described within the eikonal approximation. Due to the
time-consuming numerical calculations, we restricted ourselves to the np3/2 → Λs1/2

transition in the π+-12C reaction. As a result, the differential cross section gets
suppressed very slightly at forward angles, but is larger compared to the plane
wave results at larger scattering angles. Additionally, the diffraction pattern gets
less pronounced.

As already mentioned in chapter 7, the calculations including the final state
interaction of the kaon are left for future work, since the use of the final state
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8 Summary and Outlook

interactions, as discussed in section 5.3, lead to unexpected numerical problems in
the cross section calculation. Similarly, the inclusion of additional t- or u-channel
diagrams (in addition to the s-channel resonance exchange depicted in figure 3.5)
might further improve the results of the differential cross section. Hopefully this
will work for both, the magnitude and the shape of the diffraction pattern.
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A Notations

Throughout this thesis we follow the quasi-standard in quantum field theory, see
for example [62], that is, we use natural units in which

~ = 1 = c .

The dimensions of mass, length, energy, and time are related as follows:

[mass] = [energy] = [length]-1 = [time]-1 .

We use, however, often Fermi: 1 fm = 10-15 m for distances, fm-1 for momenta,
and MeV: 1 MeV = 106 eV for energies and masses. The units fm and MeV are
related to ~c = 1 by

1 = ~c = 197.326968 MeV fm .

A.1 Coordinate system and metric

Following the conventions in [63], our space-time coordinates are denoted by the
contravariant vector

xµ = (x0, x1, x2, x3) = (t,x) = (t, x, y, z) .

A covariant vector xµ = (t,−x) is obtained by multiplying a contravariant vector
by the so-called west-coast metric,

ηµν = ηµν =




1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1


 .

It is in general used to switch from lower to upper indices and vice versa. The
inner product is calculated by contracting lower and upper indices using the sum
convention

〈x, y〉 = x · y = xµy
µ = ηµνx

µyν ≡
3∑

µ=0

ηµνx
µyν = x0y0 − x ·y .

The Euclidean scalar product in R
3 is denoted by x ·y = xiyi ≡ ∑3

i=1 x
iyi. When

we use spherical coordinates for x ∈ R
3, we usually use the notation (r, θ, ϕ) =:

(r, x̂), where θ is the polar angle and ϕ is the azimuthal angle.
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A Notations

The partial derivative with respect to a contravariant vector gives a covariant
vector,

∂µ =
∂

∂xµ
=

(
∂

∂t
,∇

)
.

A.2 Dirac matrices

Working with spin-1/2 particles involves working with the Clifford algebra gener-
ated by the Gamma matrices γµ,

{γµ, γν} = 2ηµν ,

which is also called Dirac algebra. We use the Dirac representation for their explicit
form, which is given by

γ0 =

(12×2 0
0 −12×2

)
, γi =

(
0 σi

−σi 0

)
,

where σi are the 2× 2 Pauli matrices, explicitly given by

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

The hermitean conjugate of γµ is given by

(γµ)† = γ0γµγ0 .

The matrix γ5 is defined by

γ5 :=

√
det η

4!
εµναβγ

µγνγαγβ = iγ0γ1γ2γ3 =

(
0 12×212×2 0

)
= γ5

with the convention ε0123 = 1. It obeys the anticommutation relation {γ5, γµ} = 0
and it is hermitean, (γ5)† = γ5.

The “Dirac slash” is defined as an abbreviation for the contraction of a four-
vector x with the Dirac matrices

�x := γµx
µ .

A.3 Fourier transformation

We use the convention used in [62] for the Fourier transform f̂(k) of a function
f(x), k, x ∈ R

n, that is

f̂(k) :=
∫

R
n

dnx ei〈k,x〉 f(x) ,
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A.3 Fourier transformation

and the inverse Fourier transformation is given by

f(x) =
∫

R
n

dnk

(2π)n
e−i〈k,x〉 f̂(k) .

The general inner product in R
n is denoted by 〈 · , · 〉, and in the four-dimensional

Minkowski space it is defined by (A.1).
The following useful identity relates the Fourier transform of the constant func-

tion 1 to the (n-dimensional) δ-function by
∫

R
n

dnx ei〈k,x〉 = (2π)nδ(n)(k) .
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B Feynman rules

Here we give a brief overview of the Feynman rules used to calculate the tree
diagrams as shown in figure B.1.

B.1 Coordinate space

In the notation used in this thesis, time goes from left to right, and the Feynman
rules in coordinate space are:

• For every external meson line, we put the meson wave function φ(x) for
the incoming meson, and φ∗(x) for the outgoing meson. When using the
pseudovector type interactions, we insert the derivatives of these, ∂µφ(x) and
∂µφ

∗(x), respectively.

• For every external nucleon line, we put the wave function ψ(x) for an incoming
particle and the Dirac conjugate ψ̄(x) for an outgoing one.

• At every interaction vertex, the factor Γ is inserted as deduced from the in-
teraction Lagrangians and we have to integrate over the position four-vector:

Γ
∫

d4x .

• The spin-1/2 resonance propagator GR is given by (4.10)

GR(x, y) = i
∫

R
4

d4p

(2π)4
�p+mR

p2 −m2
R + iǫ

e−ip · (x−y) .

• The spin-3/2 resonance propagator GR is given by

GµνR (x, y) = −i
∫

R
4

d4p

(2π)4
�p+mR

p2 −m2
R + iǫ

P µν e−ip · (x−y) ,

�
N

π

R Λ

K

Figure B.1: Tree diagram for the elementary process of pion-induced strangeness
production via resonance excitation and decay on a single nucleon.
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B Feynman rules

with the spin-3/2 projector P µν (3.7)

P µν = ηµν − 1

3
γµγν − 2

3m2
pµpν +

1

3m
(pµγν − pνγµ) .

The T -matrix is then given by the integral over all position four-vectors x and y.
The interaction vertices in coordinate space for the three resonances are listed

in table B.1

JP type Γ(µ)

1/2+ pseudoscalar −gγ5

1/2+ pseudovector igγµγ5

1/2− pseudoscalar ig
1/2− pseudovector −gγµ

3/2+ conventional ig

Table B.1: Vertex factors in coordinate space as given from the interaction
Lagrangians.

