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Cosmic Gall

Neutrinos, they are very small.
They have no charge and have no mass

And do not interact at all.

The earth is just a silly ball
To them, through which they simply pass,

Like dustmaids down a drafty hall
Or photons through a sheet of glass.

They snub the most exquisite gas,
Ignore the most substantial wall,

Cold-shoulder steel and sounding brass,
Insult the stallion in his stall.

And, scorning barriers of class,
Infiltrate you and me! Like tall

And painless guillotines, they fall
Down through our heads into the grass.

At night, they enter at Nepal
And pierce the lover and his lass

From underneath the bed - you call
It wonderful; I call it crass.

John Updike
Telephone Poles and Other Poems

1963
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Introduction

When Wolfgang Pauli postulated the neutrino in 1930 to retain the concept of energy and
momentum conservation inβ decay, he was afraid that this neutral and (almost) massless
particle would never be detected. Seventy five years later and with not only one but
three flavors confirmed, neutrino interactions offer uniqueopportunities for investigating
fundamental questions in various domains of physics.

Neutrino experiments around the world now provide conclusive evidence that neutrino
oscillations exist and, therefore, the neutrino is not massless. The absolute value of
the mass, however, remains one of the greatest challenges intodays elementary parti-
cle physics. More specifically, some of the principal issuesunder debate are: What is the
mass hierarchy? Is the neutrino a Dirac or a Majorana particle? Does the neutrino mixing
matrix contain a CP-violating phase? Is there a sterile neutrino? Does the neutrino have a
magnetic moment?

The interest in neutrinos goes beyond the study of their intrinsic properties and extends to
a variety of topics in astro-, nuclear and hadronic physics.Neutrinos are an important tool
for astrophysical issues like, for example, the understanding of the energy production in
the sun or of supernova explosions. Neutrinos can probe the interior of objects that other-
wise remain inaccessible. Even cosmological question are influenced by neutrinos since
they might play an important role in the matter-antimatter asymmetry of the universe.

Neutrinos are also a valuable tool in exploring nuclear and hadronic physics properties.
An important challenge in nuclear research is to understandthe hadronic structure within
quantum chromodynamics (QCD). Therefore, the explorationof nucleons and their ex-
cited states by both electromagnetic and weak probes deserves special attention. Such
information is important for testing current hadron models. The information obtained by
weak interactions are often complementary to those from electromagnetic interactions.
Especially, the unique(V − A) weak interaction structure probes properties of QCD, in
particular the axial structure of the nucleon, that is difficult to unravel with electron or
photon scattering. Charged current scattering is the only practical way towards an under-
standing of the axial form factors of the nucleon. Neutral current scattering, on the other
hand, can probe the strange sea quark contribution to the nucleon spin.

Among the excited states of the nucleon, the∆ resonance is the one studied best: by
strong, electromagnetic and also weak interactions. Of particular interest are theN − ∆
transition form factors and the question whether the nucleon and the∆ are deformed.
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And if so, is it due to gluon interactions between quarks or due to the pion cloud which
has resulted from spontaneously breaking of the chiral symmetry of QCD.

Even though neutrinos affect many domains of physics, they remain elusive particles, only
weakly interacting and hard to detect. They can only be observed by detecting the sec-
ondary particles they create when interacting with matter.Often used targets in neutrino
experiments are heavy nuclei, which provide relatively large cross sections. In turn, the
detailed theoretical understanding of the weak nuclear response is a prerequisite for the
analyses of current and future neutrino experiments and a precise knowledge of the neu-
trino nucleus cross section is therefore essential. So far,rather few attempts were made to
study systematically nuclear effects and their influence onthe weak pion production cross
section, most existing investigations were focussing mainly on the quasielastic reaction.
This situation motivates us to study neutrino scattering onnucleons and nuclei at low and
intermediate energies up to about 2 GeV.

This thesis is organized as follows: Part I gives a general overview about the latest devel-
opments in neutrino physics and related experiments and further provides the theoretical
background needed to calculate neutrino nucleon cross sections. The underlying theory,
the Standard Model of Electroweak Interactions, and fundamental symmetries are pre-
sented.

In Part II we discuss neutrino nucleon interactions emphasizing the two most important
processes in the energy range of interest, namely quasielastic scattering and∆ production.
We provide a fully-relativistic formalism to calculate those exclusive cross sections and
study extensively the form factors for reasons outlined above.

In Part III of this thesis we investigate neutrino scattering off nuclei. In the framework of
this work we extend the Giessen BUU model to describe neutrino nucleus interactions.
After introducing our model and its numerical implementation we discuss in particular
inclusive cross sections, one pion production and nucleon knockout.

We conclude with a summary of our main results. Some details of the calculation were
deferred to the appendix, which also gives our conventions.

2



Part I

Preliminaries





1 Neutrino Physics

In the course of the discovery of neutrino oscillation, new and better facilities are currently
being built to address open questions in neutrino physics and to determine the oscillation
parameters more precisely. They all have to face one issue: Going from the discovery
to the precision phase requires better knowledge of the interaction with the detector, i. e.
with nuclei. This knowledge will be crucial to reduce the systematic uncertainty of the
next generation of high-precision measurements. Those problems are addressed in this
chapter after presenting an overview about the history and the current status of neutrino
physics and related experiments.

For detailed and complete reviews of neutrino physics and ofrecent experimental results
the reader is referred to Refs. [Sch97, Gei03, Lip03, E+04, Kay05, LEP05] and to refer-
ences therein as well as to the web sites [NUn, NOI, UNP].

1.1 Neutrino Properties

The history of neutrinos began 1930 with a proposal by Wolfgang Pauli at a conference he
did not even attend. He ”invented” the neutrino to retain energy-momentum conservation
and Fermi statistics in nuclearβ decay [vMWH85]:

Liebe radioaktive Damen und Herren,

wie der Überbringer dieser Zeilen, den ich huldvollst anzuhören bitte, Ih-
nen des näheren auseinandersetzen wird, bin ich angesichts [...] des kon-
tinuierlichen beta-Spektrums auf einen verzweifelten Ausweg verfallen, um
den ”Wechselsatz” der Statistik und den Energiesatz zu retten. Nämlich
die Möglichkeit, es könnten elektrisch neutrale Teilchen, die ich Neutronen
nennen will, in den Kernen existieren, welche den Spin1/2 haben und das
Ausschliessungsprinzip befolgen und sich von Lichtquanten ausserdem noch
dadurch unterscheiden, dass sie nicht mit Lichtgeschwindigkeit laufen. Die
Masse der Neutronen müsste von derselben Grössenordnungwie die Elek-
tronenmasse sein und jedenfalls nicht grösser als 0,01 Protonenmasse. - Das
kontinuierliche beta-Spektrum wäre dann verständlich unter der Annahme,
dass beim beta-Zerfall mit dem Elektron jeweils noch ein Neutron emittiert
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wird, derart, dass die Summer der Energien von Neutron und Elektron kon-
stant sind.

[...]

Ich traue mich vorläufig nicht, etwas über diese Idee zu publizieren, und
wende mich vertrauensvoll an Euch, liebe Radioaktive, mit der Frage, wie
es um den experimentellen Nachweis stände, wenn dieses Neutron ein eben-
solches oder etwa 100 mal grösseres Durchdringungsvermögen besitzen wür-
de wie ein Röntgenstrahl.

Ich gebe zu, dass mein Ausweg vielleicht von vornherein wenig wahrschein-
lich erscheinen mag, weil man die Neutronen, wenn sie existieren, wohl
längst gesehen hätte. Aber nur wer wagt, gewinnt, und der Ernst der Situation
beim kontinuierlichen beta-Spektrum wird durch einen Ausspruch meines
verehrten Vorgängers im Amte, Herrn Debye, beleuchtet, der mir kürzlich
gesagt hat: ”Oh, daran soll man am besten gar nicht denken, sowie an die
neuen Steuern.” Darum soll man jeden Weg zur Rettung ernstlich diskutieren.
Also, liebe Radioaktive, prüfet und richtet. Leider kann ich nicht persönlich
in Tübingen erscheinen, da ich infolge eines in der Nacht vom 6. zum 7.
Dezember in Zürich stattfinden Balles hier unabkömmlich bin. - Mit vielen
Grüssen an Euch, Euer untertänigster Diener

gez. W. Pauli

Pauli’s neutron was later renamed to neutrino by Fermi because the ”real” neutron was
discovered in the meantime by Chadwick. 26 year after Pauli’s letter the neutrino was
experimentally detected by Reines and Cowan from a reactor source [RC53]. Since then
the concept of neutrinos has undergone several developments and its status, as of today,
is described briefly in the following. Their interactions will be covered in chapter 2.

Neutrino flavors

The standard model of particle physics contains three neutrino flavors: νe, νµ andντ .
Each neutrino forms a doublet with the corresponding charged lepton. Theντ was dis-
covered not even five years ago [DONUT01]. The number of neutrinos participating in
the electroweak interaction can be determined by theZ0 decay width and it was beau-
tifully confirmed at LEP, long beforeντ was seen explicitly, that there are only three
light neutrinos. In 1995 LSND claimed that three neutrinos were not enough to explain
their results and introduced a ”sterile” neutrino [LSND95]. This sterile neutrino does not
undergo weak interactions or interacts in any other way (except gravity). However, the
LSND experiment is still controversial and has not been confirmed by any other facility.
MiniBooNE, presently taking data, aims to confirm or refute this result.

6
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Helicity

Wu showed in the late 1950s that parity is violated in weak interactions and Goldhaber ob-
served that neutrinos have spin antiparallel to their momentum (left-handed) and antineu-
trinos have it parallel (right-handed). Therefore, in the Standard Model only left-handed
neutrinos and right-handed antineutrinos exist (cf. chapter 2).

Neutrino mass

Until recently, there was no compelling evidence that neutrinos have mass. Consequently,
in the Standard Model neutrinos have been considered as massless and neutral stable
particles and, reflecting parity violation, left-handed fields.

Today we know that this picture is outdated. There has been experimental evidence of
neutrino oscillation in atmospheric [Super-K98], solar [SNO01], reactor [KamLAND03],
and accelerator [K2K03] neutrino experiments (cf. chapter1.2). Those experiments have
obtained non-zero differences of squared neutrino masses and have therefore proven that
neutrinos are massive. This fact requires at least a minimalextension of the Standard
Model.

However, the absolute value of the neutrino mass has to be determined in a different way.
Basically, there are two classes of experiments which have given upper limits for the
neutrino mass so far. Direct mass experiments investigate the kinematics of theβ decay.
Numerous experiments have been studying the endpoint of theβ spectrum from Tritium
decay which yieldsmν̄e

< 3 eV [E+04]. The second class of experiments observes the
rates of nuclear doubleβ decay which are sensitive to non-zero neutrino masses.

In order to have neutrinoless doubleβ decay two conditions have to be fulfilled: The
neutrino must be its own antiparticle, i. e. it is not a Dirac but a Majorana particle, and
its mass is non-zero due to chirality arguments. A subgroup of the Heidelberg-Moscow
collaboration claimed recently to have seen0ν2β [KKDHK01]. But their analysis was
heavily criticized and this result has not yet been confirmedby any other experiment. If
their claim is true, then this will establish that neutrinosare Majorana particles.

Currently, the absolute values of the neutrino masses are unknown - moreover it is still
unknown whether the mass hierarchy is normal or inverted.

At present there are many alternative models to generate neutrino masses and to extend
the Standard Model. The experiments are not yet able to exclude some of them (especially
with the possible existence of Majorana and sterile neutrinos). The most important models
are summarized in Ref. [AF03]. Basically, there are two groups of models: Some imply
the existence of right-handed neutrinos (Dirac mass models), other imply lepton number
non-conservation (Majorana mass models) and some even imply both, as the most popular

7
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explanation of why neutrinos - although massive - are so light, the so-called see-saw
mechanism [LEP05]. Implications of non-zero neutrino masses are discussed in detail in
Ref. [MP04].

1.2 Neutrino Oscillations

The discovery of non-zero neutrino masses is closely related to the discovery of neutrino
oscillations - neutrino oscillations are only possible with massive neutrinos due to a dis-
tinction between flavor and mass eigenstates. The idea was first introduced by Pontecorvo
[Pon68]. The principle is analogous to the time evolution ofa classical coupled oscillator
starting with an excitation that is not a normal mode.

For simplicity we consider a system with only two neutrinos.Neutrinos produced in
charged current interactions are flavor eigenstates denoted asνe andνµ. Those eigenstates
have no well defined mass and are linear superpositions of themass eigenstatesν1 andν2

with massesm1 andm2, respectively:

|νe〉 = |ν1〉 cos θ + |ν2〉 sin θ, (1.1)

|νµ〉 = −|ν1〉 sin θ + |ν2〉 cos θ, (1.2)

whereθ is the neutrino mixing angle. At timet = 0 we have a pure weak eigenstate,
say |ν(0)〉 = |νµ〉. But νµ is a superposition of the mass eigenstates each of which is
propagating with the time dependence dictated by the free Hamiltonian. Therefore at a
time t the state will be given by

|ν(t)〉 = −|ν1〉 sin θ e−iE1t + |ν2〉 cos θ e−iE2t, (1.3)

with E1,2 =
√

p2 +m2
1,2 ≈ p +

m2

1,2

2p
. The probability of finding a neutrino with electron

flavor is then

P (νµ → νe; t) = |〈νe|ν(t)〉|2

= sin2 θ cos2 θ
∣
∣−e−iE1t + e−iE2t

∣
∣
2

= sin2 2θ sin2

(
∆m2t

4E

)

= sin2 2θ sin2

(
∆m2L

4E

)

. (1.4)

Here∆m2 = m2
2 −m2

1 is the squared mass difference andE = p. The last line is valid
for highly relativistic particles (L = t) with L being the travelled distance.

8
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Note that only the mass difference squared appears, hence measuring oscillation proba-
bilities will not give absolute values of the neutrino masses, it can only say definitely that
at least one of the two neutrinos has a non-zero mass.

The two-flavor-oscillation scheme can be easily extended tothree flavor mixing. The
neutrino mixing matrix1 then contains three anglesθ12, θ13, θ23, one Dirac CP violating
phase and possibly two Majorana phases. Further we have three squared mass differences:
∆m2

12, ∆m2
13, ∆m2

23 (cf. Ref. [E+04] for up-to-date numbers). Since the off-diagonal
matrix elements seem to be large, also CP violation might be larger than in the quark
sector.

In the presence of matter this vacuum oscillation scheme becomes more complicated
[Sch97]. Those matter effects can be crucial. Under certainconditions an almost com-
plete flavor inversion is possible which is known as the Mikheyev-Smirnov-Wolfenstein
effect (MSW effect).

1.3 Experiments and Uncertainties

After Super-Kamiokande found a deficit of atmospheric muon neutrinos [Super-K98] and
after SNO discovered the appearance of a non-electron flavorcomponent in the solar
neutrino flux [SNO01] there is no doubt that neutrinos oscillate.

Future precision experiments will mostly be performed withartificial (i. e. reactor and ac-
celerator) neutrinos providing better controllable conditions. In particular, long-baseline
experiments will be used. In those experiments two ideal setups are possible. In long-
baseline experiments which have no near detector, the accuracy of the results is deter-
mined by the uncertainties in the knowledge of the beam parameters and the cross sec-
tions. In principle, a setup with identical near and far detectors could be used to can-
cels these uncertainties since both detect the same spectrum - oscillation parameters are
then fitted to the difference of both. However, this setup is difficult to realize in practice
[Har, MINERvA04a, MINERvA04b].

Among these long-baseline experiments are the K2K experiment (KEK to Kamioka)
[K2K], the NuMI/MINOS project [MIN] and the CNGS project [CNG]. K2K uses a
low energy neutrino beam of about 1.5 GeV sent from KEK to Super-Kamiokande at
a distance of about 250 km. A near detector is located on the KEK site. Data taking
started already in 1999. A few month ago, also MINOS started data taking. It is placed
at a distance of 730 km in the NuMI beamline, a higher-energy tunable neutrino beam
(Eν ∼ 3 − 12 GeV) provided by Fermilab. Finally, CNGS is located in Gran Sasso,

1known also as Pontecorvo-Maki-Nakagawa-Sakata matrix

9
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730 km away from the neutrino source at CERN. Since it is planned to investigateντ

appearance, a high-energy neutrino beam (Eν ∼ 17 GeV) has to be used.

Even though the physics programs are complementary (K2K plans to confirm atmospheric
neutrino results, MINOS will yield more precision measurements of the oscillation pa-
rameters, CNGS wants to settle the question whether oscillation will involve τ neutrinos),
all experiments will face similar problems, namely uncertainties in the knowledge of neu-
trino scattering: Obviously, the measurement of the flavor composition of a beam and its
energy spectrum in a detector far away from the source is achieved by neutrino interac-
tions with that detector. Uncertainties in the knowledge ofthis interaction will directly
result into uncertainties of oscillations parameters, in particular into errors in the neutrino
energy reconstruction. Since there is no test beam for ”neutrino energy calibration”, the
energy has to be reconstructed from the measured final state particles using theoretical
models (new experiments therefore use high-Z calorimeters instead of Cerenkov detec-
tors). Since the energy is directly related to the oscillation parameters, this technique is a
source of systematic errors in the analysis.

Most important are uncertainties due to neutrino cross sections and nuclear effects - they
are estimated to be 20 % [Lip02] or even 50 % [Har] in oscillation experiments.2 Such
a large error makes a precise determination of oscillation parameters difficult and experi-
ments aiming to detect CP violation even impossible. For detailed discussions the reader
is referred to Refs. [NuI02, NuI, NuI05], which conclude that a more precise knowledge
of the cross section and a quantitative understanding of theweak nuclear response is a
prerequisite for the analyses of future neutrino experiments.

1.4 Existing Neutrino Scattering Data and Future
Experiments

The excitement about the discovery of the non-zero neutrinomass has driven many exper-
iments as outlined above. But as just discussed those experiments now are in a position
where a better knowledge of the detector response is essential, in particular neutrino cross
sections and nuclear effects need to be understood. Therefore, we shall close these pre-
liminaries with a brief summary of existing and planned experiments aiming at those
questions.