B.2 Momentum space

The Feynman rules in momentum space are:

• For every external meson line, we put the Fourier transform of the meson
wave function, φ̂(p) for the incoming meson and φ̂∗(p) for the outgoing
meson. When using the pseudovector Lagrangians, we have to insert ad-
ditional factors of −ikµ, where k is the respective meson momentum.

• For every external nucleon line, we put the Fourier transform of the wave
function, ψ(p) for an incoming particle and the Dirac conjugate ψ̄(p) for an
outgoing one.

• At every interaction vertex, the factors Γ1 and Γ2, translated to momentum
space, are inserted as deduced from the interaction Lagrangians.

• The spin-1/2 resonance propagator GR is given by (3.5)

GR = i �p+m

p2 −m2 + iǫ
.

• The spin-3/2 resonance propagator GR is given by (3.8)

GµνR = −i �p+m

p2 −m2 + iǫ
P µν .

Finally, the T -matrix is then given by the integrating over all momenta which are
not fixed from the outside or by momentum conservation.
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C Symmetries of the interaction
Lagrangian

We express all reactions in this thesis starting from amplitudes, which means that
all the contributions of the various resonances interfere with each other. For a
correct calculation we have, therefore, to take care of the correct interference terms
which can be deduced from the symmetries of our interaction Lagrangian.

Since the Lagrangian should be invariant under all Lorentz transformations, it
follows that it has to be in particular invariant under the following discrete sym-
metries:

• parity,

• time reversal, and

• charge conjugation.

C.1 Parity

The parity transformation is defined by x 7→ −x, which implies for the spinor wave
function [62]

Pψ(t,x)P−1 = ηaγ
0ψ(t,−x) ,

P ψ̄(t,x)P−1 = η∗aψ̄(t,−x)γ0 ,

where |ηa|2 = 1.
The pion wave function changes its sign under the parity transformation, that is

φπ 7→ −φπ. Furthermore, only the space-like components of the partial derivative
∂µ change their sign:

∂0 7→ ∂0 ,

∂i 7→ −∂i , i ∈ {1, 2, 3} .
Putting these together, we find for the bilinears

ψ̄ψ 7→ ψ̄ψ ,

ψ̄γµψ 7→ ±ψ̄γµψ ,
iψ̄γ5ψ 7→ −iψ̄γ5ψ ,

ψ̄γµγ5ψ 7→ ∓ψ̄γµγ5ψ ,

where the upper sign holds for µ = 0 and the lower one for µ ∈ {1, 2, 3}.
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C Symmetries of the interaction Lagrangian

C.2 Time reversal

The time reversal operator acts on the wave functions as

Tψ(t,x)T−1 = (−γ1γ3)ψ(−t,x)

and we get, consequently, for the Dirac conjugate

T ψ̄(t,x)T−1 = ψ̄(−t,x)γ1γ3 .

The partial derivative changes its sign only in the time component,

∂0 7→ −∂0 ,

∂i 7→ ∂i , i ∈ {1, 2, 3} .
From [63, p.127, (15.132)], the charged components of the pion are interchanged

and all of them get a negative sign, but there is a phase factor remaining:

φπ± 7→ ±φπ∓ ,
φπ0 7→ ±φπ0 .

Thus, the combination τ ·φ would map to ±(τ ·φ)t. Since we also have to take
the complex conjugate of all (complex) numbers, τ2 becomes τ t2, and therefore

τ ·φ 7→ ±τ ·φ .
In analogy to the parity transformation, the bilinears transform as follows:

ψ̄ψ 7→ ψ̄ψ ,

ψ̄γµψ 7→ ±ψ̄γµψ ,
iψ̄γ5ψ 7→ −iψ̄γ5ψ ,

ψ̄γµγ5ψ 7→ ±ψ̄γµγ5ψ ,

where the upper sign holds for µ = 0 and the lower one for µ ∈ {1, 2, 3}.

C.3 Charge conjugation

This operator acts on the wave functions via γ2:

Cψ(x)C−1 = −iγ2ψ∗(x) = (−iψ̄γ0γ2)t ,

from which the action on ψ̄ can be seen to be

Cψ̄C−1 = (−iγ0γ2ψ)t .

The resulting transformations of the bilinear terms are then given by

ψ̄ψ 7→ ψ̄ψ ,

ψ̄γµψ 7→ −ψ̄γµψ ,
iψ̄γ5ψ 7→ iψ̄γ5ψ ,

ψ̄γµγ5ψ 7→ ψ̄γµγ5ψ ,
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C.4 Summary

C.4 Summary

We can now compose a table for the discrete symmetries, which results in

ψ̄ψ ψ̄γµψ iψ̄γ5ψ ψ̄γµγ5ψ ∂µ τ ·φ
P +1 ±1 −1 ∓1 ±1 −1
T +1 ±1 −1 ±1 ∓1 ±1
C +1 −1 +1 +1 +1 +1

C.5 Pseudovector spin-1/2 resonances

The ansatz for the pseudovector Lagrangian for the pion-nucleus-resonance vertex
is given by

L = αψ̄Rτ · ∂µφπγµψN + h. c. , (C.1)

where α is the (complex) coupling constant and τ are the isospin Pauli matrices.
We absorb the isospin multiplication into a factor, which is

√
2 at the πNR vertex

and one at the RKΛ vertex [127].
To check the discrete symmetries, we start with the first term of (C.1).

C.5.1 Parity

We know that ψ̄γµψ and ∂µ change their sign for µ ∈ {1, 2, 3} and not for µ = 0.
Taking into account the sign change of the pion wave function, we find that the
behaviour of this term is determined by the parity of the resonance:

ψ̄R∂µφπγ
µψN 7→ −PRψ̄R∂µφπγ

µψN .

Applying the same arguments to the hermitean conjugate term of (C.1), we find
that the Lagrangian is invariant under parity transformations if the resonance has
odd parity.

For even parity resonances the ansatz for the Lagrangian is

L = αψ̄Rτ · ∂µφπγµγ5ψN + h. c. ,

where the sign change of ψ̄γµγ5ψ compensates that of the partial derivatives.