In the 1 - 10 GeV region relevant existing data come from bubble chamber measurements
running from the 1960’s to the 1980’s. Among them are most important the 12-foot bub-
ble chamber Gargamelle at Argonne (ANL), the 7-foot bubble chamber at Brookhaven
(BNL), the Big European Bubble Chamber (BEBC) at CERN, the Serpukhov bubble

2It was shown in Ref. [Super-K02] that even within these errors the oscillation hypothesis holds.

10
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chamber SKAT, and the FNAL 15-foot bubble chamber (cf. Ref. [Wha05] for a collec-
tion of references and Ref. [Sak02] for a review). They studied neutrino and antineutrino
interactions off free nucleons and heavy liquid targets. Data for quasielastic and inelastic
scattering were taken on both light (Hydrogen and Deuterium) and heavy (Neon, Propane
and Freon) targets. In nearly all cases, in measurements of the three charged current sin-
gle pion channels cuts were placed on the hadronic invariantmass to limit the analysis to
the resonant region.

Despite limited statistics and large neutrino flux uncertainties, it is primarily these data
which are still used to fit neutrino scattering parameters. The cross sections calculated in
this thesis also use these data. However, the quality of those old measurements is limited
as are the kinematical regions covered.

Some newer neutrino scattering data will be available from K2K: The near detector has
collected data on neutrino interactions [K2K05], which is currently the largest existing
sample in the 1 GeV region.

Recently, two important experiments were proposed, namelyMINERνA [MINERvA04a]
and FINeSSE [FINeSSE04]. Both aim to explore neutrino nucleus scattering physics sys-
tematically, FINeSSE addionally aims to measure the strange-quark content in the nu-
cleon. For their precision measurement of both the quasielastic and the inelastic neutrino
nucleus cross sections, they will be able to identify and measure the momenta of leptons
and hadrons as well as the energy of electromagnetic and hadronic showers.

To conclude, even though there are many neutrino experiments looking for oscillation and
non-zero mass, there is lack of extensive and high-quality neutrino scattering data which
can be used to address hadronic and nuclear physics questions.

11





2 Weak and Electromagnetic Interactions

While the first chapter aimed at giving a motivation and an experimental overview we
now proceed to the theoretical framework. The electroweak interaction as part of the
Standard Model is covered in many textbooks on Quantum FieldTheory or High Energy
Physics (see e. g. Refs. [Bai77, MS93, Rol94, AH96, Mos99]).Nonetheless, since it is
the basis for our discussion of interactions of neutrinos with nucleons and nuclei, we shall
briefly review the electroweak sector of the Standard Model and summarize basic facts on
currents and their relations.

In the Standard Model, used in the following, neutrinos are considered massless and
purely left-handed. This is in contrast to the experimentalevidence for non-zero neutrino
masses as discussed in the previous chapter. However, even though the non-zero mass is
necessary for neutrino oscillations, it is not at all important for neutrino nucleon scattering
simply because it is so small. This tiny mass will not affect any of the calculations, thus,
we can assume it to be zero in the following.

2.1 Electroweak Theory

2.1.1 Lagrangian of the Electroweak Interaction

The electroweak interaction is part of the Standard Model and based on a localSU(2) ×
U(1) gauge symmetry. After spontaneous symmetry breaking via the Higgs mechanism
we get for the interaction part of the Lagrangian [TW01]:

Lint = − g

2
√

2

(
J CC

α W α† + h. c.
)
− g

2 cos θW

J NC
α Zα − eJ EM

α Aα. (2.1)

The weak charged current (CC)J CC
α , the weak neutral current (NC)J NC

α and the elec-
tromagnetic current (EM)J EM

α couple to the chargedW -boson fieldW α, the neutral
Z-boson fieldZα and the photon fieldAα, respectively. Relations between the coupling
constants are outlined in Appendix A.3. The currents can be separated into a leptonic
part, denoted byjα, and a hadronic partJα:

Jα = jα + Jα. (2.2)
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Lleptonic
int =

νl

l

W

︸ ︷︷ ︸

CC

+









l

l

Z +

νl

νl

Z









︸ ︷︷ ︸

NC

+

l

l

γ

︸ ︷︷ ︸

EM

Figure 2.1: Leptonic part of the interaction Lagrangian (l = e, µ or τ ).

Since parity is maximal violated in weak interactions, the weak currents have to have a
vector-axialvector(V −A) structure.

The leptonic part ofLint is schematically shown in Fig. 2.1. We shall now give explicit
expressions for the leptonic and quark currents. For the Feynman rules we refer to Ap-
pendix C.

2.1.2 Leptonic Currents

We start the discussion of the currents with the leptonic part. The charged current couples
to a chargedW± boson. It does not change the flavor but turns a charged leptoninto a
neutrino or vice versa. The coupling involves only left-handed fields leading to a vector-
axialvector structure in the current, which is given by

jCC
α = ν̄lγα(1 − γ5)l. (2.3)

Neutral currents are mediated by neutralZ0 bosons. Those interactions also cannot
change the flavor and even keep the identity of the lepton (cf.Fig. 2.1). For neutrinos
only coupling to left handed fields is possible, for charged leptons both left and right-
handed fields are involved but with different couplings:

jNC
α =

1

2
ν̄lγα(1− γ5)νl −

1

2
(1− 2 sin2 θW )l̄γα(1− γ5)l+sin2 θW l̄γα(1+ γ5)l, (2.4)

with the weak mixing angle (Weinberg angle)sin θW .

Finally, the electromagnetic current couples to photons and is given by

jEM
α = l̄γαl. (2.5)

The interaction Lagrangian of course includes all lepton flavors, therefore a sum over all
flavors is understood implicitly in these expressions.
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2.1 Electroweak Theory

2.1.3 Quark Currents

Omitting the heavy quark sector, inSU(3)f u, d ands quarks are the building blocks of
matter. Under the assumption that quarks are pointlike Dirac particles, their electromag-
netic current is1

JEM
α = q̄Qγαq, (2.6)

with

q =





u
d
s



 and Q = diag

(
2

3
,−1

3
,−1

3

)

. (2.7)

This yields more explicitly

JEM
α =

2

3
ūγαu−

1

3

(
d̄γαd+ s̄γαs

)
. (2.8)

For the leptonic neutral current we showed that the couplingdepends on the helicity of
the fields and the current is diagonal in flavor. This is also valid for the hadronic neutral
current which couples to the quark fields in the following way

JNC
α =

∑

q

q̄γα

[
(t3 − eq sin2 θW )(1 − γ5) − eq sin2 θW (1 + γ5)

]
q, (2.9)

whereeq is the electric charge andt3 is the third component of the weak isospin. For
up quarks we havet3 = 1/2, for down and strange quarks it ist3 = −1/2. The neutral
current can be rewritten as

JNC
α = ūγα

[
1

2
− 2

3
2 sin2 θW − 1

2
γ5

]

u

+ d̄γα

[

−1

2
−
(

−1

3

)

2 sin2 θW +
1

2
γ5

]

d

+ s̄γα

[

−1

2
−
(

−1

3

)

2 sin2 θW +
1

2
γ5

]

s. (2.10)

Finally, we consider the charged current for quarks. The mass eigenstates with weak
isospin of−1/2 (thed ands quark) are not the weak eigenstates. However, both sets of

1Color plays no role here, since electroweak interactions are colorblind; note, however, that the currents
here include an implicit sum over color.
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2 Weak and Electromagnetic Interactions

eigenstates are connected through a unitary transformation. In the case ofSU(3)f , we get
with the Cabbibo mixing matrix

(
d′

s′

)

=

(
cos θC sin θC

− sin θC cos θC

)(
d
s

)

, (2.11)

whereθC is the Cabbibo mixing angle withcos θC = 0.974. The charged current is then
given by

JCC
α = q̄γα(1 − γ5)q

′

= ūγα(1 − γ5) (cos θCd+ sin θCs) , (2.12)

which again reflects the(V −A) structure. In the following we neglect the part suppressed
by the Cabbibo mixing, i. e. the one proportional tosin θC and we obtain

JCC
α = ūγα(1 − γ5) cos θCd

= cos θC

(
V CC

α −ACC
α

)
. (2.13)

2.2 Properties of Quark Currents

2.2.1 Vector Current

We now study general properties and symmetries of the introduced currents. We shall
show that the electromagnetic and the weak currents can be expressed as linear combina-
tions of the conservedSU(3)f vector current.

The quarks are described within QCD, the theory of strong interactions, by the Lagrangian
[Wei]

L = q̄ [γαD
α −m] q − 1

4
GαβG

αβ (2.14)

with the non-Abelian gluon field tensorGαβ and the mass matrix

m = diag(mu, md, ms) . (2.15)

The couplings of the quarks and gluons are encoded in the gauge covariant derivativeDα.
Apart from its localSU(3)color gauge symmetry, QCD has global unitary symmetries.
They imply conserved currents, which impose constraints onthe dynamics of strongly in-
teracting systems, irrespective whether those are quarks,gluons or composite hadrons.
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2.2 Properties of Quark Currents

Assuming isospin symmetry, i. e.mu = md = ms, the Lagrangian has a globalSU(3)f

symmetry and is invariant under

q → exp

(

iθaλa

2

)

q, (2.16)

with λa being the Gell-Mann matrices which are listed in Appendix A.2. The correspond-
ing conserved Noether currents are

V a
α = q̄γα

λa

2
q. (2.17)

Note that this symmetry is broken by the quark mass differences:

∂αV a
α = iq̄

[

m,
λa

2

]

q. (2.18)

Combinations of those flavor currents appear in the quark electromagnetic current. Re-
writing Eq. (2.6) by using the charge operator

Q =
Y

2
+ I3, (2.19)

the hypercharge

Y = B + S =
λ8√

3
= diag

(
1

3
,
1

3
,−2

3

)

, (2.20)

whereB is the baryon number andS is the strangeness, and the third component of the
strong isospin

I3 =
λ3

2
(2.21)

yields for the electromagnetic current

JEM
α =

1

2
JY

α + V 3
α . (2.22)

Here

V 3
α = q̄γα

λ3

2
q (2.23)

is the isovector (isospin) current and

JY
α = q̄γα

λ8√
3
q (2.24)
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2 Weak and Electromagnetic Interactions

the isoscalar (hypercharge) current.

Also the vector part of the charged current can be expressed as a linear combination of
the flavor currents by

V CC
α = ūγαd

= q̄γα

λ1 + iλ2

2
q

= q̄γα

λ+

2
q

= V 1
α + iV 2

α . (2.25)

Finally, we rewrite the vector part of the neutral current interms of the flavor currents and
obtain

V NC
α = (1 − 2 sin2 θW )V 3

α − 2 sin2 θW

1

2
JY

α − 1

2
JS

α , (2.26)

with V 3
α andJY

α as above andJS
α given by

JS
α = s̄γαs. (2.27)

We conclude that the isovector part of the electromagnetic current and the vector part of
the weak currents are components of the same conservedSU(3)f vector current.

2.2.2 Axial Current

In the limit of massless quarks, QCD has an additional symmetry, the so-called chiral
symmetry. The QCD Lagrangian is invariant under independent transformations

qL → exp

(

iθa
L

λa

2

)

qL and qR → exp

(

iθa
R

λa

2

)

qR, (2.28)

whereqL andqR are the left and right-handed quark fields, respectively, and are defined
as

qL,R =
1

2
(1 ∓ γ5) q. (2.29)

The corresponding conserved Noether currents are

Ja,L
α = q̄Lγα

λa

2
qL and Ja,R

α = q̄Rγα

λa

2
qR, (2.30)
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2.2 Properties of Quark Currents

which yield the already introduced vector current

V a
α = Ja,L

α + Ja,R
α = q̄γα

λa

2
q (2.31)

and the axial current

Aa
α = Ja,R

α − Ja,L
α = q̄γαγ5

λa

2
q. (2.32)

The chiral symmetry is explicitly broken by the non-zero quark masses, and the diver-
gence of the axial current becomes

∂αAa
α = iq̄

{

m,
λa

2

}

γ5q. (2.33)

The weak axial charged current is given by

ACC
α = ūγαγ5d

= q̄γαγ5
λ+

2
q

= A1
α + iA2

α, (2.34)

with the divergence

∂αACC
α =

1

2
i(mu +md)ūγ5d. (2.35)

Therefore, the weak axial current is conserved in the chirallimit mu → 0 andmd → 0.

Finally, for the axial part of the neutral current, we obtain

ANC
α = A3

α +
1

2
AS

α, (2.36)

with

Aa
α = q̄γαγ5

λ3

2
q (2.37)

and

AS
α = s̄γαγ5s. (2.38)

As the for the vector current, we conclude that the axial parts of both the neutral current
(A3

α) and the charged current (A1
α andA2

α) belong to the same conservedSU(3)f axial
current. Note that there is no electromagnetic analogue in this case.
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2 Weak and Electromagnetic Interactions

2.3 Hadronic Currents

2.3.1 Hadronic Transition Currents

At the low energies under consideration here quarks form baryons. While the elementary
quark vertex is well-known as shown before, this is not the case for composite particles.
For hadrons and nucleons, effective interactions can be introduced to parametrize our
ignorance of low-energy QCD:

q

q′

W =⇒

N

N ′

W

Even though the quark picture does not apply any more, its symmetries and Lorentz struc-
tures are reflected in the effective vertices. For example, the charged current will always
have a(V −A) structure. Based on this symmetry argument we are then able to calculate
cross sections in terms ofa priori unknown form factors. We now extend the discussions
on current algebra from quarks to composite systems. Those general theorems will be
applied later to calculate explicit neutrino cross sections.

2.3.2 Conserved Vector Current Hypothesis

We showed that the electromagnetic current and the weak vector currents are related
through the conserved flavor current. We only assumed isospin symmetry of the strong
interaction. Thus, one expects the obtained relations to beindependent of the details of
the hadronic structure if isospin symmetry is a good symmetry of the particular hadronic
system.

Assuming the hadronic currents to have the same structure asthe quark currents discussed
in chapter 2.2.1, we obtain for the electromagnetic current

JEM
α =

1

2
JY

α + V 3
α . (2.39)

The vector part of the charged current is given by

V CC
α = V 1

α + iV 2
α , (2.40)

20



2.3 Hadronic Currents

and the vector part of the neutral current by

V NC
α = (1 − 2 sin2 θW )V 3

α − 2 sin2 θW

1

2
JY

α − 1

2
JS

α . (2.41)

We further assume that the matrix elements of the hadronic currentsV CC
α andV 3

α are the
same, being related by isospin rotation.

Before the advent of QCD this presumption was postulated by Feynman and Gell-Mann
[FGM58] as the so-called conserved vector current hypothesis (CVC), a name we adopt
in the following. We stress that on the quark level this hypothesis holds exactly as a
consequence of QCD.

An implication of this hypothesis is that, because the electromagnetic current is con-
served, also the weak vector current is conserved. Ref. [TH95] reviews further predictions
of CVC and their experimental checks.

CVC will be used in the next chapters to express explicit neutrino cross sections in terms
of electromagnetic form factors. In practice one usually assumes CVC and substitutes
the weak vector charged current matrix elements with the isovector matrix elements from
the electromagnetic interaction - in the words of Walecka [Wal95]: CVC implies that the
vector part of the single nucleon matrix element of the charge changing weak current
whatever the detailed dynamic structure of the nucleon, canbe obtained from electron
scattering through the electromagnetic interaction!

2.3.3 Partially Conserved Axial Current Hypothesis

Having discussed the vector part we now turn to the axial part. Again, we assume the
hadronic currents to have the same structure as the quark currents discussed in chap-
ter 2.2.2, which yields

ACC
α = A1

α + iA2
α, (2.42)

ANC
α = A3

α +
1

2
AS

α. (2.43)

Also for the axial current we assume that the matrix elementsof the hadronic currents
ACC

α andA3
α are the same - which holds exactly on the quark level.

We showed that in the limit of massless quarks, the axial current is conserved. When going
from quark currents to hadronic currents one can show that (cf. Refs. [BD67, Bai77, IZ80,
TH95, Wei])

∂αACC
α =

1

2
i(mu +md)ūγ5d→ m2

πfππ, (2.44)
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2 Weak and Electromagnetic Interactions

with the pion massmπ, the pion decay constantfπ and the pion field operatorπ. The
divergence of the axial current is therefore proportional to the square of the pion mass
and vanishes in the chiral limitmπ → 0. This is known as the partially conserved axial
current hypothesis (PCAC) (for experimental validation see Ref. [TH95] (Goldberger-
Treiman relation)). In practice, as for CVC, we assume PCAC and, as will be shown later,
this can only be fulfilled if the axial current is dominated bya pion pole graph.

Being equipped with these powerful tools we shall close the preliminaries and proceed
with the calculation of neutrino nucleon cross sections.
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Part II

Neutrino Nucleon Scattering





3 Introduction to Neutrino Nucleon
Scattering

Before we consider neutrino scattering off nuclei, we first need to develop the formalism
of neutrino nucleon scattering to be used in our transport model (cf. chapter 7). Therefore
in this and the following three chapters we shall provide a general discussion of neutrino
nucleon reactions. This first chapter in the series starts with a general derivation of the
inclusive inelastic cross section to point out relevant symmetries. It will become clear that
inclusive cross sections are not suited for our requisites since they contain not enough
information. More exclusive quantities need to be considered and thus, are calculated
in the next two chapters applying those general symmetries.The relative importance of
the various contributions to the cross section will be discussed in the second part of this
chapter.

3.1 Inclusive Cross Section

We start our general discussion with reactions of the type

νN → l−X and νN → νX (3.1)

ν̄N → l+X and ν̄N → ν̄X (3.2)

where l± is an arbitrary lepton andX stands for the hadronic debris produced in the
inelastic collision (Fig. 3.1). In these inclusive reactions only the energy and the scattering
angle of the outgoing lepton are measured.

p

k

q

p′

k′

N

νl

X

l, νl

Figure 3.1: Inelastic neutrino-nucleon scattering (analogous for antineutrinos).



3 Introduction to Neutrino Nucleon Scattering

These reactions are similar to inelastic electron-nucleon(or photo-nucleon) scattering.
The nucleon is not probed by a (virtual) photon but by a gauge vector boson and the cou-
pling now contains both vector and axial vector parts as dicussed in the previous chap-
ter.