C.5.2 Time reversal

Since we are free to choose the phase factor of the combination τ ·φ, time reversal
invariance can always be satisfied and leads to no additional constraints on the
coupling.
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C Symmetries of the interaction Lagrangian

C.5.3 Charge conjugation

The transformations under charge conjugation require a little more investigation
since they interchange the two spinor wave functions of the resonance and the
nucleon or Λ. Taking that into account, we get reality conditions for the coupling
constant. While the partial derivatives are not affected by charge conjugation, the
charged pions get interchanged.

This means, (C.1) transforms as

ψ̄R∂µφπγ
µψN 7→ −ψ̄N∂µφπγ

µψR ,

and the Lagrangian for even-parity resonances behaves as

ψ̄R∂µφπγ
µγ5ψN 7→ ψ̄N∂µφπγ

µγ5ψR .

To be invariant under charge conjugation, these terms have to be equal to the
hermitean conjugate term in the Lagrangian. For odd-parity resonances this means
that −α = α∗, and for even-parity ones we have α = α∗. We introduce the real
coupling constant by α = ig in the first and α = g in the second case, with g ∈ R.

Now we have

L = gψ̄R∂µφπγ
µ

{
i

γ5

}
ψN + h. c. ,

with the upper factor for odd-parity and the lower one for even-parity resonances.
Written this way, it is invariant under parity and charge conjugation and it is
hermitean by construction.

C.6 Pseudoscalar spin-1/2 resonances

The ansatz for the pseudoscalar Lagrangian for the pion-nucleus-resonance vertex
is given by

L = αψ̄Rτ ·φπψN + h. c. , (C.2)

where the notation is the same as in the previous section. The isospin multiplication
is again absorbed into a single factor.

C.6.1 Parity

Since there are no derivatives or gamma matrices, the first term of (C.2) changes
its sign because of the pion wave function, and a second sign change may come
from the parity of the resonance:

ψ̄RφπψN 7→ −PRψ̄RφπψN .

And, again, this shows that (C.2) is invariant if the resonance has odd parity.
For even parity resonances, we introduce an additional γ5 into the Lagrangian

above, which restores parity invariance

L = αψ̄Rτ ·φπγ5ψN + h. c. . (C.3)
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C.6 Pseudoscalar spin-1/2 resonances

C.6.2 Time reversal

Since we are free to choose the phase factor of the combination τ ·φ, time reversal
invariance can always be satisfied and, again, this leads to no additional constraints
for the coupling.

C.6.3 Charge conjugation

Invariance under charge conjugation gives again reality conditions for the complex
coupling α. In particular the first term in (C.2) behaves as

ψ̄RφπψN 7→ ψ̄NφπψR ,

where only the spinor wave functions are interchanged. The same holds for (C.3),
but there the hermitean conjugate changes the sign of α∗. In the first case we have
therefore α = α∗ and in the second case it is α = −α∗.

Put together, our parity and charge conjugation invariant pseudoscalar Lag-
rangian is

L = gψ̄Rφπ

{ 1
iγ5

}
ψN + h. c. ,

and again the upper factor is for odd-parity and the lower one for even-parity
resonances.
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D Solution of the mean-field Dirac
equation

The calculation of the nuclear bound states is based on the mean-field Dirac equa-
tion

[γµ(i∂µ − Σµ)− (m− Σs)]ψ = 0 , (2.5)

which can be simplified for spherically symmetric nuclei to
(
i��∂ −m− γ0V 0 − V s

)
ψ = 0 .

It can be viewed as the equation of motion from the Lagrangian density

L = ψ̄
(
i��∂ −m− γ0V 0 − V s

)
ψ .

The canonical momentum is given by π = iψ̄γ0 = iψ†, and following [62], the
Hamiltonian is given by

H =
∫

d3x ψ̄
(
iγi∂i + γ0V 0 +m+ V s

)
ψ =

∫
d3xψ†

(
iγ0γi∂i + V 0 + γ0(m+ V s)

)
ψ

with the single-particle Hamilton density

h = iγ0γi∂i + V 0 + γ0(m+ V s) = −iα ·∇+ V 0 + γ0(m+ V s) , (D.1)

such that
hψ = εψ (D.2)

with the single-particle energy ε.
The solution to (D.2) with the Hamiltonian (D.1) are then the bound states.

They can be separated into an angular and a radial part with the ansatz

ψ(x) =

(
fn,j(r)Yjmjℓs (x̂)

−ign,j(r)Yjmjℓ′s (x̂)

)

with the spinor-spherical harmonics

Yjmjℓs (x̂) =
∑

mℓ,ms

〈ℓ,mℓ, s,ms | j,mj〉Yℓmℓ(x̂)χs,ms . (2.10)

The upper and lower components, f(r) and g(r) respectively, then satisfy the
coupled equations

(
V 0 + V s + m− ε

)
f Yjmjℓs = σ ·∇g Yjmjℓ′s , (D.3)

(
V 0 − V s −m− ε

)
g Yjmjℓ′s = −σ ·∇f Yjmjℓs . (D.4)
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D Solution of the mean-field Dirac equation

Eliminating g(r) from (D.3) with the help of (D.4) then leads to

[
(V 0 − ε)2 − (m+ V s)2 − σ ·∇(V 0 − V s)

V 0 −m− V s − εσ ·∇+△
]
f(r)Yjmjℓs (x̂) = 0 . (D.5)

For the evaluation of the σ ·∇-terms, the following identity [128–130] is useful1:

σ ·∇fY = (σ · x̂)(σ · x̂)σ ·∇fY

=
1

r2
(σ ·x) [x ·∇+ iσ · (x×∇)] fY

=
1

r2
(σ ·x) [x ·∇− σ ·L] fY . (D.6)

The eigenvalues of σ ·L are given by

σ ·LYjmjℓs = −1±
(
j +

1

2

)
Yjmjℓs ,

where j = ℓ± 1/2, and (D.6) can be written as

σ ·∇fY =
1

r2
(σ ·x)

[
r
∂

∂r
−
(
−1±

(
j +

1

2

))]
fY .

This fully separates the radial and angular parts and (D.5) leads to a differential
equation for f(r):

[
1

r

∂2

∂r2
r − ℓ(ℓ+ 1)

r2
+ (V 0 − ε)2 − (m+ V s)2

− 1

V 0 −m− V s − ε
∂(V 0 − V s)

∂r

(
∂

∂r
+

1∓ (j + 1/2)

r

)]
f(r) = 0 .

This equation can easily be solved numerically, and by using (D.3) and (D.4) we
obtain g(r) and hence ψ(x).

1We use the abbreviation x̂ := x/r with r = |x|.
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E Matrix elements and cross
sections

E.1 Detailed discussion of the matrix element

calculation

Our choice for calculating the scattering amplitude(s) and cross section(s) is a
Monte-Carlo integration of the integrand (5.30). As already indicated in sec-
tion 5.6.3, we want to simplify this expression as far as possible by analytical
methods for faster numerical evaluation. We will calculate (5.32) in more detail,
as well as determine the variables c1, . . . , c

′
4 explicitly.

As discussed, (5.32) gives four terms mixing the upper and lower components of
the Λ and nucleon wave function. The first term is

Ma1 := fΛfN(c1 + c′1k
0
K)Y†Λ YN

= fΛfN(c1 + c′1k
0
K)

×
∑

m,m′

〈
ℓ,mj −m,

1

2
, m

∣∣∣∣ j,mj
〉〈

L,mJ −m′,
1

2
, m′

∣∣∣∣ J,mJ
〉

× Y ∗ℓ,mj−mYL,mJ−m′χ
†
1/2,mχ1/2,m′ , (E.1)

where we used again the single indices Λ and N to denote all the indices and
arguments of the wave functions for the Λ and the nucleon, respectively. Written
explicitly, we used them as follows:

fΛ := fn,j(|kΛ|) , YΛ := Yjmjℓs (k̂Λ) ,

fN := fN,J(|kN|) , YN := YJmJLS (k̂N) .

Furthermore, we used lower case letters n, ℓ, s, j, mj for the Λ indices and upper
case letters N , L, S, J , and mJ for the nucleon indices. The arguments of the
spherical harmonics are Y ∗ℓ,... = Y ∗ℓ,...(k̂Λ) and YL,... = YL,...(k̂N), respectively.

The orthogonality relation for the two-dimensional spinors in the last line of (E.1)
gives the constraint m = m′ and we are left with

Ma1 = fΛfN(c1 + c′1k
0
K)

×
∑

m

〈
ℓ,mj −m,

1

2
, m

∣∣∣∣ j,mj
〉〈

L,mJ −m,
1

2
, m

∣∣∣∣ J,mJ
〉
Y
∗
ℓ,mj−mYL,mJ−m .

(E.2)
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E Matrix elements and cross sections

The mixed terms in (5.32) involve the angular momentum algebra because of the
σ ·k term. This term acts between the two-dimensional spinors and we can use
σx = s+ + s− and σy = −i(s+ − s−), where s+ and s− are the spin-1/2 ladder
operators. They act on the spinor components as

s±χs,m =
√

(s∓m)(s+ 1±m)χs,m±1

and σzχs,m = 2szχs,m = 2mχs,m. Hence, we arrive at

χ†1/2,m(σ ·k)χ1/2,m′ =

√(
1

2
−m′

)(
3

2
+m′

)
(kx − iky)δm,m′+1

+

√(
1

2
+m′

)(
3

2
−m′

)
(kx + iky)δm,m′−1 + 2mkzδm,m′ .

The x-, y-, and z-directions of the momentum vector k are determined by the
incoming pion momentum kπ , which is taken to be in the z-direction: kπ =
(0, 0, |kπ |). This gives for the second term in (5.32) the following expression

M b1 := ic′1fΛgN Y†Λ(σ ·kK)YN

= ic′1fΛgN

∑

m

〈
L′, mJ −m,

1

2
, m

∣∣∣∣ J,mJ
〉
YL′,mJ−m

×

kx

〈
ℓ,mj −m− 1,

1

2
, m+ 1

∣∣∣∣ j,mj
〉
Y
∗
ℓ,mj−m−1

√(
1

2
−m

)(
3

2
+m

)

+ ky

〈
ℓ,mj −m+ 1,

1

2
, m− 1

∣∣∣∣ j,mj
〉
Y
∗
ℓ,mj−m+1

√(
1

2
+m

)(
3

2
−m

)

+2mkz 〈ℓ,mj −m,
1

2
, m|j,mj〉Y ∗ℓ,mj−m


 . (E.3)

The third part of M1 can be expressed analogously to (E.3), substituting fΛ by gΛ,
gN by fN, and i by −i. And for the fourth part of (5.32) we get the same expression
as (E.2) but we have to substitute f by the respective g, and c1 by −c1.

We can use the same reasoning for the parts M2, . . . ,M4 of (5.30), where FN

gives rise to factors ζN and ζ ′N instead of fN and gN, respectively. Similarly, the

occurrence of F̄Λ in M3 and M4 leads to factors ζΛ and ζ ′Λ, using the fact that these
are real functions.
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E.2 The variables c1, . . . , c
′
4

We now define four functions F1, . . . , F4 as follows:

F1 := (c1 + c′1k
0
K)fΛfN + (c2 + c′2k

0
K)fΛζN

+ (c3 + c′3k
0
K)ζΛfN + (c4 + c′4k

0
K)ζΛζN ,

F2 := i
(
c′1fΛgN + c′2fΛζ

′
N + c′3ζΛgN + c′4ζΛζ

′
N

)
,

F3 := −i
(
c′1gΛfN + c′2gΛζN + c′3ζ

′
ΛfN + c′4ζ

′
ΛζN

)
,

F4 := (−c1 + c′1k
0
K)gΛgN + (−c2 + c′2k

0
K)gΛζ

′
N

+ (−c3 + c′3k
0
K)ζ ′ΛgN + (−c4 + c′4k

0
K)ζ ′Λζ

′
N .