In the Born approximation, the invariant matrix element forcharged current reactions of
neutrinos can be written as

M =

(
g

2
√

2

)2

ūl(k
′)γα(1−γ5)uν(k)

i

q2 −M2
W

(

−gαβ +
qαqβ

M2
W

)

〈X(p′)|Jβ(0)|N(p)〉.

(3.3)

For scattering with low momentum transfer (|q2| ≪ M2
W ) we can replace the propaga-

tor

i

q2 −M2
W

(

−gαβ +
qαqβ

M2
W

)

−→ i gαβ

M2
W

(3.4)

and obtain

M = i
g2

8M2
W

ūl(k
′)γα(1 − γ5)uν(k)〈X(p′)|Jα(0)|N(p)〉. (3.5)

The spin averaged matrix element squared is then given by

|M̄|2 =
G2

F

2
LαβW

αβ, (3.6)

where we used

g2

8M2
W

=
GF√

2
. (3.7)

The lepton tensorLαβ is easily calculated to

Lαβ =
∑

initial
spins

∑

final
spins

[ūl(k
′)γα(1 − γ5)uν(k)]

†
[ūl(k

′)γβ(1 − γ5)uν(k)]

= Tr
[
(/k

′
+ml)γα(1 − γ5)(/k

′
+ml)γβ(1 − γ5)

]

= 8
[
k′αkβ + kαk

′
β − gαβk · k′ + iǫαβρσk

ρk′σ
]

= LS
αβ + iLA

αβ . (3.8)

The superscriptsS andA refer to the symmetry under interchange of the Lorentz indicesα
andβ. For antineutrinos the antisymmetric piece proportional to the totally antisymmetric
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3.1 Inclusive Cross Section

tensorǫαβρσ gets a minus sign and we end up with the following expression for the lepton
tensor:

Lν,ν̄
αβ = LS

αβ ± iLA
αβ . (3.9)

We emphasize that this antisymmetric piece is not containedin the electromagnetic lepton
tensor.

The hadronic tensorW αβ is more complicated for weak interactions than in the electro-
magnetic case because parity and current conservation are no constraints any more. The
hadronic tensor must have the same Lorentz structure as the leptonic tensor, hence we
obtain

W αβ = W αβ
S + iW αβ

A , (3.10)

with W αβ

S(A) being real symmetric (antisymmetric) tensor. The most general tensor, repre-
senting the structure of the nucleon, is completely determined by six independent structure
functions [TW01]:

W αβ = −gαβW1 +
pαpβ

M2
W2 +

iǫαβρσpρqσ
2M2

W3 +
qαqβ

M2
W4

+
pαqβ + qαpβ

2M2
W5 +

i(pαqβ − qαpβ)

2M2
W6. (3.11)

The functionsWi are real and Lorentz scalar functions ofν = p · q andq2. Contrary to
the electromagnetic case,W3 andW6 appear here because of parity violation, andW4 and
W5 because they cannot be related toW1 andW2 by current conservation.

The calculation of the cross section requires the contraction of both tensors in Eq. (3.6).
The only non-zero contributions involve the contractions of the symmetric part ofW αβ,
W1,2,4,5, withLS

αβ and the antisymmetric partsW3,6 withLA
αβ . Doing the algebra, one finds

that the terms proportional toW6 do not survive the contraction. The terms involvingW4

andW5 are proportional to the lepton mass.

At this point, it is again worthwile to mention a major difference between neutrino and
electron scattering. While for electron scattering one must prepare a polarized beam to
probe the antisymmetric part of the hadronic tensor, for neutrinos this comes for free.

The cross section follows from Eq. (C.1) in the appendix:

d2σ

dΩdEl

=
G2

F

4π2

|~k|
|~k′|

LαβW
αβ (3.12)

with dΩ = d cos θdφ, andθ being the angle between incoming neutrino and outgoing
lepton.El is the energy of the outgoing lepton.
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3 Introduction to Neutrino Nucleon Scattering

For charged current neutrino scattering, one obtains the expression

d2σ

dΩdEl

=
|~k′|ElMG2

F

π2

{

2W1 sin2 θ

2
+W2 cos2 θ

2
−W3

Eν + El

M
sin2 θ

2

+
m2

l

El(El + |~k′|)

[

W1 cos θ − W2

2
cos θ

+
W3

2

(

El + |~k′|
M

− Eν + El

M
cos θ

)

+
W4

2

(

m2
l

M2
cos θ +

2El(El + |~k′|)
M2

sin2 θ

)

−W5
El + |~k′|

2M

]}

, (3.13)

whereM is the nucleon mass. For antineutrinos, the sign in front ofW3 changes.

For neutral currents the matrix element of Eq. (3.3) is modified due to the different cou-
pling:

M =

(
e

2 sin θW cos θW

)2

ūl(k
′)γα

1 − γ5

2
uν(k)

i
(

−gαβ + qαqβ

M2

Z

)

q2 −M2
Z

〈X(p′)|Jβ(0)|N(p)〉.

(3.14)

The indexl refers to the outgoing neutrino. For scattering with low momentum transfer
(|q2| ≪M2

Z) the propagator reads

i

q2 −M2
Z

(

−gαβ +
qαqβ

M2
Z

)

−→ i gαβ

M2
Z

(3.15)

and one obtains

M =

(
e

2MZ sin θW cos θW

)2

ūl(k
′)γα

1 − γ5

2
uν(k)〈X(p′)|Jα(0)|N(p)〉. (3.16)

The coupling can be rewritten as

e2

8M2
Z sin2 θW cos2 θW

=
GF√

2
, (3.17)

where we used

e = g sin θW , (3.18)

cos θW =
MW

MZ

, (3.19)

GF√
2

=
g2

8M2
W

. (3.20)
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Therefore, for the spin averaged matrix element squared we obtain the same as for the
charged current interactions in Eq. (3.6):

|M̄|2 =
G2

F

2
LαβW

αβ. (3.21)

Lαβ andW αβ are as in Eq. (3.8) and in Eq. (3.11), respectively, but withml = 0 due to
the vanishing neutrino mass. The neutral current cross section is then given in analogy to
Eq. (3.13)

d2σ

dΩdEl

=
|~k′|ElMG2

F

π2

{

2W1 sin2 θ

2
+W2 cos2 θ

2
−W3

Eν + El

M
sin2 θ

2

}

. (3.22)

For antineutrinos, theW3 term has a different sign.

To deal with the available data, we also need the differential cross section in terms of the
invariant massW of the hadronic final state and the squared momentum transferQ2 =
−q2, which equals the Mandelstam variablet, instead of the lepton energyEl and the
scattering angleθ. The relations between them are

Q2 = 2EνEl − 2|~k||~k′| cos θ −m2
l (3.23)

and

W 2 = M2 + 2M(Eν − El) −Q2. (3.24)

By using these relations we obtain

d2σ

dQ2dW
=

πW

M |~k||~k′|
d2σ

dΩdEl

. (3.25)

The total cross section for a given incident neutrino energyis then given by

σ(Eν) =

∫ Wmax

Wmin

dW

∫ Q2
max

Q2

min

dQ2 d2σ

dQ2dW
(3.26)

with the integration bounds

Wmin = M, (3.27)

Wmax =
√
s−ml. (3.28)

Here
√
s is the invariant mass of the initialν − N system. For a fixedW , Q2 runs in the

range of

Q2
min = −m2

l + 2Eν(El − |~k′|), (3.29)

Q2
max = −m2

l + 2Eν(El + |~k′|). (3.30)

29



3 Introduction to Neutrino Nucleon Scattering

Eq. (3.13) is the most general expression for charged current neutrino-nucleon scattering
at energies small compared to the vector boson mass. Thus, the differential cross section
is completely defined by a set of five structure functions which parametrize our ignorance
about QCD. In principle, these functions could be measured.In practice, however, this is
beyond realistic expectations and it is not possible to proceed further without an explicit
model of the hadronic vertex. Therefore, we will disentangle different processes and
discuss the individual terms in the following chapters.

3.2 Decomposition of the Cross Section

We shall now decompose the neutrino nucleon scattering intoits pieces. In the next
chapters we shall present models of those parts and calculate exclusive cross sections
instead of the inclusive one just presented.

For neutrinos, as well as for antineutrinos, we can distinguish neutral and charged current
interactions:

σ = σCC + σNC . (3.31)

For each part there are basically three processes which add up to the total cross section

σCC,NC = σ(QE) + σ(RES) + σ(Non-RES/DIS). (3.32)

• (Quasi)Elastic (QE):

W, Z

N

ν

N ′

l, ν

CC: νN → lN ′ (3.33)

NC: νN → νN (3.34)

• Resonance production (RES):

W, Z

N

ν

R

l, ν

CC: νN → lR (3.35)

NC: νN → νR (3.36)
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3.2 Decomposition of the Cross Section

• Non-resonant background / Deep inelastic scattering (DIS):

W, Z

N

ν

X

l, ν

CC: νN → lX (3.37)

NC: νN → νX (3.38)

ν stands here for every kind of neutrino flavor as well as for itsantiparticle. The term
”quasielastic” refers to the fact that the neutrino changesits identity to a charged lepton. If
the outgoing lepton is still a neutrino, the reaction is denoted as ”elastic”. The term ”deep
inelastic” refers to the kinematical regime where bothQ2 and the mass of the hadronic
final state are large compared to typical hadron masses.

Having those three basic processes at hand we can describe all relevant physical reac-
tions. The cross section is then a sum of all single contribution, namely the production of
nucleons, of pions, etas and kaons, etc:

σCC,NC = σ(N)
︸ ︷︷ ︸

mainly from QE

+ σ(π)
︸︷︷︸

mainly from RES

+ σ(η) + σ(K)
︸ ︷︷ ︸

from RES, DIS

+ . . . (3.39)

In this thesis we are mostly interested in energies in the resonance region, i. e. neutrino
energies up to about 2 GeV. This will mainly probe the first twoparts of the above
equation. The most important processes at these energies are quasielastic scattering
and resonance production (see Fig. 3.2). The resonance production, however, is domi-
nated by the∆(1232) (cf. chapter 6) which subsequently decays into a pion nucleon pair
(cf. Eq. (3.39)). Therefore, the next two chapters will be devoted to the calculation of
quasielastic scattering and of∆ production. In chapter 6 we shall discuss the remaining
contributions needed for a full description of neutrino nucleon scattering.
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3 Introduction to Neutrino Nucleon Scattering
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Figure 3.2: Total cross sections as a function of the neutrino energy forνµN → µ−X
decomposed in QE, RES and DIS. The upper plot is scaled by the neutrino
energy. The DIS curve is taken from Ref. [Super-K05].
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4 (Quasi)Elastic Scattering

We start our discussion of the various processes with quasielastic scattering (QE). As
shown in Fig. 3.2, this is the most important reaction for neutrino energies up to about
1 GeV. This chapter is organized in the following way: First charged current (CC) in-
teractions are calculated and discussed in detail, followed by the neutral current (NC)
reactions. This discrimination is necessary due to the effects of the strange sea in the
nucleon which is important for NC scattering.

4.1 Quasielastic Charged Current Interaction

4.1.1 Formalism

Here we consider the charged current quasielastic reactions. For antineutrinos a negatively
charged vector boson is exchanged,

ν̄p→ l+n, (4.1)

while for neutrinos the vector boson is positively charged,

νn→ l−p. (4.2)

The derivation of the cross section will be given explicitlyfor neutrinos, the final result
is then straightforward to extend to antineutrinos. The calculations are not restricted to a
particular neutrino flavor. We use the notation as defined in Appendix B.1.

The spin averaged matrix element squared is given by Eq. (3.6):

|M̄|2 =
G2

F

2
LαβW

αβ. (4.3)

The leptonic tensor was already calculated in Eq. (3.8). Forthe hadronic tensor we found
a general expression (cf. Eq. (3.11)) with so far unspecifiedstructure functions. To in-
troduce our model of the hadronic vertex we go back to Eq. (3.5) and to the hadronic
current:

JCC
α = 〈p(p′)|JCC

α (0)|n(p)〉, (4.4)



4 (Quasi)Elastic Scattering

where|n(p)〉 denotes a neutron of momentump and |p(p′)〉 is a proton of momentum
p′. The transformation of a neutron into a proton means, in the valence quark model, the
transformation of a down quark into an up quark. It then follows from Eq. (2.12) that
we must include Cabbibo mixing - this gives a factor ofcos θC . From Lorentz invariance
arguments we know thatJα is consisting of vector and axial vector currents, thus we
obtain

JCC
α = cos θC(V CC

α − ACC
α ). (4.5)

Following the arguments of Ref. [NPR05] we construct the most general form out of the
four-vectors at our disposal:pα, p′α andqα = p′α − pα. Gordon identities (cf. e. g. Ap-
pendix A.2 in Ref. [IZ80]) limit the number of terms and we getthe following expression
for the vector part:

V CC
α = ūp(p

′)

[

γαF
V
1 (Q2) +

i

2M
σαβq

βF V
2 (Q2) +

qα
M
F S(Q2)

]

un(p), (4.6)

with Q2 = −q2 and the nucleon massM .1 F V
1,2 are the vector form factors andF S is the

scalar form factor. The same procedure yields for the axial part:

−ACC
α = ūp(p

′)

[

γαγ5FA(Q2) +
i

2M
σαβq

βγ5FT (Q2) +
qα
M
γ5FP (Q2)

]

un(p). (4.7)

HereFA is the axial form factor,FT the tensor andFP the pseudoscalar form factor.

Thus, the one-nucleon matrix element is described by six form factors which are functions
ofQ2. When invariance under time inversions holds, the form factors, defined through the
matrix element above, are real. This is explicitly derived in Appendix G of Ref. [Bil94].
Furthermore, we shall show, that

F S = 0 and FT = 0. (4.8)

Those two terms have the opposite behavior under charge symmetry from the other terms.
Protons are turned into neutrons (and vice versa) through a rotation byπ about they-axis
in isospace [Bil94, TW01]:

C = exp(iπI2), (4.9)

with I2 being the isospin generator. ThusCJCC
α C−1 describes the same transition asJCC †

α .
It is shown in detail in Ref. [Bil94] that

CJCC
α C−1 = −JCC †

α (4.10)

1We do not distinguish proton and neutron masses here as well as anywhere else in this work - it was
shown in Ref. [SV03] that this approximation affects only the lowest energies close to threshold (cf. Ap-
pendix B.2). Therefore, a more complicated formalism is notrequired here.
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4.1 Quasielastic Charged Current Interaction

holds only if FT = F S = 0 because the terms involvingFT andF S transform with
the opposite sign. Such a transformation defines so-called second-class currents [Wei58]
which, motivated by the experiments placing accurate limits on those currents [Wil00],
shall be ignored from now on.

With the hadronic current

JCC
α = cos θC ūp(p

′)

[

γαF
V
1 +

i

2M
σαβq

βF V
2 + γαγ5FA +

qα
M
γ5FP

]

un(p), (4.11)

the cross section is given by (Q2 = −q2) [LS72]

dσν,ν̄

dQ2
=
M2G2

F cos2 θC

8πE2
ν

[

A∓ s− u

M2
B +

(s− u)2

M4
C

]

, (4.12)

with

s− u = 4MEν −Q2 −m2
l , (4.13)

τ =
Q2

4M2
, (4.14)

and

A =
(m2

l +Q2)

M2

[
(1 + τ)F 2

A − (1 − τ) (F V
1 )2 + τ (1 − τ) (F V

2 )2 + 4τF V
1 F

V
2

− m2
l

4M2

(

(F V
1 + F V

2 )2 + (FA + 2FP )2 −
(
Q2

M2
+ 4

)

F 2
P

)]

, (4.15)

B =
Q2

M2
FA(F V

1 + F V
2 ), (4.16)

C =
1

4

(
F 2

A + (F V
1 )2 + τ(F V

2 )2
)
. (4.17)

Neutrino and antineutrino scattering differ by the sign in front of theB term. The form
factors for neutrino and antineutrino scattering are the same because of charge symmetry
of the matrix element. With the given dependence on the lepton massml, the cross sec-
tion is valid for all flavors. Note thatFP is multiplied bym2

l /M
2 so its contribution is

negligible forνµ andνe, but becomes important forντ .

At this point, the cross section is given in terms of four unknown form factorsF V
1 , F V

2 ,
FA andFP . The vector form factors can now be related to electron scattering form factors
by assuming CVC (cf. chapter 2.3.2). We start with an isospindoublet of proton and
neutron:

u =

(
up

un

)

. (4.18)
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4 (Quasi)Elastic Scattering

The electromagnetic matrix element reads:

JEM
α = ūp(p

′)

[

γαF
p
1 +

i

2M
σαβq

βF p
2

]

up(p)

+ ūn(p
′)

[

γαF
n
1 +

i

2M
σαβq

βF n
2

]

un(p), (4.19)

whereF p,n
1 andF p,n

2 are the well-known Dirac and Pauli form factors of the nucleon. As
shown in chapter 2.3.2, the electromagnetic current can be split into an isovector and an
isoscalar part,

JEM
α = V 3

α +
1

2
JY

α , (4.20)

where

V 3
α = ū

[

γαF
v
1 +

i

2M
σαβq

βF v
2

]
τ3
2
u, (4.21)

1

2
JY

α = ū

[

γαF
s
1 +

i

2M
σαβq

βF s
2

]
1

2
u, (4.22)

and hence

F v,s
1,2 = F p

1,2 ∓ F n
1,2. (4.23)

Rewriting the vector part of the charged current of Eq. (4.11) in terms of the nucleon
isospin doublet yields

V CC
α = ū

[

γαF
V
1 +

i

2M
σαβq

βF V
2

]
τ+
2
u. (4.24)

CVC now implies that the currents of Eq. (4.21) and Eq. (4.24)are components of the
same isospin multiplet of conserved currents, and therefore their form factors are equal:

F v
1,2 = F V

1,2. (4.25)

The implications are remarkable: With the electromagneticcurrent also the weak vector
current is conserved, and for the form factors CVC finally yields

F V
1,2 = F p

1,2 − F n
1,2, (4.26)

whereF p,n
1 andF p,n

2 are the Dirac and Pauli form factors of the nucleon. Rewriting them
in terms of Sachs form factors (cf. e. g. Ref. [Sto93]),

Gp,n
M = F p,n

1 + F p,n
2 , (4.27)

Gp,n
E = F p,n

1 − Q2

4M2
F p,n

2 , (4.28)
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4.1 Quasielastic Charged Current Interaction
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Figure 4.1: Pion pole dominance of the pseudoscalar form factor.

one gets

F V
1 (Q2) =

(Gp
E(Q2) −Gn

E(Q2)) + Q2

4M2 (Gp
M(Q2) −Gn

M(Q2))

1 + Q2

4M2

, (4.29)

F V
2 (Q2) =

(Gp
M(Q2) −Gn

M(Q2)) − (Gp
E(Q2) −Gn

E(Q2))

1 + Q2

4M2

. (4.30)

GM andGE are the magnetic and the electric form factors of the nucleon, respectively.

Having related the vector form factors to electron scattering, we shall now discuss the
axial and the pseudoscalar form factors. The axial part of Eq. (4.11) can be rewritten
using the nucleon isospin doublet as

ACC
α = ū

[

γαγ5FA +
qα
M
γ5FP

] τ+
2
u. (4.31)

Assuming PCAC (cf. chapter 2.3.3), the divergence of Eq. (4.31) must be proportional
to the pion mass squared. Thus, in the chiral limit the axial current is conserved. How-
ever, this is not the case for theFA term alone. But if we additionally assume that the
pseudoscalar term is dominated by a pion pole graph then PCACcan indeed be satisfied
[TH95, Wal95].

There is a one-pion exchange process with contributes to thematrix element - a pion is
created at the proton-neutron vertex and then couples to thelepton pair (see Fig. 4.1). The
axial current is then given by

Aπ
α = (n→ pπ− vertex) × (π− propagator) × (π− → ν̄l vertex)

=
(
−igπNNFπNN(Q2)ūγ5τ+u

)
×
(

1

Q2 +m2
π

)

× (ifπqα) , (4.32)

wheregπNN = 13.1 is the pion-nucleon coupling constant andfπ = 92.4 MeV is the
pion-decay constant.FπNN(Q2) is a vertex form factor, taken to be a smooth function of
Q2 with FπNN(Q2 = m2

π) = 1, so thatgπNN becomes the physically measured coupling
constant.
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4 (Quasi)Elastic Scattering

Comparing Eq. (4.31) with Eq. (4.32) motivates the assumption of identifying the pseu-
doscalar form factor term with the pion pole contribution:

FP (Q2)

M
=

2gπNNFπNN(Q2)fπ

Q2 +m2
π

. (4.33)

The divergence of the axial current then gives

∂αACC
α = ūp

[

2MFA(Q2) −Q22gπNNFπNN(Q2)fπ

Q2 +m2
π

]

γ5un. (4.34)

As required by PCAC, the divergence is proportional tom2
π if the following relation

holds:

MFA(Q2) = gπNNFπNN(Q2)fπ. (4.35)

At Q2 = 0 andFπNN(Q2 = 0) ≈ FπNN (Q2 = m2
π) = 1 this is known as the Goldberger-

Treiman relation. Its prediction for the axial vector constantFA(0) is reasonably close
(as good as 2 % [TH95]) to the experimental value obtained from neutronβ decay. This
accuracy shows the excellent prediction of PCAC.2

Now the pseudoscalar form factorFP and the axial form factorsFA can be related:

FP (Q2) =
2M2

Q2 +m2
π

FA(Q2). (4.36)

For a detailed discussion of the axial structure of the nucleon the reader is referred to
Ref. [BEM02].

Before proceeding we shall briefly summarize. Starting withfour unknown form factors
F V

1 , F V
2 , FA andFP we are now left with the Sachs form factorsGp,n

E andGp,n
M which

are known from electron scattering and with the axial form factorFA which can only be
accessed through weak interaction processes.

4.1.2 Form Factors

The simplest parametrization of the form factors used in theliterature is the dipole form.
For the Sachs form factors we have

Gp
E(Q2) = GD(Q2), (4.37)

Gn
E(Q2) = 0, (4.38)

Gp
M(Q2) = µpGD(Q2), (4.39)

Gn
M(Q2) = µnGD(Q2), (4.40)

2The pseudoscalar form factor was also measured directly andthe PCAC prediction was confirmed
(cf. Ref. [BEM02] and Ref. [TW01]).

38



4.1 Quasielastic Charged Current Interaction

with the magnetic moments of the protonµp = 2.793 and of the neutronµn = −1.913.
GD is given by

GD(Q2) =
1

(

1 + Q2

M2

V

)2 , (4.41)

with the vector massMV = 0.843 GeV. At zero momentum transfer the form factors are
fixed by the electric charge and the magnetic moments of the nucleon.

Also for the axial form factor we apply a dipole form:

FA(Q2) =
gA

(

1 + Q2

M2

A

)2 , (4.42)

where we have for the axial vector constantgA = −1.267 and for the axial massMA =
1.026 GeV [BEM02].

However, the best analysis as of today is from Bodek et al. [BBA03] which takes into
account recent electron scattering data from JLAB [A00, A02] to obtain updated values
for the Sachs form factors. With those new vector form factors, they fitted again the old
neutrino data and updated also the axial mass which is the largest uncertainty in neutrino
nucleon scattering. We will use their set of form factors (BBA-2003 form factors) in this
thesis. The BBA-2003 form factors are given by

GN
E,M(Q2) =

GN
E,M(0)

1 + a2Q2 + a4Q4 + a6Q6 + a8Q8 + a10Q10 + a12Q12
. (4.43)

The fit parametersa2 . . . a12 are listed in Table 4.1.GN
E,M(0) equals those of the dipole

a2 a4 a6 a8 a10 a12

Gp
E 3.253 1.422 0.08582 0.3318 -0.09371 0.01076

Gp
M 3.104 1.428 0.1112 -0.006981 0.0003705 -0.7063·10−5

Gn
M 3.043 0.8548 0.6806 -0.1287 0.008912

Table 4.1: Coefficients of the BBA-2003 form factor fit, cf. Eq. (4.43); the dimension of
ai is GeV−i.

form factors atQ2 = 0 because the values at zero momentum transfer are directly related
to the electric and magnetic properties of the nucleon. For the electric form factor of the
neutron we take the following parametrization [KT03]:

Gn
E(Q2) = −µn

aτ

1 + bτ
GD(Q2) (4.44)
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4 (Quasi)Elastic Scattering

with a = 0.942 andb = 4.61, andτ = Q2/(4M2). For the axial form factor the dipole
form of Eq. (4.42) is still used, however, the BBA-2003 analysis gave a slightly reduced
axial mass ofMA = 1.00 GeV.

In Fig. 4.2 the BBA-2003 form factors are plotted versusQ2. From Eq. (4.29) and
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Figure 4.2: Nuclear charged current form factors, which arerelated to the Sachs form fac-
tors by Eq. (4.29) and Eq. (4.30), in the BBA-2003 form factorparametriza-
tion.

Eq. (4.30) one obtains

F V
1 (0) = Gp

E(0) −Gn
E(0) ≈ 1, (4.45)

F V
2 (0) = Gp

M(0) −Gn
M(0) −Gp

E(0) +Gn
E(0) ≈ 3.7. (4.46)

For the axial form factors we have (cf. Eq. (4.42) and Eq. (4.36))

FA(0) = gA ≈ −1.26, (4.47)

FP (0) =
2M2

m2
π

gA ≈ −115.6. (4.48)

A comparison of the BBA-2003 form factors and dipole form factors is shown in Fig. 4.3.
Since the form factors are fixed atQ2 = 0, both parametrizations coincide at this point.
The ratio plotted shows clearly the deviation from the dipole form of theQ2 dependence
as measured recently at JLAB.
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4.1.3 Results

Having now a complete formalism and a state-of-the-art parametrization of the form fac-
tors we can study the charged current cross sections.

Fig. 4.4 shows the differential cross section for various values of the neutrino energy for
the reactionνµn → µ−p. For a given neutrino energyEν , the kinematically allowed
values ofQ2 are constrained to the interval[Q2

min, Q
2
max]. Detailed expressions forQ2

min

andQ2
max as a function ofEν are given in Appendix B.3. Also the shape of the cross

section depends on the neutrino energy and at higher energies the curves converge.

For an interpretation of the shape of the cross section we show in Fig. 4.5 the differential
cross section forEν = 0.5 GeV andEν = 2 GeV and indicate the contribution of the form
factors. The figures (a) and (b) were obtained by setting all form factors to zero except
one. The most important contribution comes from the axial form factor, the pseudoscalar
form factor does not contribute. Most sensitive to the energy is the contribution coming
from F V

1 . Figures (c) and (d) show the contributions from the interference terms in the
cross section. These plots were obtained by ”switching off”all terms except the ones
indicated. We see that the termB in Eq. (4.12), which includesFAF

V
1 andFAF

V
2 , is

important for the shape of the differential cross section atlow energies. The contribution
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Figure 4.4: Differential cross section forνµn→ µ−p.

coming fromFAF
V
2 explains the ”dip” at lowQ2. For higher energies the termB becomes

less important.

Integration ofdσ/dQ2 overQ2 yields the total cross section (solid line in Fig. 4.6). The
strong increase at small energies is due to the opening phasespace. For higher energies,
the tail ofdσ/dQ2 does not contribute much and therefore the total cross section saturates.
This can also be seen from the cross section formula (Eq. (4.12)): With increasing energy
the integral over theA andB terms tends to zero,3 while the integral over theC term
tends to a constant.

Also shown in Fig. 4.6 (a) is the contribution from the various form factors to the total
cross section. The curves were obtained by setting all form factors to zero except for
FA, F V

1 or F V
2 , respectively. The full result is displayed by the solid line. FP does not

contribute to the cross section because it is multiplied by(ml/M)2. Clearly dominant are
the axial form factor andF V

1 ; F V
2 is kinematically suppressed. But neither one of the form

factors itself nor the sum of the single form factor terms reproduces the full cross section.
This indicates that the interference termsF V

1 F
V
2 , FAF

V
1 andFAF

V
2 are important for the

charged current process. Those are plotted in Fig. 4.6 (b). Most important isFAF
V
2 as

3The vanishing integral over theB term for highEν implies that the cross section for neutrino and an-
tineutrino are equal in the high energy limit. This is consistent with the Pomeranchuk theorem [Wei61].
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Figure 4.5: Differential cross section forνµn → µ−p showing the form factor contri-
butions. TheFP contribution is very small and not visible; the solid line
represents the full calculation including all form factors.
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it was the case for the differential cross section. The interference terms tend to zero at
higher energies.

A comparison with experimental data is shown in Fig. 4.7. Thereferences are given
in the plot. The data are obtained with scattering from Deuterium in bubble chamber
experiments. The experimental data and the calculation nicely agree.

Next we study the dependence on the neutrino flavor. The totalcross section for the three
flavors is plotted in Fig. 4.8. Producing a lepton of a specificflavor requires a certain
threshold energy (cf. Appendix B.2). If the mass differencebetween electron and muon
is small compared to the neutrino energy, their cross sections are very similar. For the
very heavy tau lepton, the shape of the cross section changessignificantly. Here alsoFP

becomes important. However, as soon as the neutrino energy is an order of magnitude
higher than the lepton masses all three curves converge and are equal in the high-energy
limit.

4.2 Elastic Neutral Current Interaction

4.2.1 Strangeness in the Nucleon

A fundamental question for our understanding of the hadronic structure is how the non-
valence quarks contribute to the observed properties of thenucleon, in particular, how do
the strange sea quarks contribute to the spin of the nucleon.It is not the aim of this thesis
to review all aspects of this topic - we only want to point out those that are relevant for
our argumentation. For an extensive review the reader is referred e. g. to Ref. [ABM02]
(see also references therein).

One of the first hints that sea quarks are important for the nucleon spin came from mea-
surements of deep-inelastic scattering of polarized muonson polarized protons [EMC89].
They revealed a disagreement with the Ellis-Jaffe sum rule [EJ74], which assumes that
only up and down quarks make up the proton spin.

The spin structure can be experimentally accessed in different ways [ABM02, FINeSSE04,
ERM05]. Some of them are: (i) deep-inelastic scattering of polarized leptons (e. g.
[HERMES04, SMC97]), (ii) parity-violating electron scattering (e. g. [A404, SAMPLE05,
HAPPEX05]) and (iii) neutral current scattering of neutrinos [A+87, FINeSSE04]. The
results, however, are controversial: (i) sees a non-zero strangeness contribution to the nu-
cleon spin (even though the experiments do not agree with each other) but (ii) indicates a
strange quark contribution to the charge and the magnetic moment consistent with zero.
The great advantage of (iii) in contrast to the other two possibilities is that it does not
suffer from some of the theoretical uncertainties used in their analyses [KM88].
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Figure 4.6: Contributions of the various form factors to thetotal cross section forνµn →
µ−p. TheFP contribution is very small and almost not visible; the solidline
represents the total cross section.
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Figure 4.7: Total cross section forνµn→ µ−p.
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Figure 4.8: Total cross section forνln→ l−p for different neutrino flavors.
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A powerful approach to a full measurement of the strange formfactors would be a com-
bined study of parity-violating electron scattering and neutral current neutrino scattering
[FINeSSE04, vdVP05]. Parity-violating electron scattering is very sensitive to the strange
electric and magnetic form factors and much less to the strange axial vector form factor
(cf. e. g. Ref. [TW01]). The opposite holds for neutrino scattering. In the previous chapter
we saw that the charge changing interaction is only sensitive to the isovector quark current
of the nucleon. However, neutral current scattering can probe the isoscalar strange quark
contribution to the nucleon spin as will be shown in the next section.

Data on neutral current scattering are scarce. The best measurement to date is the E734
experiment at BNL [A+87]. It measured neutrino-proton and antineutrino-protonelastic
scattering albeit with large systematical errors and only small statistics. This gap will
hopefully be filled when the proposed FINeSSE experiment will start data taking - it
plans to focus on strangeness in the nucleon [FINeSSE04].

4.2.2 Formalism

In neutral current interactions,

νN → νN, (4.49)

ν̄N → ν̄N, (4.50)

neutrinos as well as antineutrinos exchange a neutral vector boson,Z0, which does not
change the quark flavor of the hadron. We calculate now explicitly the cross section for
neutrinos, the extension to antineutrinos will be given.

The spin averaged matrix element squared is given in Eq. (3.21)

|M̄|2 =
G2

F

2
LαβW

αβ. (4.51)

The leptonic tensor was already calculated in Eq. (3.8) where, due to the zero neutrino
mass, we takeml = 0. For the hadronic tensor we do not use Eq. (3.11) but an explicit
model of the hadronic vertex as was done for the charged current quasielastic scattering.
We start with the hadronic matrix element

JNC
α = 〈N(p′)|JNC

α (0)|N(p)〉, (4.52)

where|N(p)〉 denotes a nucleon of momentump and |N(p′)〉 one of momentump′. N
can be either a neutronn or a protonp. Lorentz invariance arguments require

JNC
α = V NC

α − ANC
α , (4.53)

whereV NC
α is a Lorentz vector andANC

α an axial vector.
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4 (Quasi)Elastic Scattering

The most general expression for the vector part is obtained analogous to Eq. (4.6) and,
ignoring second-class currents (cf. page 35), is given by (N = p, n)

V NC
α = ūN

[

γαF̃
N
1 (Q2) +

i

2M
σαβq

βF̃N
2 (Q2)

]

uN , (4.54)

where F̃N
1,2 are the neutral current vector form factors. For the axial part, we find in

analogy to Eq. (4.7)

ANC
α = ūN

[

γαγ5F̃
N
A (Q2) +

qα
M
γ5F̃

N
P (Q2)

]

uN , (4.55)

with the axial form factorF̃N
A and the pseudoscalar form factorF̃N

P . Due to time invari-
ance, the form factors are real functions ofQ2. Note that the neutral current form factors
F̃ are different from the charged current form factorsF .

The neutral current cross section is then calculated to (N = p, n)

dσν,ν̄
N

dQ2
=
M2G2

F

8πE2
ν

[

A∓ s− u

M2
B +

(s− u)2

M4
C

]

, (4.56)

with

s− u = 4MEν −Q2, (4.57)

τ =
Q2

4M2
, (4.58)

and

A =
Q2

M2

[

(1 + τ) (F̃N
A )2 − (1 − τ) (F̃N

1 )2 + τ (1 − τ) (F̃N
2 )2 + 4τF̃N

1 F̃
N
2

]

,

(4.59)

B =
Q2

M2
F̃N

A (F̃N
1 + F̃N

2 ), (4.60)

C =
1

4

(

(F̃N
A )2 + (F̃N

1 )2 + τ(F̃N
2 )2

)

. (4.61)

The cross section is not sensitive to the neutrino flavor. Note that the pseudoscalar form
factor does not appear in the cross section as a consequence of the zero neutrino mass.
Neutrino and antineutrino cross sections differ by the signin front of theB term. The
cross section is thus determined at this point by three unknown form factors.

The vector form factors can be related to electron scattering form factors via CVC. We
have shown in chapter 2.3.2 thatV NC

α has the structure

V NC
α = (1 − 2 sin2 θW )V 3

α − 2 sin2 θW

1

2
JY

α − 1

2
JS

α , (4.62)
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with the isovectorV 3
α , the isoscalarJY

α and the strange partJS
α . The first two were already

used for relating the charged current form factors to the ones from electron scattering.
They were given in Eq. (4.21) and Eq. (4.22) as

V 3
α = ū

[

γαF
v
1 +

i

2M
σαβq

βF v
2

]
τ3
2
u, (4.63)

1

2
JY

α = ū

[

γαF
s
1 +

i

2M
σαβq

βF s
2

]
1

2
u, (4.64)

where

F v,s
1,2 = F p

1,2 ∓ F n
1,2. (4.65)

F p,n
1 andF p,n

2 are the Dirac and Pauli form factors of the nucleon. For the strange partJS
α

one can write a similar expression:

1

2
JS

α = ū

[

γαF
S
1 +

i

2M
σαβq

βF S
2

]
1

2
u, (4.66)

with the two strange vector form factorsF S
1,2.