With these definitions, we can now write down M in terms of c1, . . . , c
′
4 and the

radial wave function parts f , g, ζ , and ζ ′, together with their respective angular
parts, as

M1 = F1

∑

m

〈
ℓ,mj −m,

1

2
, m

∣∣∣∣ j,mj
〉〈

L,mJ −m,
1

2
, m

∣∣∣∣ J,mJ
〉
Y
∗
ℓ,mj−mYL,mJ−m

+ F2

∑

m

〈
L′, mJ −m,

1

2
, m

∣∣∣∣ J,mJ
〉
YL′,mJ−m

×

kx

〈
ℓ,mj −m− 1,

1

2
, m+ 1

∣∣∣∣ j,mj
〉
Y
∗
ℓ,mj−m−1

√(
1

2
−m

)(
3

2
+m

)

+ ky

〈
ℓ,mj −m+ 1,

1

2
, m− 1

∣∣∣∣ j,mj
〉
Y
∗
ℓ,mj−m+1

√(
1

2
+m

)(
3

2
−m

)

+2mkz 〈ℓ,mj −m,
1

2
, m|j,mj〉 Y ∗ℓ,mj−m




+ F3

∑

m

〈
L,mJ −m,

1

2
, m

∣∣∣∣ J,mJ
〉
YL,mJ−m × [ℓ 7→ ℓ′]

+ F4

∑

m

〈
ℓ′, mj −m,

1

2
, m

∣∣∣∣ j,mj
〉〈

L′, mJ −m,
1

2
, m

∣∣∣∣ J,mJ
〉
Y
∗
ℓ′,mj−mYL′,mJ−m .

(E.4)

E.2 The variables c1, . . . , c
′

4

With the form (E.4) for the integrand of the matrix element, all we need is the
explicit form of the variables c1, . . . , c

′
4 from the interaction Lagrangians. Since

we have different possibilities for each of the amplitudes, we order them, first by
resonance and then by their pseudovector and pseudoscalar variants.
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E Matrix elements and cross sections

E.2.1 N(1650) S11

First, we write down the variables for the N(1650) S11 resonance, which has spin-1/2
and odd parity. For the pseudoscalar coupling we get the following expressions:

c1 = mΛ +mR , c′1 = 1 , c3 = 1 ,

all the others evaluate to zero.

Next, for the pseudovector case, these variables change to:

c1 = mR(k2
K + kK · kΛ) +mN(k2

K − 2kR · kK) ,

c′1 = k2
R −mΛmR −mNmR +mΛmN ,

c2 = k2
K − 2kR · kK ,

c′2 = mR +mΛ ,

c3 = 0 , c′3 = −mR +mN ,

c4 = 0 , c′4 = 1 .

E.2.2 N(1710) P11

The amplitude variables for the pseudoscalar case of the N(1710) P11 read:

c1 = −mΛ +mR , c′1 = −1 , c3 = 1 ,

all the others being zero. For the pseudovector case, these variables are related to
the ones for N(1650) S11 by setting mR 7→ −mR and M 7→ −M .
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E.3 Cross sections

E.2.3 N(1720) P13

Here we have only one choice for the Lagrangian, and the calculated variables are

c1 = (kK · kπ)(mΛ +mR)− 2

3
mΛkR · kK +

1

3
k2

K(mN −mR)− 2

3
mRkK · kΛ

− 2

m2
R

(kK · kR)(kR · kπ)(mΛ +mR)− 1

3mR
k2

K(kR · kπ)

+
1

3mR

(kR · kK)(k2
R −mΛmN +mRmΛ −mRmN) ,

c′1 = kK · kπ +
k2

R

3
− 2

3
kR · kK +

1

3
(mΛmN +mRmN +mRmΛ)− 2

3m2
R

(kK · kR)(kR · kπ)

+
1

3mR
kR · kK(mR −mN)− 1

3mR
kR · kπ(mR +mΛ) ,

c2 = kK · kπ −
2

3
kR · kK −

2

3m2
R

(kK · kR)(kR · kπ) +
1

3mR
kR · kK(mR −mN) ,

c′2 =
1

3
(mN +mR)− 1

3mR
kR · kπ ,

c3 =
k2

K

3
− 1

3mR

kR · kK(mΛ +mR) ,

c′3 =
1

3
(mΛ +mR) +

1

3mR
kR · kK ,

c4 = − 1

3mR
kR · kK , c′4 =

1

3
.

E.3 Cross sections

Here, we briefly discuss the difference of the prefactors of the two equations for the
differential cross section (4.8) and (E.5) in section 4.2. According to [17, 62], the
differential cross section for the two-body-reaction in our case is given by

dσ

dΩK
=

1

64π2

|pK|
|pπ |
|M|2
s

, (E.5)

whereas our result from section 4.2 is given by

dσ

dΩK

=
1

16π2

mAmB

s

|pK(ẼK)|
|pπ |

|M(EK = ẼK)|2 . (4.8)

As already mentioned in section 4.2, the difference in the prefactor stems from
the different normalisations of the asymptotic states involved. Whereas in [62] these
are the free solutions of the Dirac equation for the nucleon, and the free solutions of
the Klein–Gordon equation for the meson, in our case the nucleon wave functions
are given by the bound states in the nuclear potential (see also chapter 2).
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Furthermore, these asymptotic states are calculated using the notation and nor-
malisation of [63], where the free spinors u satisfy

ū(p, s)u(p, s) = 1 .

This is different to the normalisation used in [62], which is given by

ū(p, s)u(p, s) = 2m .

Similarly, the nucleon and hyperon bound state wave functions we use, are norm-
alised in such a way that ∫

R
3

ψ†(x)ψ(x) d3x = 1 .

Summing over all nucleons (hyperons) then gives the mass number A (B), which
translates to factors of the (hyper)nucleus mass mA (mB) in the cross section for-
mulae. Therefore, (4.8) is related to (E.5) by substituting the factors m(A,B)/E(A,B)

by 1/2E(A,B) in (4.1).
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Deutsche Zusammenfassung

Seit des experimentellen Nachweises des Atomkernes und seiner Bestandteile, den
Neutronen und Protonen, lag das wissenschaftliche Interesse darin, den Zusam-
menhalt dieser im Kern zu verstehen. Dabei spielten vor allem die Untersuchung
der Kerneigenschaften im allgemeinen und die von besonders ungewöhnlichen im
besonderen eine Rolle. So wurden und werden vor allem die Extrembereiche der
Nuklidkarte ausgelotet, um Rückschlüsse auf die Anwendbarkeit von Kernmodellen
zu ziehen und deren Gültigkeit zu überprüfen. Zu diesen Bereichen gehören unter
anderem Kerne abseits des Stabilitätstals, wie etwa besonders neutronen- oder pro-
tonenreiche Kerne, aber auch solche mit zusätzlichen Teilchen statt der Protonen
oder Neutronen. Zu diesen gehören die sogenannten Hyperkerne, die Baryonen mit
Seltsamkeit enthalten und deren Produktion in dieser Arbeit untersucht wird.