Combining Eqs. (4.63), (4.64) and (4.66) with Eq. (4.54) viaEq. (4.62) under the assump-
tion of CVC gives

F̃N
1,2 = (1 − 2 sin2 θW )F v

1,2τ3 − sin2 θWF
s
1,2 −

1

2
F S

1,2, (4.67)

whereτ3 = 1(−1) for proton (neutron). Using Eq. (4.65), we can write this expression
explicitly for neutrons and protons

2F̃ p
1,2 = (1 − 4 sin2 θW )F p

1,2 − F n
1,2 − F S

1,2, (4.68)

2F̃ n
1,2 = (1 − 4 sin2 θW )F n

1,2 − F p
1,2 − F S

1,2. (4.69)

The Dirac and Pauli form factorsF p,n
1 andF p,n

2 are related to the Sachs form factors
(cf. Eq. (4.27) and Eq. (4.28)) - their parametrizations were given in chapter 4.1.2. For
parametrizations of the strange vector formfactorsF S

1,2 we refer to the next section.

We shall now turn to the axial form factor̃FN
A and use PCAC to relate them to the ones

from charged current scattering. We have shown in chapter 2.3.3 that the axial current
consists of an isovector and a strangeness part

ANC
α = A3

α +
1

2
AS

α, (4.70)

whereA3
α belongs to the same isovector of axial currents asACC

α . This implies, that their
form factors are equal and we can use the charged current axial form factors for neutral
current scattering. Therefore, we obtain

A3
α = ū

[

γαγ5FA +
qα
M
γ5FP

] τ3
2
u, (4.71)
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with FA andFP as defined in Eq. (4.7). For the strange part we can write a similar
expression:

1

2
AS

α = ū
[

γαγ5F
S
A +

qα
M
γ5F

S
P

]
1

2
u, (4.72)

with the strange axial form factorsF S
A andF S

P .

Combining now Eqs. (4.71) and (4.72) with Eq. (4.55) via Eq. (4.70) gives

2F̃ p,n
A,P = ±FA,P + F S

A,P . (4.73)

Note the different sign in front of the charged current axialform factor for protons and
neutrons. The parametrization ofFA is given in chapter 4.1.2. We shall give an explicit
parametrization for the strange axial form factorF S

A in the next section, while we do not
need to parametrizeF S

P sinceF̃ p,n
P does not contribute to the cross section due to the zero

neutrino mass.

4.2.3 Strange Form Factors

In chapter 4.2.1 we briefly reviewed the experimental statusof the question of strange-
ness contributions and related problems and uncertainties. For the parametrization of the
strange form factors we use a reanalysis of the BNL E734 experiment [GLW93]. The
form factors are parametrized by:

F S
1 (Q2) =

F S
1 (0)Q2

(1 + τ)
(

1 + Q2

M2

V

)2 , (4.74)

F S
2 (Q2) =

F S
2 (0)

(1 + τ)
(

1 + Q2

M2

V

)2 , (4.75)

F S
A (Q2) =

∆s
(

1 + Q2

M2

A

)2 , (4.76)

whereF S
1 (0) = −1

6
〈r2

S〉 andF S
2 (0) = µS with 〈r2

S〉 being the strange radius andµS the
strange magnetic moment of the nucleon.∆s is the strange contribution to the nucleon
spin. We compare three different fits, each withMV = 0.843 GeV, which are representa-
tive parametrizations as discussed below:

• Fit I: [GLW93]

∆s = −0.21 ± 0.10 (4.77)

F S
1 (0) = 0.53 ± 0.70 (4.78)

F S
2 (0) = −0.40 ± 0.72 (4.79)

MA = 1.012 ± 0.032 GeV (4.80)
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• Fit II: [GLW93]

∆s = −0.15 ± 0.07 (4.81)

F S
1 (0) = 0 (4.82)

F S
2 (0) = 0 (4.83)

MA = 1.049 ± 0.019 GeV (4.84)

• Fit III:

∆s = 0 (4.85)

F S
1 (0) = 0 (4.86)

F S
2 (0) = 0 (4.87)

MA = 1.00 GeV (4.88)

This set of fits allows us to study the influence of the strangeness on the cross section and
to estimate the order of theoretical uncertainties. Note that a dipole parametrization of the
non-strange form factors was assumed in extracting the parameters. Therefore we use the
dipole parametrization given in chapter 4.1.2 for the Diracand Pauli form factor and not
the BBA-2003 parametrization.

In Fig. 4.9 (a) we show the form factors̃F p
A, F̃ p

1 andF̃ p
2 obtained from Fit I for neutrons,

and in Fig. 4.9 (b) for protons, respectively. The comparison reveals a significant differ-
ence between neutron and proton as expected from the calculation. At zero momentum
transfer, as for the charged currents, the form factors are fixed by the electric, magnetic
and also by the strange properties of the nucleons. Especially interesting is the behavior
of F̃ p,n

1 . In order to calculate those values from Eq. (4.68) and Eq. (4.69) we need ex-
pression for the Dirac and the Pauli form factor in terms of the Sachs form factors. Those
follow from Eq. (4.27) and Eq. (4.28):

F n,p
1 =

Gn,p
E + Q2

4M2G
n,p
M

1 + Q2

4M2

, (4.89)

F n,p
2 =

Gn,p
M −Gn,p

E

1 + Q2

4M2

. (4.90)

This yields forF̃ p
1 with Eq. (4.68)

2F̃ p
1 (0) = (1 − 4 sin2 θW )Gp

E(0) −Gn
E(0) − F S

1 (0)

≈ 0.075. (4.91)
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Figure 4.9: Neutral current form factors̃FA, F̃1 andF̃2 of Eq. (4.68) or Eq. (4.69), respec-
tively, and Eq. (4.73) for (a) neutron and (b) proton (Fit I).
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For F̃ n
1 we obtain with Eq. (4.69)

2F̃ n
1 (0) = (1 − 4 sin2 θW )Gn

E(0) −Gp
E(0) − F S

1 (0)

≈ −1. (4.92)

Hence,F̃ p
1 is strongly suppressed due to the weak mixing angle.

For F̃ p
2 we obtain

2F̃ p
2 (0) = (1 − 4 sin2 θW )(Gp

M(0) −Gp
E(0)) − (Gn

M(0) −Gn
E(0)) − F S

2 (0)

≈ 2.4, (4.93)

and forF̃ n
2

2F̃ n
2 (0) = (1 − 4 sin2 θW )(Gn

M(0) −Gn
E(0)) − (Gp

M(0) −Gp
E(0)) − F S

2 (0)

≈ −1.5. (4.94)

Using Eq. (4.73) gives for̃FN
A

2F̃ p
A(0) = FA(0) + F S

A (0)

= gA + ∆s

≈ −1.47, (4.95)

and

2F̃ n
A(0) = −FA(0) + F S

A (0)

= −gA + ∆s

≈ 1.06, (4.96)

We stress, that the three fits described above have to be takenwith some care [A+99]:
The experimental uncertainty is still too large to be conclusive about specific values of
the strange form factors of the nucleon. A rather wide range of values for the strange pa-
rameters is compatible with the BNL E734 data and more precise measurements are thus
needed in order to determine simultaneously the electric, magnetic and axial strange form
factors of the nucleon.A summary of recent fits also including non-neutrino experiments
can be found in Refs. [ERM05, ABM02].

4.2.4 Results

We start our discussion of the neutral current scattering with the differential cross section
for the reactionνN → νN . It is plotted in Fig. 4.10 as a function ofQ2 using Fit I. Plot
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(a) shows scattering on neutrons, (b) scattering on protons. Only a certain range ofQ2 is
kinematically allowed for a given neutrino energyEν . Explicit expression forQ2

min and
Q2

max can be found in Appendix B.3. The energy dependence is also reflected in the shape
of the cross sections; analogously to the CC case, the curvesconverge at higher energy.
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Figure 4.10: Differential cross section for (a)νn → νn and (b)νp → νp using the
parametrization set Fit I of the form factors.

For a discussion of the shape of the differential cross section we study the form factor
contribution. In Fig. 4.11 the differential cross section for νn → νn is plotted. Fig. 4.12
shows it forνp → νp . Both figures include the calculation forEν = 0.5 GeV and
Eν = 2 GeV and indicate the contribution of the form factors. In both figures the panels
(a) and (b) were obtained by setting all form factors to zero except the ones indicated.
Panels (c) and (d) show the contributions from the interference terms in the cross section.
These plots were obtained by ”switching off” all terms except the ones indicated.

For scattering on neutrons (Fig. 4.11) the axial form factorF̃ n
A and the vector form factor

F̃ n
2 contribute almost equally to the cross section, whereas theenergy dependence of

the F̃ n
2 term is more significant. The contribution of̃F n

1 is negligible. The interference
terms also contribute notably to the cross section. In particular the termB of Eq. (4.56)
including F̃ n

AF̃
n
1 andF̃ n

AF̃
n
2 is important at low energies for the shape of the differential

cross section. Its importance becomes less with increasingenergies.
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Figure 4.11: Differential cross section forνn → νn showing the form factor contributions
using the parametrization set Fit I of the form factors; the solid line represents
the full calculation including all form factors.
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Figure 4.12: Differential cross section forνp→ νp showing the form factor contributions
using the parametrization set Fit I of the form factors; the solid line represents
the full calculation including all form factors. ThẽF p

1 contribution is strongly
suppressed and therefore not visible.
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Neutral current interactions with protons (Fig. 4.12) are clearly dominated by the axial
form factor F̃ p

A. Minor contributions come also from terms involving̃F p
2 . The strong

suppression of̃F p
1 , discussed in chapter 4.2.3, is reflected in the cross section: F̃ p

1 does
not influence the cross section for protons, neither directly nor through the interference
term F̃ p

AF̃
p
1 . All those terms are almost energy independent. Therefore,the difference in

the shape forEν = 0.5 GeV andEν = 2 GeV is due to the interference term̃F p
AF̃

p
2 . This

term again appears only in the termB of Eq. (4.56) which is strongly energy dependent.
Thus, this is only important at low energies, and its influence becomes less important for
higher energies.

Integration of the differential cross section overQ2 yields the total cross section. Since the
shapes of the differential cross sections for charged current and neutral current scattering
are similar, we expect the same for the total cross section. Both, charged current and
neutral current reactions, are plotted in Fig. 4.13 for comparison. The strong increase
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Figure 4.13: Total (quasi)elastic cross section for neutral and charged currents with the
BBA-2003 form factors for the charged current and Fit I for parametrization
of the neutral current form factors.

is again an effect due to the opening phasespace. The cross section saturates at higher
energies since the tail ofdσ/dQ2 does not contribute much with increasingQ2

max. Note
the different thresholds which can be seen in Fig. 4.13. The neutral current reaction
does not require a minimal neutrino energy, since the outgoing neutrino is massless. The
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4 (Quasi)Elastic Scattering

charged current reaction, however, has to ”produce” the lepton mass, here the muon mass,
and thus, a minimal energy is required (cf. chapter B.2).

We continue with the investigation of the contribution of the various form factors. The
upper plot in Fig. 4.14 and in Fig. 4.15 shows the contributions forνn → νn, the lower
one forνp → νp. Fig. 4.14 shows the contributions coming from the single form fac-
tors, in Fig. 4.15 the interference terms are plotted. A comparison displays significant
differences.

For the neutron cross section,̃F n
1 and F̃ n

A contribute equally and also the interference
termsF̃ n

AF̃
n
2 andF̃ n

AF̃
n
1 play a role (Fig. 4.14 (a) and Fig. 4.15 (a)). However, contribution

from F̃ n
2 andF̃ n

1 F̃
n
2 are negligible.

The proton cross section however is clearly dominated by theaxial form factorF̃ p
A with

minor contribution fromF̃ p
2 . The only interference term important here isF̃ p

AF̃
p
2 . This is

due to the strong suppression ofF̃ p
1 (cf. chapter 4.2.3).

The sensitivity of the total cross section to the parametrization of the strange form factors
is shown in Fig. 4.16. Panel (a) shows scattering on neutronsand panel (b) on protons.
The cross section for each fit in chapter 4.2.3 is plotted. Forboth neutrons and protons the
cross sections obtained with Fit I and II are almost equal. The main difference between
Fit I and II is the inclusion ofF S

1 andF S
2 - in contrast to Fit I they are ”switched off”

in Fit II. Thus, the cross section is not very sensitive to thestrange vector form factors.
The sensitivity to the strange axial form factor can be seen by comparing the cross section
obtained with Fit III to the one with Fit II - in Fit III,F S

A is set to zero. For the neutron
cross section, this leads to a slight enhancement. The effect becomes more significant for
scattering on protons. Here the cross section is reduced when F S

A is ”switched off”. The
dominance of the axial vector inνp→ νp (cf. Fig. 4.14 and Fig. 4.15) makes this reaction
more sensitive to the strange axial form factor than the reaction νn → νn. The size of
this reduction on protons can be easily estimated assuming axial vector dominance. This
yields for the ratio of the cross sections for the different fits:

σ(∆s = −0.21 ⇔ Fit I)
σ(∆s = 0 ⇔ Fit III )

≈
(

1 +
∆s

gA

)2

≈ 1.36. (4.97)

This factor matches very well the exact result shown in the lower plot of Fig. 4.16. Switch-
ing ∆s off and on gives the expected deviation of about30 %. Besides the difficulty of
measuring neutrons, for unraveling the strange quark content of the nucleon the better
choice is definitely the reaction on protons.
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Figure 4.14: Contribution of the form factors to the neutralcurrent total cross section, (a)
νn → νn, (b) νp → νp with the form factor parametrization of Fit I; the
solid line represents the total cross section.
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4 (Quasi)Elastic Scattering
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Figure 4.15: Contribution of the form factors to the neutralcurrent total cross section, (a)
νn → νn, (b) νp → νp with the form factor parametrization of Fit I; the
solid line represents the total cross section.
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Figure 4.16: Comparison of NC form factor fits and their influence on the cross section.
(a)νn → νn, (b) νp→ νp.
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5 Production of the ∆ Resonance

Recalling chapter 3.2, the most important process for neutrino scattering in the energy
range of interest besides quasielastic scattering is the neutrino induced production of the
∆ resonance. In the first part of this chapter we present a general formalism applicable to
all spin3/2 resonances. We shall then discuss the form factors used for∆ production and
also the parametrization of the∆ width. Finally, results are presented.

5.1 Formalism for Neutrino Induced ∆ Production

The charged current processes under investigation are, forneutrinos

νp→ l−∆++ (5.1)

νn→ l−∆+ (5.2)

and for antineutrinos

ν̄p→ l+∆0 (5.3)

ν̄n→ l+∆−. (5.4)

For the neutral currents we consider the reactions

νp→ ν∆+ (5.5)

νn→ ν∆0, (5.6)

and

ν̄p→ ν̄∆+ (5.7)

ν̄n→ ν̄∆0. (5.8)

Our calculation will be presented for the charged current neutrino interaction. A straight-
forward extension for the others will be given. Since the calculation techniques, i. e. using
the underlying symmetries, CVC and PCAC, are similar to the quasielastic case and were
discussed in detail in the previous chapter, we shall not repeat them here.

The standard method in a theoretical treatment of the neutrino induced charged current
∆ production follows the Rarita-Schwinger formalism (cf. Refs. [SvH73, FN79] or more



5 Production of the∆ Resonance

recently [ARSVV98, SVVO98, LP05]). The notation of theN−∆ transition form factors
is based on Ref. [LS72]. Thus, the hadronic current for the reaction (5.2) is given by:

Jα = 〈∆+|Jα(0)|n〉
= cos θC ψ̄

β(p′)Dβαu(p) (5.9)

with

Dβα =

[
CV

3

M
(gαβ/q − qβγα) +

CV
4

M2
(gαβq · p′ − qβp

′
α)

+
CV

5

M2
(gαβq · p− qβpα) + gαβC

V
6

]

γ5

+
CA

3

M
(gαβ/q − qβγα) +

CA
4

M2
(gαβq · p′ − qβp

′
α) + CA

5 gαβ +
CA

6

M2
qβqα,

(5.10)

whereψ̄β(p′) is the Rarita-Schwinger spinor for the∆ andu(p) is the Dirac spinor for the
nucleon. This yields the hadronic tensor

Wαβ =
1

2
Tr
[
(/p+M)γ0D

†
αργ0P

ρσDσβ

]
(5.11)

with the Rarita-Schwinger spin3/2 projection operator [AR99, AR05]

Pρσ = −
(

/p
′ +W

)
(

gρσ − 2

3

p′ρp
′
σ

W 2
+

1

3

p′ργσ − p′σγρ

W
− 1

3
γργσ

)

. (5.12)

W is the invariant mass of the∆ with W =
√

p ′2. The leptonic tensor is unchanged and
given by Eq. (3.8).

With those preliminaries and Eq. (C.1) the differential cross section for the process (5.2)
is calculated to be

d2σνn

dQ2dW
=
G2

F cos2 θC

16π

W

(s−M2)2
δ(W 2 −M2

∆)LαβWαβ , (5.13)

whereM∆ is the pole mass of the∆. The width is accounted for in the cross section by
replacingδ(W 2 −M2

∆) with the spectral functionA:

δ(W 2 −M2
∆) →

(

−1

π

)

A, (5.14)

with

A = Im
(

1

W 2 −M2
∆ + iWΓ

)

, (5.15)
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5.2 N − ∆ Transition Form Factors

and hence

δ(W 2 −M2
∆) → 1

π
W

Γ

(W 2 −M2
∆)2 +W 2Γ2

. (5.16)

The lepton mass is contained in the contraction of the tensors - we do not neglect it like
many other authors (e. g. [PYS04]). In particular at low momentum transfer the lepton
mass becomes important [ARSVV99, LP05].

Applying isospin relations, the cross section for the reaction (5.1) is simply Eq. (5.13)
multiplied by a factor of three [LS72]. This results from

〈∆++|Jα(0)|p〉 =
√

3〈∆+|Jα(0)|n〉. (5.17)

For antineutrinos we obtain similar results - the hadronic tensor remains unchanged but a
different sign appears in the leptonic tensor (cf. Eq. (3.8)). The transition amplitudes are
again related:

〈∆−|Jα(0)|n〉 =
√

3〈∆0|Jα(0)|p〉. (5.18)

Finally, we discuss the neutral current processes. We saw that for quasielastic scattering,
the neutral current is sensitive to the isoscalar quark content of the nucleon. However,
theN − ∆ transition is purely isovector. Therefore, the neutral current of Eq. (2.41) and
Eq. (2.43) reduces to

JNC
α = (1 − 2 sin2 θW )V 3

α − A3
α. (5.19)

These currents are members of the same isospin multiplet as the charged current and with
that, their form factors are equal up to the scaling factor of(1 − 2 sin2 θW ) for the vector
form factors. In the expression for the cross section, the lepton mass has to be replaced
by zero andcos θC by one.

5.2 N − ∆ Transition Form Factors

The vector and axial vector transition form factorsCV,A
i with i = 3, . . . , 6, which are

the subject of our interest now, have been discussed for morethan 30 years without
general consensus. Up to the present day different authors use different form factors.
Basically two approaches are discussed in the literature, first the parametrization of the
neutrino scattering data with phenomenological form factors and second, the calcula-
tion of those form factors within quark models. Early attempts for the latter are re-
viewed in Ref. [SvH73] (see also references therein); more recent ones are summarized
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5 Production of the∆ Resonance

in Ref. [LMZ95]. Rein and Sehgal [RS81] adopted, for their model of resonance produc-
tion, the quark model of Feynman, Kislinger and Ravndal [FKR71]. This Rein-Sehgal
model is still used today in many Monte Carlo generators for oscillation experiments. A
more recent calculation was done by the authors of Ref. [LMZ95] who apply the Isgur-
Karl quark model. Finally, Sato, Uno and Lee [SUL03] developed a dynamical model
which includes pion cloud effects. This was recommended as amodel of first choice in
the NuINT conference summary [NuI] (see there for a comparison of the Sato-Lee and
the Rein-Sehgal model).

In this thesis, however, we choose the first approach, namelythe phenomenological form
factors, as most of the authors aiming at neutrino nucleus reactions (e. g. [SVVO98,
PYS04, SAA05]).

We start with the four vector form factorsCV
i . For quasielastic scattering the implications

of CVC were discussed in detail. But also here we can assume CVC for the∆ production,
and this imposes forCV

6 (Q2):

qαV CC
α = 0 ⇒ CV

6 (Q2) = 0. (5.20)

CVC further implies that members of the same isopin multiplet have the same form fac-
tors. We obtain for the neutrino induced charged current channels:

〈∆+|V CC
α |n〉 = 〈∆0|V 3

α |n〉, (5.21)

〈∆++|V CC
α |p〉 =

√
3〈∆+|V 3

α |p〉. (5.22)

Therefore the vector form factors can again be extracted from electroproduction exper-
iments. AssumingM1+ dominance of the electroproduction amplitude, as favored in
experiments (cf. e. g. Refs. [BL04, Dre99]), one finds for theform factors [FN79]:

CV
5 (Q2) = 0 and CV

4 (Q2) = −M
W
CV

3 (Q2). (5.23)

This leaves only one independent vector form factor,CV
3 , which can be parametrized

in various forms to describe electroproduction data. We adopt the parametrization of
Refs. [PYS04, OOM78]:

CV
3 (Q2) =

CV
3 (0)

[

1 + Q2

M2

V

]2

1

1 + Q2

4M2

V

(5.24)

with CV
3 (0) = 1.95 andMV = 0.84 GeV.

Considering the axial form factorsCA
i , we apply similar techniques as in the quasielastic

case. Pion pole dominance yields forCA
6 [AR99, SvH73]:

CA
6 (Q2) =

g∆Nπfπ√
6M

M2

Q2 +m2
π

Fπ(Q2) (5.25)
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5.2 N − ∆ Transition Form Factors

with g∆ being the∆++ → pπ+ coupling constant andfπ the pion decay constant.Fπ(Q2)
is the vertex form factor withFπ(Q2 = m2

π) = 1. This relation together with the assump-
tion of PCAC connectsCA

6 andCA
5 in the axial current:

CA
6 (Q2) = CA

5 (Q2)
M2

Q2 +m2
π

. (5.26)

In the limitQ2 = 0 and with the assumption thatFπ(Q2) is a slowly variating function
with Fπ(Q2 = m2

π) ≈ Fπ(Q2 = 0) = 1, we obtain the off-diagonal Goldberger-Treiman
relation:

CA
5 (0) =

g∆Nπfπ√
6M

≃ 1.2. (5.27)

This coupling was extracted from the BNL data by Alvarez-Ruso et al. [ARSVV99] and
found to be consistent with the PCAC prediction.

Since there are no other theoretical constraints forCA
3 (Q2), CA

4 (Q2) andCA
5 (Q2)/CA

5 (0)
they have to be fitted to neutrino scattering experiments. The existing data come mainly
from two bubble chamber experiments, ANL [B+79, R+82] and BNL [K+90], which
measured0.5−6 GeVνµ induced events. We use the parametrization of Ref. [PYS04]:

CA
5 (Q2) =

CA
5 (0)

[

1 + Q2

M2

A

]2

1

1 + Q2

3M2

A

(5.28)

with MA = 1.05 GeV and

CA
4 (Q2) = −C

A
5 (Q2)

4
, (5.29)

CA
3 (Q2) = 0. (5.30)

Once more we point out that this set of form factors is only oneout of many which are
equally good (cf. Ref. [ARSVV98] for a comparison of two setsof phenomenological
form factors and one set obtained from quark model calculation). Electroproduction as
well as neutrino production data used for the fits are rather old and with poor statistics. In
the meantime electroproduction was measured with better accuracy and several sophisti-
cated theoretical calculations exist [BL04]; for better neutrino scattering data one still has
to wait. But refitting the vector form factors with the new andbetter electron input will
also affect the quality of the axial parameters, i. e. the axial form factor parameters and
the axial mass, even without new neutrino data. Thus, a better overall fit can be obtained.
This surely has to be the next step towards a better description of neutrino nucleon and
nucleus scattering.
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5 Production of the∆ Resonance

5.3 Parametrization of the Width

While there exist several discussions in the literature about the influence of different form
factor parametrizations on the cross section, the parametrization of the width is not cov-
ered extensively. But, as Alvarez-Ruso et al. [ARSVV99] have pointed out, this is of
equal importance as the form factors and both influence each other.

Resonances are labeled by a set of quantum numbers of the partial wave in which it ap-
pears inπN scattering. This set consists of spinJ , isospinI, relative angular momentum
of theπN pair l and parityP . The common notation readslij whereJ = j

2
andI = i

2
.

The parity follows fromP = (−1)l+1. Around the decay thresholdWmin the energy
dependence of the width is determined by the orbital angularmomentum [Pos04]:

Γ(W ≈ Wmin) ∼ q2l+1
CM , (5.31)

whereqCM is the pion momentum in the rest frame of the resonance:

qCM (W ) =

√

(W 2 −m2
π −M2)2 − 4m2

πM
2

2W
. (5.32)

Away from the threshold, the width is modified by higher orders ofp.

The ∆ resonance has the quantum numbersP33, therefore,Γ(W ≈ Wmin) ∼ q3
CM is

required, i. e. aP -wave width. But the extraction of the form factors from the ANL
and BNL data was done assuming anS-wave width (l = 0) for the ∆ [SvH73, K+90,
R+82, B+79]. An S-wave width, even though this clearly violates angular momentum
conservation, was still used in recent works of Paschos et al. [PYS04]. But most new
calculations use the correctP -wave width [ARSVV98, LP05, SAA05].

The influence of the width on the cross section shall now be studied. Furthermore, we
investigate the effect of applying a cut on the invariant mass as done in experiments as
well as in some theoretical calculations.

For Γ in Eq. (5.16) we use the following representative parametrizations withM∆ =
1.232 GeV andΓ0 = 0.120 GeV [E+04]:

• W1: S-wave [SvH73]:

Γ = Γ0
qCM(W )

qCM(M∆)
. (5.33)

• W2: P -wave [LP05]:

Γ = Γ0

(
qCM (W )

qCM(M∆)

)3

. (5.34)
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5.3 Parametrization of the Width

• W3: Blatt-Weisskopf parametrization [Leu01]:

Γ = Γ0
β(W )

β(M∆)
(5.35)

with

β(W ) =
qCM(W )

W 2

(qCM(W )R)2

1 + (qCM(W )R)2
, R = 1 fm. (5.36)

• W4: form factor parametrization [Pos04, AR05]:

Γ = Γ0
qCM(W )3

W
F 2

S (5.37)

with

FS =
Λ2

Λ4 + (W 2 −M2
∆)2

, Λ = 1.0 GeV. (5.38)

Fig. 5.1 shows a comparison of the widths. All parametrizations are constructed such, that
Γ(M∆) = Γ0. Except W1, all possibilities fulfill the requiredq3

CM dependence which fol-
lows from Eq. (5.31). W3 and W4 decrease for higher invariantmasses which is required
for the normalization of the spectral function.

A comparison of the different spectral functions is plottedin Fig. 5.2. Even though the
widths differ significantly with increasing invariant mass, the effects in the spectral func-
tions are rather small since the peak around the pole mass is narrow.

The influence on the total cross section can be seen in Fig. 5.3. Part (a) shows the calcu-
lation obtained by integrating over the whole range ofW without any cut on the invariant
mass. In (b) we applied an invariance mass cut at 1.6 GeV. Thiscut truncates the spectral
function tail, i. e. forW > 1.6 GeV, the spectral function is set to zero. This reduces
all cross sections. Except for theS-wave parametrization W1, the deviations are within a
few per cent.

Note that different authors use different parametrizations with different cuts: For compar-
ison we mention Paschos et al. [PPY00] using a cut at theS-wave width at 1.6 GeV, and
Alvarez-Ruso et al. [ARSVV98] cutting theP -wave width at 1.4 GeV. Also experimental
data are available with and without cuts.

The following results were obtained with the parametrization W4 without any cuts.

69



5 Production of the∆ Resonance

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.2  1.4  1.6  1.8  2  2.2  2.4  2.6  2.8  3

Γ 
[G

eV
]

W [GeV]

W1

W2

W3

W4

Figure 5.1: Comparison of the various parametrizations of the∆ width. The single lines
are explained in the text.
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Figure 5.2: The spectral functionA of the∆ resonance (cf. Eq. (5.15)) with the various
parametrizations of the width.
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Figure 5.3: Influence of the parametrization of the width on the total cross section for
νµp→ µ−∆++: (a) without cut, (b) with cut atW = 1.6 GeV.
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5.4 Results

Having presented the full set of formulas required for our calculation we can now analyze
the weak production of the∆. As an example, the results for the processνµp → µ−∆++

are discussed. In Fig. 5.4 we show the double differential cross section as a function of
the invariant mass of the∆ for different values of the momentum transfer. Panels (a) and
(b) differ in the neutrino energy (1 GeV or 2 GeV, respectively). One clearly sees that the
cross section peaks at the∆ pole mass and that it decreases with increasing momentum
transfer.

In Fig. 5.5 we plot the double differential cross section as afunction of the momentum
transfer for various invariant masses; (a) and (b) are as above. Also here the cross section
becomes maximal ifW equals the∆ pole mass. The dip at very lowQ2 is a threshold
effect mainly due to the non-zero muon mass and is therefore bigger at smaller neutrino
energies. We note that our results agree very nicely with theones obtained by Sato et
al. [SUL03] who used a different model. As in the quasielastic scattering case, the differ-
ential cross section is not very sensitive to the neutrino energy between 1 and 2 GeV and
this also will yield a saturation in the total cross section as can be seen in Fig. 5.6.

In this plot the solid line is the total integrated cross section (cf. Appendix B.3 for integra-
tion limits). The strong increase for low energies is, as in QE, an effect due to the opening
phase space. Also here we are in agreement with the dynamicalcalculation of Sato et al.

In Fig. 5.6 we also study the contribution of the vector and axial vector form factors.
While the dashed curve is obtained by setting all vector formfactors to zero, i. e. only
the axial ones contribute, it is done vice versa for the dotted curve. The axial current is
clearly larger than the vector current but also interference terms between vector and axial
vector form factors are important to obtain the full cross section.

We compare our model to experimental data (Fig. 5.7) obtained from Deuterium bubble
chamber experiments. It can be seen that at low energies bothagree well but the uncer-
tainty of the data increases for higher energies. This againstresses the necessity of better
quality data in order to learn more about the form factors, inparticular about the axial
form factors.

72



5.4 Results

 0

 1

 2

 3

 4

 5

 6

 7

 8

 9

 1.1  1.2  1.3  1.4  1.5  1.6  1.7  1.8

d2 σ/
(d

Q
2  d

W
) 

[1
0-3

8  c
m

2 /G
eV

3 ]

W [GeV]

 Eν=1.0 GeV

Q2=0.1 GeV2

Q2=0.5 GeV2

Q2=1.0 GeV2

Q2=1.5 GeV2

(a)

 0

 1

 2

 3

 4

 5

 6

 7

 8

 9

 1.1  1.2  1.3  1.4  1.5  1.6  1.7  1.8

d2 σ/
(d

Q
2  d

W
) 

[1
0-3

8  c
m

2 /G
eV

3 ]

W [GeV]

 Eν=2.0 GeV

Q2=0.1 GeV2

Q2=0.5 GeV2

Q2=1.0 GeV2

Q2=1.5 GeV2

(b)

Figure 5.4: Double differential cross sections forνµp → µ−∆++ as function of the in-
variant massW for various momentum transfers. (a)Eν = 1 GeV, (b)
Eν = 2 GeV.
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Figure 5.5: Double differential cross sections forνµp → µ−∆++ as function of the mo-
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6 Remaining Contributions to Neutrino
Nucleon Scattering

We want to close our discussions of neutrino nucleon scattering with a summary of pro-
cesses not included in our model and an examination of their relative importance. It
turns out that including quasielastic scattering and∆ production is sufficient for studying
weak pion production from nuclei at intermediate energies up to about 2 GeV. However,
since we plan to scatter off nuclei we shall at least mention that scattering off electrons
is negligible, simply becauseσνe/σνN ∼ me/M . An important source of additional con-
tributions comes from the production of higher-mass resonances. Further we consider
the non-resonant background and higher energy processes asdeep-inelastic scattering.
Finally, we look at exotic channels containing strangenessproduction.

6.1 Higher-Mass Resonances

For charged current neutrino and antineutrino scattering we obtain the possible one pion
production reactions:

νp→ l−p π+ ν̄p→ l+p π− (6.1)

νn→ l−nπ+ ν̄p→ l+nπ0 (6.2)

νn→ l−p π0 ν̄n→ l+nπ− (6.3)

whereas for neutral current scattering we have:

νp→ νp π0 ν̄p→ ν̄p π0 (6.4)

νp→ νn π+ ν̄p→ ν̄n π+ (6.5)

νn→ νn π0 ν̄n→ ν̄n π0 (6.6)

νn→ νp π− ν̄n→ ν̄p π−. (6.7)

Using Clebsch-Gordon coefficients those reactions can be classified by isospin, e. g. for
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the amplitudesA of the first three reactions one gets:

A(l−p π+) = A3, (6.8)

A(l−nπ+) =
1

3
A3 +

2
√

2

3
A1, (6.9)

A(l−p π0) = −
√

2

3
A3 +

2

3
A1, (6.10)

with A3 being the amplitude for isospin3/2 resonances andA1 corresponds to the sum
of isospin1/2 resonances. Thus, except for the very first reaction (and itsantineutrino
counterpart) all channels receive contributions from isospin 1/2 resonances. Interference
effects can play a non-negligible role.

The production of higher-mass resonances is not covered tooextensively in the litera-
ture. However, we shall mention Paschos et al. [PYS04] who extended the model of
Ref. [FN79] and included, besides the∆, the resonancesN(1440) andN(1535). Sec-
ond, there is the model of Rein and Sehgal [RS81] which includes all resonances up to an
invariant mass of 2 GeV using old quark model calculations. Finally, theN(1440) was
studied by Alvarez-Ruso et al. [ARSVV98]. They all agree that at medium energies, the
∆ is far more important than any other resonance with the∆ being well separated from
the others. This is nicely displayed in Fig. 3 of Ref. [PYS04]. In addition, the theoretical
description and the form factors for higher resonances contain much more uncertainties
than for the∆.

This encouraged us among others (cf. e. g. Refs. [SAA05, SVVO98] and references
therein) to assume∆ dominance for the energies of our interest. Nevertheless, we stress
that in a full model those higher-mass resonances have to be included.

6.2 Non-Resonant Background

Not only resonances contribute to one pion production but also non-resonant background
processes. They equally influence all the reactions mentioned above and, in addition,
could also lead to interferences. A recent calculation obtains a small non-resonant one
pion background [SUL03] but points out the importance of possible interference with
the resonant amplitude. Also, two pion background is a possible contribution, but its
discussion in the literature is very scarce [ADT81b, ADT81a]. However, non-resonant
background is not considered in our model and we stress that for intermediate energies
quasielastic scattering and∆ production are clearly dominant.
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6.3 Deep Inelastic Scattering

6.3 Deep Inelastic Scattering

In contrast to the low energy processes like quasielastic scattering and resonance produc-
tion or even non-resonant reactions, high energy deep inelastic scattering is well known
and understood. So we refer the reader to one of the standard textbooks on High Energy
Physics. Here we shall point out only two things: One redefines the structure functions to
dimensionless structure functions depending on Bjorken-x andQ2, which can be related
at high energies to quark distribution functions. Therefore, one has not to deal with phe-
nomenological form factors as at low energies. Second, the DIS contribution gets more
important for higher energies since it rises proportional to the energy as shown in Fig. 3.2.
This can also be seen from Fig. 6.1 where a collection of data is plotted. For energies less
than 10 GeV, quasielastic and resonance contributions are still visible in the data as bumps
but disappear quickly when going further in energy.
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Figure 6.1: Measurements of the total neutrino and antineutrino cross section. Note the
change of scale at 30 GeV (from Ref. [H+02], see references therein).