Wir beschäftigen uns mit pioneninduzierter Hyperkernproduktion, bei der dieser
Produktionsprozeß durch ein einlaufendes π-Meson (Pion) ausgelöst wird, welches
im weiteren Verlauf der Reaktion durch die Wechselwirkung mit den Nukleonen ei-
ne Resonanz anregt, deren Zerfall die untersuchten Teilchen, ein K-Meson (Kaon)
und ein Λ-Baryon, erzeugt. Diese Teilchen sind weitere Bestandteile des Standard-
modells der Teilchenphysik. Durch die Untersuchung der weiteren Zerfallsprodukte
können im Experiment Rückschlüsse auf deren Erzeugung beziehungsweise die zwi-
schenzeitliche Existenz eines gebundenen Λ-Kern Zustandes, den oben angespro-
chenen Hyperkern, gezogen werden.

Die Teilchen mit Seltsamkeit wurden durch ihre besonderen Eigenschaften ent-
deckt und dementsprechend benannt, weil sie sich nicht wie erwartet verhielten. Sie
besaßen eine wesentlich längere Lebenszeit, als aufgrund ihrer Masse zu erwarten
war. Diese ließ sich nur damit erklären, daß diese Teilchen eine Besonderheit besit-
zen, die einen schnelleren Zerfall verhindert und somit “Seltsamkeit” (auf Englisch
strangeness) genannt wurde. Später wurde diese Eigenschaft durch die entspre-
chende Einordnung in das Quarkmodell im Rahmen der Quantenchromodynamik
erklärt.

So ergeben sich für die Baryonen und Mesonen, die aus jeweils drei Quarks be-
ziehungsweise einem Quark und einem Antiquark aufgebaut sind, Relationen, die
sich in Form von Oktets darstellen lassen, der sogenannte “eight-fold way” [11–13].
Das Mesonenoktet ist in Bild 1.1 dargestellt, und das Baryonenoktet in Bild 1.2.
Darin ist jeweils der Anteil des sogenannten strange-Quarks gegenüber der Hy-
perladung Y aufgetragen, welche sich aus den Quantenzahlen der Seltsamkeit S
und der Baryonenzahl B gemäß Y = S + B ergibt. Mit der elektrischen Ladung
Q und der dritten Komponenten des Isotopenspins I3 ergibt sich dafür alternativ
Y = 2(Q−I3). Weiterführende Details über die gruppentheoretische Klassifizierung
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der Baryonen und Mesonen sind zum Beispiel in [16, 17] zu finden.
Für unsere Arbeit relevant sind diejenigen Teilchen, die genau ein strange-Quark

beinhalten. Bei den Mesonen sind das die Kaonen (K+, K−, K0, K0), und bei den
Baryonen die Σ-Teilchen (Σ−, Σ0, Σ+) und das Λ-Teilchen. Diese Baryonen werden
oftmals auch Hyperonen genannt, und sie besitzen die Hyperladung Y = 0, da für
ihre Baryonenzahl B = 1 und für ihre Seltsamkeit, aus historischen Gründen, S =
−1 gilt. Wir werden in dieser Arbeit nicht die angeregten Zustände dieser Baryonen
und Mesonen betrachten, die die Anzahl dieser seltsamen Teilchen vergrößert.

Die Erzeugung von Teilchen mit Seltsamkeit, wie wir sie in dieser Arbeit be-
schreiben, hat unter anderem eine wichtige astrophysikalische Bedeutung. So be-
stimmt die Anzahl der vorhandenen Freiheitsgrade zum Beispiel den Radius von
Neutronensternen. Dabei können eventuell im Inneren vorhandene Teilchen mit
Seltsamkeit (unter anderem eben die oben erwähnten Hyperonen) diesen beeinflus-
sen [18–22], ebenso wie das Vorhandensein von freien Quarks und Gluonen [27–29].
Die Beobachtung von Neutronensternen mit Radien, die von solchen Modellen vor-
hergesagt werden, aber durch andere Modelle nicht beschrieben werden können,
kann somit einen Hinweis auf die mögliche Zusammensetzung von Neutronenster-
nen im Inneren geben [30, 31]. Weiterhin lassen sich damit Rückschlüsse auf das
Verhalten von Materie bei extremen Bedingungen wie hoher Dichte, starker Gravi-
tation und hohen Temperaturen ziehen. Das Verständnis der Erzeugungsprozesse
der einzelnen möglichen Bestandteile auf elementarer Ebene ist somit ein interes-
santes Forschungsgebiet.

Andere, verwandte, Arbeiten beschäftigen sich mit der Hyperkernproduktion in
sekundären Reaktionen bei Experimenten mit schweren Ionen [35–37]. Bei diesen
Prozessen streuen Teilchen aus der primären Reaktion an den, bis dahin, unbe-
teiligten Nukleonen, und können dadurch Hyperkerne erzeugen. Dies funktioniert
dann durch die gleiche Reaktion, wie wir sie auch in dieser Arbeit betrachten. Die-
se Reaktionen, ausgelöst durch Schwerionenkollisionen, sind ebenfalls Gegenstand
aktueller Forschungen, auf theoretischer Ebene zum Beispiel im Rahmen von semi-
klassischen Transportmodellen [38, 39], und auf experimenteller Seite durch die Hy-
pHI Kollaboration [40]. Die meisten theoretischen Beschreibungen der Hyperkern-
produktion sind allerdings entweder semi-klassisch [38, 39], oder beschränken sich
auf eine nichtrelativistische Behandlung der Bindungszustände des Kerns [41, 42].
Die vorliegende Arbeit zeichnet sich dadurch aus, daß diese Reaktionen vollständig
relativistisch und quantenmechanisch zu beschrieben werden.

Ein wichtiger Teil bei der Berechnung von Pion-Kern Wechselwirkungen ist die
Beschreibung der Zustände im Kern beziehungsweise Hyperkern selbst. Diesen wid-
meten wir uns in Kapitel 2, in dem wir zuerst die allgemeinen Zugänge beleuchteten.
Diese bestehen hauptsächlich aus dem phänomenologischen Walecka Modell [8, 9]
und der Dirac–Brueckner Theorie, die versucht, die Kerneigenschaften aus den ele-
mentaren Wechselwirkungen zu bestimmen. Eine detaillierte Beschreibung dieser
wurde und wird, zum Beispiel, im Rahmen der sogenannten dichteabhängigen rela-
tivistischen Hadronenfeldtheorie untersucht [58]. Für unsere Zwecke ausreichend ist
ein vergleichsweise einfaches Modell, welches jedoch durch die erfolgreiche Beschrei-
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bung der relevanten Kernparameter wie Radius und Ladungsverteilung gerechtfer-
tigt ist. Die dazu benutzte Dirac-Gleichung enthält ein skalares und ein vektoriel-
les Potential, welche die für uns interessanten Wechselwirkungen beschreiben. Als
Differentialgleichung zweiter Ordnung für die Radialanteile der Wellenfunktionen
lassen sich die Lösungen mit numerischen Algorithmen berechnen. Das Ergebnis
sind die Kernwellenfunktionen im Ortsraum, ψ(x), welche für unsere Rechnungen
noch in den Impulsraum fouriertransformiert werden.

Das eigentliche Modell in dieser Arbeit beschreibt die Produktion von Teilchen
mit Seltsamkeit durch die Erzeugung und den anschließenden Zerfall von Nukleo-
nenresonanzen. Darauf gingen wir in Kapitel 3 näher ein. Diese elementare Reak-
tion des Pions findet dabei immer nur an einem Nukleon statt, was Stoßnäherung
genannt wird. Sie ist immer dann gerechtfertigt ist, wenn die kinetische Energie
der einlaufenden Teilchen, Tlab, groß gegenüber die Fermienergie εF der Nukleonen
ist, Tlab ≫ εF. In diesem Fall wird die Reaktion am Kern durch Einteilchenstöße
dominiert. Da die Anfangs- und Endzustandswechselwirkungen einen Einfluß auf
den Wirkungsquerschnitt haben können, müssen diese unter Umständen berück-
sichtigt werden. Wie dies im Rahmen der Stoßnäherung gehandhabt werden kann,
wurde in Abschnitt 3.1 dargelegt. Die Details über die in dieser Arbeit verwen-
deten Resonanzen sind in Abschnitt 3.2 zu finden. Weiterhin werden für unsere
Rechnungen Wechselwirkungslagrangedichten benötigt, die unter Berücksichtigung
von Spin und Drehimpuls die richtigen Kopplungen an das Pion und Nukleon auf
der einen Seite und das Kaon und Λ auf der anderen Seite beinhalten. So gibt es
für die Spin-1/2 Resonanzen im wesentlichen die Möglichkeiten einer pseudoska-
laren oder einer pseudovektoriellen Kopplung beziehungsweise einer Mischung aus
beiden. Da eine beliebige Mischung mehr Parameter bedeuten würde, haben wir
uns anhand [79, 82] auf die pseudoskalare Kopplung für Resonanzen mit ungerader
Parität und die pseudovektorielle Kopplung für Resonanzen mit gerader Parität
festgelegt. Zusätzlich betrachteten wir die entsprechenden Propagatoren und die
Breiten der Resonanzen, die darin auftauchen, in Abschnitt 3.4.

In Kapitel 4 rekapitulierten wir die allgemeinen Aspekte der Beschreibung von
Reaktionen anhand [62, 63, 70]. Wir präsentierten die kinematischen Details und
die Besonderheiten in unserem Fall in Abschnitt 4.1. Eine kurze Herleitung der
Gleichung für den (differentiellen) Wirkungsquerschnitt für den in dieser Arbeit
betrachteten Prozeß haben wir in Abschnitt 4.2 gegeben. Zuletzt betrachteten wir
in jenem Kapitel die Berechnung des Matrixelements selbst, welches die dynami-
schen Eigenschaften der Reaktion beschreibt. Dieses funktioniert durch die An-
wendung der Feynmanregeln welche sich aus den Lagrangedichten ergeben. Zudem
berücksichtigten wir die verschiedenen Näherungen für die Anfangs- und Endzu-
standswechselwirkungen auf die dafür zu lösenden Integrale.

Anschließend betrachteten wir die Wechselwirkungen der ein- und auslaufenden
Mesonen. Diese werden im einfachsten Fall vernachlässigt, das heißt, die Mesonen
werden durch ebene Wellen beschrieben. Der Sinn des Kapitels 5 bestand jedoch
darin, die verschiedenen Möglichkeiten der Beschreibung dieser Wechselwirkun-
gen und eventueller Näherungen auszuführen. So haben wir dort die Einzelheiten
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des optischen Potentials (siehe Abschnitt 5.2) und dessen Berechnung geschildert.
Weiterhin haben wir darauf aufmerksam gemacht, daß die Parametrisierung die-
ses Potentials vom Impuls beziehungsweise von der Energie des betrachteten Teil-
chens abhängig ist. Allen Ansätzen gemein ist jedoch, daß die Einführung eines
zusätzlichen Potentialterms die Klein–Gordon Gleichung modifiziert. Die daraus
berechneten Lösungen sind die von uns gesuchten Wellenfunktionen der Mesonen
im Medium. Für einige ausgewählte Energien haben wir damit den elastischen Wir-
kungsquerschnitt für K+ und π+ an 12C berechnet und mit experimentellen Daten
verglichen. Dies erlaubte uns, sowohl die Parameter des optischen Potentials zu
bestimmen und dessen Brauchbarkeit zu überprüfen.