There are ongoing discussions on how to combine the resonance and deep inelastic re-
gions [BPY05] but this is beyond the scope of this thesis.
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6 Remaining Contributions to Neutrino Nucleon Scattering

6.4 Strangeness Production

Finally, to round off the picture of the variety of neutrino interactions we shall mention
more exotic processes. Even at energies below deep inelastic scattering net strangeness
can be produced due to the strangeness non-conserving weak current (cf. chapter 2 and
in particular Eq. (2.12)). However, the selection rule∆S = ∆Q restricts∆S = 1 single
hyperon production to antineutrinos rather than to neutrinos:

ν̄N → l+ + (Λ,Σ, Y ∗). (6.11)

From Eq. (2.12) we see that changing an up quark to a strange quark includes a factor of
sin θC , therefore, those reactions are suppressed by the Cabbibo mixing angle and we can
safely neglect them.

We conclude that our model contains the most important ingredients for neutrino scatter-
ing at medium energies and can be reliably applied to quasielastic reactions and one pion
production from nuclei.
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7 Neutrino Nucleus Scattering within a
BUU Transport Model

Having discussed neutrino scattering off nucleons we now turn to scattering off nuclei. In
this chapter we will introduce our model for neutrino nucleus interactions. Some details
of the numerical implementation will be given. We close thischapter with a review of
other available models and a comparison.

7.1 BUU Transport Model

Any model aiming at the description of the interaction of neutrinos with nuclei should be
first tested against the existing data of the interaction of photons and electrons with nuclei
- this has been done for the Boltzmann-Uehling-Uhlenbeck (BUU) transport model which
will be applied in the following. Originally developed to study heavy-ion collisions, this
model has been extended to describe interactions of photons, electrons and pions with
nuclei. The BUU model itself and its numerical implementation is covered extensively in
Refs. [Leh03, Eff99].

We have extended the BUU model to describe neutrino nuclear reactions with particular
emphasis on including both quasielastic and∆ production as the most important processes
into one model. In the simulation the interactions are factorized: After the nucleus is
initialized, the neutrino scattering occurs and then the hadronic output undergoes final
state interactions.

We shall briefly review the initialization and the transportpart of the BUU model and its
underlying physics before we discuss its extension to neutrino nucleus reactions.

7.1.1 Theoretical Background

Transport Theory

The space-time evolution of a many-body system under the influence of a mean-field
potential and a collision term can be described by the BUU equation. The BUU equation
is based on the classical Boltzmann equation and was modifiedby Nordheim, Uehling
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and Uhlenbeck to incorporate the description of fermionic systems. For its derivation we
refer the reader to Refs. [Leh03, Eff99].

For the one-particle distribution functionf1(~r, ~p, t) one obtains for the BUU equation
[Eff99]:

df1(~r, ~p, t)

dt
=

(
∂

∂t
+
∂H

∂~p

∂

∂~r
− ∂H

∂~r

∂

∂~p

)

f1(~r, ~p, t) = Icoll(f1(~r, ~p, t)) (7.1)

with the relativistic one-body Hamilton function

H =

√

(M0 + US)2 + ~p 2. (7.2)

HereUS denotes the scalar mean field potential. The sum defines an effective mass

Meff = M0 + US. (7.3)

In the case of a vanishing collision termIcoll, this equation is known as Vlasov equation.

The collision term describes the possibility of scatteringof one particle out of its phases-
pace cell into another one. Therefore the collision term includes both gain and loss terms.
Considering e. g. particle1 in the two body process

1 + 2 → 3 + 4, (7.4)

then the loss term describes the possibility to scatter out from the phasespace cell. To take
into account all collision partners, an integral over the momentump2 of the scattering
partner has to be included as well as over all possible final states with momentap3 and
p4. Pauli blocking forbids scattering of fermions into occupied states, leading to factors
of (1 − f 3

1 ) and(1 − f 4
1 ), where the upper index in the one-particle distribution function

denotes the particle under consideration. In the case of bosons, scattering into occupied
states is possible, leading to factors of(1+ f 3

1 ) and(1+ f 4
1 ). For the gain term describing

the scattering into a phasespace cell, a similar argumentation holds and we arrive at

Icoll(f1(~r, ~p, t)) =

∫

dp2dp3dp4

[
−T (~p1~p2 → ~p3~p4)f

1
1 f

2
1 (1 ± f 3

1 )(1 ± f 4
1 )

+T (~p3~p4 → ~p1~p2)f
3
1 f

4
1 (1 ± f 1

1 )(1 ± f 2
1 )
]
. (7.5)

The probability of scatteringT is related to the cross section.

The BUU simulation contains not only nucleons but many otherhadrons and mesons (for
a list of all considered particles see Ref. [Eff99]). Each particle species fulfills a sepa-
rate transport equation. These distinct equations are coupled through the collision term
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7.1 BUU Transport Model

including all possible channels of scattering and through the potentials which might de-
pend on the density distribution. This so-called coupled channel method yields to coupled
integral-differential equations:

dfN
1 (~r, ~p, t)

dt
= Icoll(f

N
1 , f

∆
1 , f

π
1 , · · · ) (7.6)

df∆
1 (~r, ~p, t)

dt
= Icoll(f

N
1 , f

∆
1 , f

π
1 , · · · ) (7.7)

· · ·

For simplicity, we presented the formalism for on-shell particles. We want to emphasize
that in our model resonances are propagated off-shell. For adetailed treatment we refer
to Ref. [Leh03].

Initialization

For the density distribution of the nucleus we assume a Woods-Saxon distribution:

ρ(r) = ρ0

(

1 + exp
r − r0
α

)−1

. (7.8)

The parameters are listed in Ref. [Eff99] for different nuclei. In momentum space the
nucleons are initialized within a local Thomas-Fermi approach with a density dependent
Fermi momentum

pF (~r) =

(
3

2
π2ρ(~r)

) 1

3

. (7.9)

Potentials

For the nucleon mean field potential we take a parametrization of Welke [WPK+88],

V (~r, ~p) = A
ρ(~r)

ρ0
+B

(
ρ(~r)

ρ0

)τ

+
2C

ρ0
g

∫
dp′

(2π)3

f(~r, ~p)

1 +
(

~p−~p′

Λ

)2 , (7.10)

in a local Fermi approach. For the parameters we use the so-called ”medium momentum
dependent” set of Ref. [Eff99]. This potential is used not only for the nucleons but for all
baryons except for the∆ resonances (isospin3/2). Motivated by the phenomenological
value of their potential, we use [Eff99]

V∆ =
2

3
V. (7.11)
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7 Neutrino Nucleus Scattering within a BUU Transport Model

In this work we do not include potentials for mesons.

We now shall consider how this non-relativistic parametrizationV is related to the rela-
tivistic Hamiltonian from Eq. (7.2). The general expression for the relativistic one-particle
Hamiltonian is given as

H =

√

(M0 + S)2 +
(

~p− ~UV

)2

+ U0
V , (7.12)

whereS is a scalar potential and(U0
V ,
~UV ) a vector potential. Going into the local rest

frame of the nuclear matter, i. e. the frame where the spatialcomponents of the baryon
current vanish, simplifies this expression, since in that particular frame the spatial com-
ponents of the potential~UV vanish [Leh03]. We can identify

U0
V = V (7.13)

and

S = 0, (7.14)

and obtain for the Hamiltonian

HLRF =
√

M2
0 + ~p 2

LRF + V. (7.15)

The scalar potential, which enters Eq. (7.2), is now defined as:

US =

√
(√

M2
0 + ~p 2

LRF + V

)2

− ~p 2
LRF −M0. (7.16)

Collision Term

Scattering of various particles enters our model through the collision term. A complete
description of all possible reactions and its cross sections can be found in Refs. [Leh03,
Eff99]. The most important channels are (B denotes a baryon,m a meson andR a reso-
nance)

NN ↔ NN

NNπ ↔ NN

NN ↔ NR

NN ↔ ∆∆

NR ↔ NR′

mB ↔ R, in particularπN ↔ ∆

πN ↔ πN

πN ↔ ππN

πN ↔ ηN.
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7.1 BUU Transport Model

Note that there is no spin dependence included - all cross sections are spin averaged.

Usually vacuum cross section are used, parametrized as functions of the invariant mass√
s of the two incoming particles1 and2. If one particle feels the attractive mean field

potential, then the invariant mass is smaller than in the vacuum, leading to an error in the
calculation of the cross section. Therefore, we introduce a”free” invariant mass

√
sfree:

√
sfree =

√

M2
1 + p2

CM +
√

M2
2 + p2

CM , (7.17)

with the vacuum massesM1 andM2 and their center of mass momentumpCM .

We account for modified widths of resonances inside the nucleus. While the nucleons in-
side the nucleus are constrained to have momenta below the Fermi momentum, there is no
such constraint for the production of the resonances. Theirdecay, however, is influenced
by Pauli blocking, e. g. a resonance decaying into a pion nucleon pair is Pauli blocked
if the nucleon’s momentum is below the Fermi momentum. Therefore the width of the
resonance inside the nuclear medium is modified.

For the∆ resonance, as the most important one in our model, we also include modifica-
tions due to collisions inside the medium. For the total in-medium width we obtain

Γmed
tot = Γ̃ + Γcoll, (7.18)

whereΓ̃ is the Pauli blocked decay width. The collisional widthΓcoll accounts for ad-
ditional decay channels of the∆ inside the nucleus. Through two-body and three-body
absorption processes like∆N → NN or ∆NN → NNN , the∆ can disappear without
producing a pion, while via∆N → πNN additional pions can be produced. Also elastic
scattering∆N → ∆N contributes toΓcoll.

One way of realization is the explicit inclusion of those processes into our simulation
(cf. the list of the most important channels above. Note thatthree-body processes are
not considered.). In this thesis, we use a different way: We ”switch off” those explicit
collisions and use a parametrization ofΓcoll by Oset and Salcedo [OS87] instead. For a
comparison of both methods and more details we refer to Effenberger [Eff99].

7.1.2 Numerical Implementation

Finally, we want to consider the numerical implementation of the BUU transport code.
The coupled BUU equations are solved with the so-called testparticle ansatz. We replace
the distribution functionf1 of a nucleon through an ensemble of test particles:

f1 =
(2π)3

4

1

N

∑

i

δ(~r − ~ri(t))δ(~p− ~pi(t)) (7.19)
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7 Neutrino Nucleus Scattering within a BUU Transport Model

where~ri(t) and~pi(t) are the position and the momentum of test particlei at timet. N
denotes the number of test particles. In the parallel ensemble method, we split all test
particles intoN ensembles which do not influence each other. Furthermore, weuse the
concept of real and perturbative particles. Real particlesare test particles representing
the nucleons in the nucleus. Perturbative particles are test particles produced either in
the initial neutrino nucleon reaction or in final state interactions. They are influenced
in their propagation and in their interactions via collisions by the real particles, but the
perturbative particles cannot influence the real particlesin any way [Leh03].

With the test particle ansatz we can now solve the BUU equations. We distinguish be-
tween propagation and collisions. In between the collisions the particles are propagated
according to the Vlasov equation whereIcoll = 0. The test particle ansatz leads to the
classical Hamilton equations of motion

d~ri

dt
=
∂H

∂~pi

, (7.20)

d~pi

dt
= −∂H

∂~ri

. (7.21)

For the numerical treatment we refer to Refs. [Eff99, Leh03].

We divide the duration of the reaction in time intervals∆t. In every time step, we check
whether a collision or a resonance decay takes place. The decision whether two particles
1 and2 interact depends on their impact parameterb. A first criterion for scattering is
based on the simple classical total cross sectionσ12:

b ≤
√
σ12

π
. (7.22)

Additionally, we define a cut-off for the cross sections to account for shadowing effects
inside the medium [Eff99],

p(b) = Θ (bmax − b) Θ

(√
σ12

π
− b

)

, (7.23)

with the maximum impact parameter

bmax =

√

σmax
12

π
, (7.24)

which is given in Ref. [Leh03] for various collision types. The actual time point for the
scattering is determined following an algorithm due to Kodama et al. [KDC+84]. The final
state particles and their kinematics are chosen via Monte Carlo decisions. If the final state
particles are fermions we also check for Pauli blocking. Thenumerical implementation
of Pauli blocking is described in Ref. [Eff99].
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7.2 Numerical Implementation of Neutrino Cross Sections

We check not only for collisions in a given time step, but alsofor resonance decays. A
resonance decays with the probability

p = 1 − exp

(

−∆t

γτ

)

, (7.25)

whereγ is the Lorentz factor of the boost from the lab frame to the resonance rest frame
andτ is the lifetime.

Having outlined the main aspects of the BUU transport model in this chapter, this model
now serves as a framework for our study of neutrino nucleus scattering and we shall
proceed with the discussion of in-medium modifications of the neutrino nucleon cross
sections and their implementation into the BUU transport code.

7.2 Numerical Implementation of Neutrino Cross
Sections

In order to use the vacuum cross sections derived in Part II, we assume the validity of the
so-called impulse approximation. Impulse approximation implies that the incoming parti-
cle interacts only with a single nucleon of the nucleus, an assumption adopted already for
photo- and electroproduction. Due to the even smaller weak coupling constant, impulse
approximation is also applicable for neutrino nucleus scattering.

Aiming at a model which incorporates both quasielastic scattering and∆ production we
need to find a way of implementing those processes simultaneously. For that, we first
need to discuss the kinematics. In the nucleon rest frame thefollowing condition has to
be fulfilled:

s = (p+ q)2 = M2 −Q2 + 2EqM ≡M ′ 2, (7.26)

whereM ′ is either the nucleon massM or the∆ massW . If we assume thatM ′ is fixed,
the kinematics of the process is completely determined by two quantities, e. g. the neutrino
energyEν and the four-momentum transfer squaredQ2. The energy of the outgoing
leptonEl is then simply given by

El = Eν −Eq, (7.27)

with Eq from Eq. (7.26). Then all four-vectors of the system are known: Assuming the
momentum of the incoming neutrino inz-direction gives

kα = (Eν , 0, 0, Eν). (7.28)
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From the energy of the outgoing lepton we know its momentum

|~k′| =
√

E2
l −m2

l (7.29)

and from the four-momentum transfer also the angle between~k and~k′,

cos θlab = −Q
2 +m2

l − 2EνEl

2Eν |~k′|
. (7.30)

The angleφ of the outgoing lepton is chosen randomly for a given event which then
defines the direction of the lepton

~el = (sin θ cosφ, sin θ sinφ, cos θ). (7.31)

This yields the four-momentum of the outgoing lepton

k′α = (El, |~k′|~el) (7.32)

and further, the four-momentum of the exchanged vector boson

qα = kα − k′α

= (Eν −El, ~k − ~k′). (7.33)

KnowingEν , Q2 and the mass of the outgoing hadron thus results directly ink, k′ and
q. The four-momenta of the nucleonsp are determined from their initialization within the
code. Then the hadronic final state is fully defined: Energy and momentum conservation
yields:

p′ = p+ q. (7.34)

Inside the nuclear medium, Eq. (7.26) has to be changed. We obtain in the nucleus rest
frame

s = M2
eff −Q2 + 2EqE − 2~p · ~q ≡M

′2
eff . (7.35)

~p is the Fermi momentum of the nucleon and~q is the momentum of the exchanged vector
boson. This equation further takes into account that the nucleon and the∆ are bound in a
mean field potential with

Meff = M + US (7.36)

and

M ′
eff = M ′ + U ′

S. (7.37)
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M ′ again denotes either the nucleon massM or the∆ massW . We emphasize that the
potential is momentum dependent. Since the momenta of the initial nucleons are known,
US is fully determined. ButU ′

S depends onp′. And, as just shown,p′ depends onEq. This
makes this equation non-trivial.

A possible solution is to assume three independent kinematical quantities to be known. In
addition toEν andQ2 we, require, for instance,El to be fixed. This allows us to go back
to Eq. (7.27) without any assumption of the mass of the outgoing particle. The calculation
yields again all four-vectors of the system. Withp′ we can obtainU ′

S and the effective
massM

′2
eff and hence alsoM ′ by using

M ′ =
√

E ′2 − ~p ′2 − U ′
S. (7.38)

We conclude that for a correct treatment of the potentials three independent kinematical
quantities have to be known. We chooseEν , Q2 andEl. Then we can calculate specific
cross sections fixed by the neutrino energy and the properties of the outgoing lepton. It
has to be noted that we pay for this with an increased numerical effort.

For the∆ resonance, the implementation is straightforward assuming a given set ofEν ,
Q2 andEl. We have shown how then the massM ′ = W is calculated. The cross section
is given in the nucleon rest frame in Eq. (5.13) as a function of Eν , Q2 andW and thus
fully defined. In terms ofEl it is written as

d2σ

dQ2dEl

=
M

W

d2σ

dQ2dW
. (7.39)

Assuming∆ dominance, we have so far implemented only the∆ but in the future other
resonances can be added easily provided the form factors areknown (cf. discussion in
chapter 6).

For quasielastic scattering we have an additional constraint. For the given set ofEν , Q2

andEl, M ′ is calculated as outlined above. But only ifM ′ = M , quasielastic scattering
is possible:

d2σ

dQ2dM ′ 2
=

dσ

dQ2
δ
(
M ′ 2 −M2

)
. (7.40)

dσ/dQ2 is given in Eq. (4.12) in the nucleon rest frame as a function of Q2 andEν . This
constraint, of course, limits the number of possible combinations ofEν ,Q2 andEl leading
to quasielastic scattering and therefore causes problems in our numerical treatment for
distinct values ofEν , Q2 andEl. To solve this issue, we allow events leading to values
of M ′ not exactly equal the nucleon mass to be counted as quasielastic. To guarantee that
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only values rather close toM can contribute, we introduce a weighting functionω which
has to fulfill

dσ

dQ2
=

∫
dσ

dQ2
ω(M ′)dM ′ 2. (7.41)

We choose forω(M ′)

ω(M ′) =
1

π

ǫM ′

(M ′ 2 −M2)2 +M ′ 2ǫ2
(7.42)

whereǫ determines the range of possibleM ′. We chooseǫ = 1 MeV as a value which is
sufficiently smaller than any other physical scale, and which is still numerically feasible.
Note that this affects only the decision whether a quasielastic event is possible or not, the
cross sectiondσ/dQ2 is calculated with the ”real” nucleon mass. Finally, we obtain

d2σ

dQ2dEl

=
dσ

dQ2
2Mω(M ′). (7.43)

Due to the large variety of possible combinations ofEν , El andQ2 the numerics is very
time consuming. For every set allowed by kinematics a calculation could be done. We
did the calculations on a grid with distinct steps for the three quantities. At each test
particle in every ensemble a neutrino interaction is initialized and, according to the cross
section, a final state is then chosen by Monte Carlo. This yieldsN · A reactions with
N being the number of testparticles andA being the mass number of the nucleus. If the
produced particles are not Pauli blocked, they undergo finalstate interactions. While for
pions absorption and charge exchange are most important, the main final state interaction
process for nucleons is rescattering.