Im Gegensatz zum relativ langsamen Kaon (im Vergleich zu seiner Ruhemas-
se), hat das Pion eine relativ hohe kinetische Energie (∼ 1 GeV). Dadurch können
für die Beschreibung seiner Wechselwirkungen weitere Näherungen vorgenommen
werden. In unserem Fall betätigen wir uns der Eikonalnäherung, welche wir in Ab-
schnitt 5.4 darlegten. Diese ist im wesentlichen eine Modifizierung der ebenen Welle
durch ein geradliniges Integral über das optische Potential. Für diese Abänderung
der freien Lösung benutzen wir eine weitere Näherung, bei der das optische Po-
tential durch die elastische Streuamplitude und die Kerndichte gegeben ist. Diese
sogenannte t̺-Näherung ist für Pionen in dem Energiebereich, den wir betrachten,
durchaus brauchbar, wie in jenem Abschnitt gezeigt wurde. Weiterhin haben wir
dafür die Kerndichte parametrisiert um eine schnelle numerische Auswertung zu
ermöglichen. Bei den zwei Parametrisierungen handelt es sich um eine modifizier-
te Gaußform für leichte Kerne und eine Woods–Saxon-Form für schwerere Kerne.
Beide Parametersätze haben wir dabei an die in Kapitel 2 berechneten Kernwel-
lenfunktionen, beziehungsweise an die daraus resultierenden Dichteverteilungen,
angepaßt. Der Betrag der Pion-Wellenfunktion, welcher einer Einhüllenden oder
Modulation der zugrundeliegenden ebenen Welle entspricht, ist in Bild 5.12 zu se-
hen. Dabei wird das Ausmaß der Wechselwirkungen sichtbar, welches in etwa dem
Kernradius entspricht.

Der letzte Abschnitt in Kapitel 5 ist dann der Fouriertransformation gewidmet,
weil wir die Wellenfunktionen für die Berechnung des Wirkungsquerschnitts im Im-
pulsraum benötigen. Wir haben dort die Möglichkeiten aufgezeigt, wie man dabei
die Partialwellenentwicklung ausnutzen kann. Als Beispiel sei dabei die Eikonal-
wellenfunktion im Impulsraum angeführt und welche in Bild 5.15 dargestellt ist.
Deutlich zu sehen ist die Peak-Struktur am On-Shell Punkt, die im Gegensatz zum
Fall ohne Wechselwirkung eine endliche Breite besitzt.

Die letzten beiden Kapitel widmeten wir unseren Ergebnissen, indem wir unsere
Rechnungen mit experimentellen Daten [42] verglichen. Als Targetkerne betrach-
teten wir dabei 12C und 40Ca, von denen allerdings nur für 12C experimentelle
Daten vorliegen. Beide Kerne haben die gleiche (gerade) Anzahl von Protonen und
Neutronen, und sind kugelsymmetrisch und isospin-symmetrisch. Somit sind unsere
Ansätze für die Potentiale, die auf der Kugelsymmetrie des Kerns beruhen, gerecht-
fertigt. Bei den Ergebnissen legten wir zuerst in Kapitel 6 Wert auf die Rechnungen
ohne zusätzliche Wechselwirkungen der Mesonen mit dem Kern. Dabei wiederum,
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begannen wir mit der Reaktion von π+ an 12C und zeigten die Ergebnisse für den
np3/2 → Λs1/2 Übergang. Wir erreichten dabei eine recht gute Übereinstimmung
bis auf einen Faktor 2 . . . 3, um den sich unsere Berechnungen von den experimen-
tellen Daten noch unterscheiden. Eine weitere kleine Diskrepanz ergab sich jedoch
auch bei der Beugungsstruktur, allerdings ist hier der im Experiment betrachtete
Bereich des Streuwinkels zu klein, um eine endgültige Aussage darüber zu treffen.
Beim zweiten betrachteten Übergang, np3/2 → Λp3/2, ergibt sich ein ähnliches Bild,
wobei die Daten mit unserem Modell ein bißchen besser beschrieben werden, was
den Absolutwert des Wirkungsquerschnitts betrifft. Aber auch hier läßt sich keine
Aussage treffen, ob wir die Beugungsstruktur richtig beschreiben.

In Abschnitt 6.2 widmeten wir uns der Reaktion an 40Ca. Leider gibt es für
diese Reaktionen keine experimentellen Daten mit denen wir vergleichen könnten.
Außerdem sind die gebundenen Λ Zustände in 40

ΛCa weniger genau definiert wie in
12
ΛC [43]. So betrachteten wir ausschließlich den nd3/2 → Λs1/2 Übergang und für

diesen wieder die Winkelverteilung und die Impulsabhängigkeit des differentiellen
Wirkungsquerschnitts bei plab = 1050 MeV. Durch einen direkten Vergleich mit den
Ergebnissen an 12C konnten wir sehen, daß der Absolutbetrag für beide Kerne in
Vorwärtsrichtung etwa gleich ist, und sich bei größeren Streuwinkeln um etwa zwei
Größenordnungen unterscheidet, wobei derjenige an 12C der größere ist. Weiterhin
haben wir die Abhängigkeit des differentiellen und totalen Wirkungsquerschnitts
vom Eingangsimpuls des Pions im Laborsystem untersucht. Hier zeigt ein direkter
Vergleich mit den Ergebnissen an Kohlenstoff, daß sich das Maximum des totalen
Wirkungsquerschnitts minimal zu kleineren Impulsen verschiebt.

Das letzte Kapitel beschäftigte sich mit den Ergebnissen wenn wir für das Pi-
on die Anfangszustandswechselwirkungen in der Eikonalnäherung mit einbeziehen.
Aufgrund des damit verbundenen höheren numerischen Aufwandes haben wir uns
auf die π+-12C Reaktion beschränkt, und dabei speziell auf den np3/2 → Λs1/2

Übergang. Im direkten Vergleich mit den Ergebnissen im Fall der ebenen Wellen
für das Pion zeigte sich, daß der Wirkungsquerschnitt sich in Vorwärtsrichtung mi-
nimal verkleinert, um dann zu größeren Streuwinkeln hin deutlich über dem für
das nicht-wechselwirkende Pion zu liegen. Außerdem tritt die Beugungsstruktur
weniger ausgeprägt hervor.

Aufgrund des numerischen Aufwandes wurden die Rechnungen bei denen die
Endzustandswechselwirkungen der Kaonen betrachtet werden, auf künftige Arbei-
ten verlegt. Auch bleibt zu überprüfen, ob andere Arten von Austauschdiagrammen,
wie etwa t- oder u-Kanal Versionen des vorliegenden Prozesses (im Vergleich zum
s-Kanal in Bild 3.5) weitere wesentliche Beiträge zum Wirkungsquerschnitt liefern.
Diese könnten dann unter Umständen den Absolutwert desselben beziehungsweise
dessen Beugungsstruktur verbessern.
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