The cross section for theνA reaction is then given by a summation over the contributions
of all nucleons. For a distinct channel, e. g.π+ production, all the contributions have to
be weighted with the multiplicity of that final state [Leh03]:

d2σνA→lFX

dQ2dEl

= 4

∫

Nucleus
d3r

∫ pF d3p

(2π)3

d2σνN→lFX

dQ2dEl

MF , (7.44)

whered2σνN→lFX/(dQ
2dEl) are the cross sections per nucleon in the nucleus rest frame

(cf. Ref. [Eff96] for details on the Lorentz transformation). The multiplicityMF is calcu-
lated in the BUU transport simulation and contains e. g. information about Pauli blocking,
final state interactions and the momentum distributions.

Finally, we note that we do not include any corrections due tothe Coulomb potential for
the outgoing lepton. We expect the effect to be negligible for the lepton energies under
consideration due to the smallness of the electromagnetic coupling constant.
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7.3 Other Models and Comparison

Having now completely specified our model we shall briefly review other available ap-
proaches before presenting the results of our calculation of cross sections.

Many event generators for neutrino interactions exist, among them are NUANCE, NEU-
GEN, NEUT and NUX-FLUKA (cf. for detailed comparisons Refs.[GCHS05, Zel03]).
Commonly they apply impulse approximation and use the Llewellyn-Smith formalism for
quasielastic events [LS72] and the Rein-Sehgal model for the resonances [RS81]. Pros
and cons of the Rein-Sehgal model were discussed recently inRef. [NuI] with the conclu-
sion that an improvement of this model is urgent. Problematic, in particular, are the form
factors used and the fact that resonances in this model decayonly in πN .

The generators differ substantially in how they implement in-medium effects and final
state interactions. As an example, we briefly discuss NEUT [Hay02] and NUANCE
[Cas02] used for the Super-Kamiokande analysis [Super-K05]. Both use the relativis-
tic Fermi gas model of Smith and Moniz [SM72] assuming a flat momentum distribution
for the nucleons up to fixed Fermi surface momentum. The nuclear binding energy is set
to a fixed value. Pauli blocking and modifications of the∆ width are taken into account
only in the NEUT model. NUANCE, however, does not consider in-medium effects on
the resonance widths. The final state interactions are treated by using a cascade model
specific to Oxygen with inelastic scattering, charge exchange and absorption of pions
included.

Another model available for pion production, also using a Monte-Carlo simulation for
the reaction process, is from Paschos et al. (originally developed in Ref. [ANP74] and
improved in Refs. [PPY00, PSY05]). As in our model, they use the Rarita-Schwinger for-
malism for the production of the∆ with form factors of Alvarez-Ruso et al. [ARSVV98].
Higher resonances are also included following the formalism of Ref. [BP70]. The nuclear
effects are modeled by a ”random walk” of the pion through thenucleus undergoing mul-
tiple scattering, absorption and charge exchange. Also Pauli blocking is included in the
pion production process. There are several simplifying assumptions made in this model,
most important among them are the neglect of Fermi motion andnucleon recoil effects
and the assumption that the cross sections are not modified inside the nucleus. Further-
more, in contrast to our model, excited resonances decay immediately or are absorbed,
but not transported.

Even though the literature is rich on neutrino induced∆ production on free nucleons,
there is only very little discussion about the production onnuclei. We already mentioned
works of Paschos et al., furthermore we shall add Oset and Singh [SVVO98, SAA05].
They modify the∆ propagator to account for in-medium effects and also use a modified
decay width due to Pauli blocking. The cross section is then calculated using a local
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7 Neutrino Nucleus Scattering within a BUU Transport Model

density approximation. For the nuclear density either a Gaussian or a Fermi distribution
is applied. Absorption is included by using an eikonal approximation.

For inclusive neutrino quasielastic scattering on nuclei there are innumerable publica-
tions. We shall not review them here but refer the reader to anup-to-date overview in
Ref. [M+05].

Our model, with a well tested transport approach, uses a morerealistic initialization for
the nucleus than the Monte Carlo generators mentioned aboveby applying a density de-
pendent Woods-Saxon distribution and local Fermi momentum. We systematically take
into account all hadronic potentials. Our treatment of resonances differs also from the
above models: We not only use in-medium widths but also propagate resonances off-
shell. This is an important feature of our approach missing in the other models. The
inclusion of a large variety of possible final state interactions - we only mentioned the
most important ones - is a noteworthy enhancement compared to other approaches. We
emphasize that the BUU model has been extensively and successfully tested against ex-
perimental data forγA and eA reactions which provided a check in particular for the
final state interactions. This experimental cross-check has not been done for all of the
mentioned Monte Carlo codes.

But not only the BUU part differs from the above approaches: We seamlessly included the
two most important contributions at neutrinos energies of about 1 GeV, namely quasielas-
tic scattering and∆ production. For that we used, in contrast to the models applying the
Rein-Sehgal model, a state-of-the-art formalism for the vacuum cross sections with more
realistic form factors. Furthermore, our model is quite general. In contrast to the Monte
Carlo codes above, we can do calculations for arbitrary nuclei apart from Oxygen. As
well we included charged and neutral current interactions for all neutrino flavors.

Finally we note that other models calculate integrated cross sections while we calculate
double differential cross sections. The latter are physically far more interesting, as they
are more exclusive as we will see in the next chapter. We paid for those with a costly
numerics. We did our time-consuming calculations on a grid with a fixed binning for the
three kinematical quantitiesEν , El andQ2 not yet close enough for a numerical integra-
tion. To compare with the old bubble chamber experiments we use a simplified model for
charged current quasielastic scattering which neglects the potentials (cf. chapter 9). This
reduces the numerical complexity and therefore calculations of integrated cross sections
can be done easily. However, we emphasize that the proposed experiments MINERνA
and FINeSSE plan to measure the double differential cross sections.
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8 Results for Neutrino Nucleus Scattering

Motivated by the proposed experiments, we have studied, as representative examples the
reactionνµ

56Fe→ µ−X for neutrino energies of 0.4 - 2.0 GeV and various values ofQ2

andEµ. Iron is one of the first targets MINERνA is going to use [MINERvA04a].

For the measurement of the inclusive cross section only the final state lepton is detected.
In neutrino experiments, the detection of the outgoing hadrons is crucial in order to dis-
criminate quasielastic and inelastic events. Inelastic events as pion production through
∆ excitation are identified as quasielastic if the final state pion is absorbed in the nu-
cleus. Within our transport model we can study those charge exchange and side-feeding
effects.

In this chapter we discuss the inclusive cross section and its sensitivity to the in-medium
modifications introduced in the previous chapter for quasielastic scattering and∆ produc-
tion. Then we investigate one pion production and nucleon knockout. Note that all cross
sections presented in this chapter are per nucleon.

8.1 Inclusive Cross Section

8.1.1 Quasielastic Contribution

In Fig. 8.1 we show the quasielastic inclusive cross sectionas a function ofEν for fixed
values ofQ2 andEµ. Neglecting the potentials, Fermi motion and Pauli blocking, the
differential cross section is aδ function inEν (cf. chapter 7.2) whose position is marked
by an arrow in Fig. 8.1. This position follows from Eq. (7.26)with M ′ = M

s = (p+ q)2 = M2 −Q2 + 2EqM ≡M2, (8.1)

which yields

Eq =
Q2

2M
. (8.2)

Thus, quasielastic scattering is possible for the following neutrino energy:

Eν =
Q2

2M
+ Eµ. (8.3)
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Figure 8.1: Quasielastic inclusive cross section for various muon energies and momentum
transfers. The arrows denote the position of theδ-like result in the case of the
medium modifications ”switched off”, cf. text.
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8.1 Inclusive Cross Section

With increasingQ2 andEµ, alsoEν increases simply due to this relation - because only
for a certain combination, namely the one given in Eq. (8.3),quasielastic scattering can
occur; all other combinations are forbidden according to Eq. (7.40).

Now we ”switch on” the potentials, Fermi motion and Pauli blocking, denoted as ”in-
medium” in Fig. 8.1. It turns out that Pauli blocking is not important forQ2 > 0.2 GeV2

(cf. chapter 9). In all cases we find that quasielastic scattering is now possible for a range
of values ofEν with Q2 andEµ fixed. Basically, the shape of the peak is determined by
Q2. This can be understood from Eq. (7.35):

s = M2
eff −Q2 + 2EqE − 2~p · ~q ≡M

′2
eff , (8.4)

with M
′2
eff = M + U ′

S and the Fermi momentum~p. For a given set ofQ2 andEµ this
equation can be fulfilled for a continuous set of values ofEq peaking around the on-
shell position of Eq. (8.2). With increasingQ2 also the number of possible values ofEq

increase. This yields via

Eν = Eq + Eµ (8.5)

to a broad range of possibleEν . Thus, increasingEµ leads to a peak movement to higher
neutrino energies.

To conclude, the broadened peak is a direct consequence fromthe fact that the nucleons
are not at rest in the nucleus but have a Fermi momentum.

8.1.2 ∆ Resonance Contribution

In Fig. 8.2 we show the∆++ inclusive cross section for various muon energies and mo-
mentum transfers as a function of the neutrino energy. ”Elementary” denotes the calcu-
lation without in-medium modifications, thus this reproduces the cross section on a free
nucleon. The position of the peak is given by Eq. (7.26) withM ′ = M∆

s = (p+ q)2 = M2 −Q2 + 2EqM ≡M2
∆, (8.6)

whereM∆ = 1.232 GeV is the pole mass. This yields for the neutrino energy, using
Eν = Eq + Eµ,

Eν =
Q2 −M2 +M2

∆ + 2MEµ

2M
, (8.7)

and, thus, explains the movement of the peak with increasingQ2 andEµ to higher values
of Eν . The shape of the peak, in particular the decrease for increasingQ2, reflects the
behavior of the free nucleon cross section and we refer back to chapter 5.4.

97



8 Results for Neutrino Nucleus Scattering

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.4  0.6  0.8  1  1.2  1.4  1.6  1.8  2

d2 σ/
(d

E
µd

Q
2  A

) 
[1

0-3
8  c

m
2 /G

eV
3 ]

Eν [GeV]

Eµ=0.41 GeV, Q2=0.21 GeV2

elementary

in-medium

+ in-medium width

(a)

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.4  0.6  0.8  1  1.2  1.4  1.6  1.8  2

d2 σ/
(d

E
µd

Q
2  A

) 
[1

0-3
8  c

m
2 /G

eV
3 ]

Eν [GeV]

Eµ=0.71 GeV, Q2=0.21 GeV2

elementary

in-medium

+ in-medium width

(b)

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.4  0.6  0.8  1  1.2  1.4  1.6  1.8  2

d2 σ/
(d

E
µd

Q
2  A

) 
[1

0-3
8  c

m
2 /G

eV
3 ]

Eν [GeV]

Eµ=0.41 GeV, Q2=0.41 GeV2

elementary

in-medium

+ in-medium width

(c)

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.4  0.6  0.8  1  1.2  1.4  1.6  1.8  2

d2 σ/
(d

E
µd

Q
2  A

) 
[1

0-3
8  c

m
2 /G

eV
3 ]

Eν [GeV]

Eµ=0.71 GeV, Q2=0.41 GeV2

elementary

in-medium

+ in-medium width

(d)

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.4  0.6  0.8  1  1.2  1.4  1.6  1.8  2

d2 σ/
(d

E
µd

Q
2  A

) 
[1

0-3
8  c

m
2 /G

eV
3 ]

Eν [GeV]

Eµ=0.41 GeV, Q2=0.61 GeV2

elementary

in-medium

+ in-medium width

(e)

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.4  0.6  0.8  1  1.2  1.4  1.6  1.8  2

d2 σ/
(d

E
µd

Q
2  A

) 
[1

0-3
8  c

m
2 /G

eV
3 ]

Eν [GeV]

Eµ=0.71 GeV, Q2=0.61 GeV2

elementary

in-medium

+ in-medium width

(f)

Figure 8.2: Medium modifications of the∆++ inclusive cross section for various muon
energies and momentum transfers.
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8.1 Inclusive Cross Section

Next we consider the effects of Fermi motion, Pauli blockingand the hadronic potentials.
The result is labeled in Fig. 8.2 as ”in-medium”. Fermi motion, the most dominant process
among them, lowers and broadens the peak, for the same arguments as in the previous
section. We conclude that with increasingQ2 the∆ peak becomes less pronounced.

We further take into account the in-medium modification of the width of the∆ resonance,
labeled in Fig. 8.2 as ”+ in-medium width”. The vacuum width is replaced by a sum of
the vacuum width modified due to Pauli blocking and a collisional width accounting for
additional channels in the medium, as discussed in Eq. (7.18). For the collisional width
we use the parametrization of Oset and Salcedo [OS87]. Sincethe cross section scales
with the inverse of the width this lowers and broadens the peak slightly.

We infer that the in-medium modifications reduce the cross section in the peak region by
more than a factor of two, mainly due to the Fermi motion; the effect of the in-medium
width is less important.

8.1.3 Inclusive Double Differential Cross Section

In Fig. 8.3 we show the inclusive double differential cross section as a function ofEν

andQ2 for two values ofEµ as indicated in the figure. These plots combine the two
contributions discussed in the previous sections.

ForQ2 < 0.4 GeV two peaks can be distinguished. The one at lowerEν corresponds to
quasielastic events, whereas the one at higherEν results from∆ production. For higher
Q2 the structure of a well separated quasielastic and∆ peak is smeared out totally. In
the previous sections we discussed the broadening and the decrease of the single peaks
with increasingQ2 for both quasielastic scattering and the∆ production. Plotting both
together shows, that the broadening leads to an overlap and that, with increasingQ2, the
distinct peak structure vanishes and the inclusive cross section tends to zero.

Comparing the upper and the lower plot reveals a shift of the curves, in the lower plot the
minimal neutrino energy is higher than in the upper plot. This is simply due to energy
conservation. AssumingQ2 → 0, a certain neutrino energy is already required only for
the production of a massive muon with energyEµ (cf. chapter B.2). This minimal neutrino
energy increases when energy is transfered to the hadronic system, i. e. with increasing
momentum transferQ2.

Those cross sections can be obtained with an experiment which measures the energy and
the scattering angle of the outgoing lepton. As of today, these measurements are not
available, but the experiments are already proposed.
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Figure 8.3:νµA→ µ−X cross section on56Fe.
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8.2 Pion Production

8.2 Pion Production

8.2.1 One Pion Production Cross Section

We start our discussion of pion production with the double differential cross section for
one pion production integrated over the pion momenta. In Fig. 8.4 we show the exclusive
cross section for neutrino inducedπ+ production as a function of the neutrino energy for
various values ofEµ andQ2. The dotted line represents a calculation where we included
the potentials, Fermi motion and Pauli blocking, but used the vacuum width for the∆ pro-
duction. In this calculation all final state interactions are suppressed, except for resonance
decay, which still might be Pauli blocked. For the calculation shown by the long-dashed
line we used the in-medium modified width but still without final state interactions. Those
are ”switched on” in the calculation represented by the solid line.

A possible origin for pions is not only through the initial∆, but also through quasielas-
tic scattering. In panel (e) and (f) also the origin of the pion is indicated - ”∆” denotes
pions stemming from the initial∆ production, ”QE” labels the pions which are produced
in final state interactions of the initially produced nucleon. There the nucleon rescatters
in the nucleus, and can produce pions throughNN → N∆ andNN → NNπ. How-
ever, we found that this effect, being only possible with high momentum transferQ2, is
negligible.

The influence of final state interactions on the pion can be seen by comparing the long-
dashed with the solid line. Roughly half of the originally produced pions do not survive
the final state interactions depending on the given kinematics. This is due to absorption
throughπN → ∆,NNπ → NN or charge exchange throughπN → πN .

In Fig. 8.5 we show the equivalent plot forπ0 - the lines are as explained above. No-
tice that the cross sections forπ0 is a about a factor of five lower. This reduction is a
consequence of the production process itself:

νp→ l−∆++, (8.8)

νn→ l−∆+. (8.9)

The first process is enhanced by an isopin factor of three. Those∆ decay into pions via

∆++ → pπ+, (8.10)

∆+ → pπ0, (8.11)

∆+ → nπ+. (8.12)

In chapter 6.1 we discussed the isospin amplitudes of those processes. With them we
obtain a ratio ofπ+ : π0 = 4.4 : 1 for the cross sections without final state interactions.
Taken into account are the proton and neutron numbers of Iron. Also for π0 production
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Figure 8.4: Influence of final state interactions onνµ
56Fe→ µ−π+X. The different lines

are explained in the text.
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Figure 8.5: Influence of final state interactions onνµ
56Fe→ µ−π0X. The different lines

are explained in the text.
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8 Results for Neutrino Nucleus Scattering

we found that pion production through quasielastic scattering is negligible (cf. Fig. 8.5 (e)
and (f)), even though more important than in theπ+ channel. This follows from the fact
that the production of bothπ0 andπ+ from initial quasielastic scattering is basically the
same while the ratio of the ones from initially produded∆ resonances is about a factor of
five as just outlined.

π− cannot be produced directly in the neutrino nucleon reactions, only via final state
interactions. In Fig. 8.6 we show the exclusive cross section for neutrino inducedπ+, π0

andπ− production as a function of the neutrino energy for various values ofEµ andQ2.
This plot was obtained with a full calculation including thein-medium modified width
and final state interactions. We already commented on the strong difference betweenπ+

andπ0. π− plays only a minor role. Note that this situation is reversedin antineutrino
reactions when only∆− and∆0 can be produced in the initial interaction.

8.2.2 Pion Momentum Distribution

For a better understanding of the pion production cross sections in the medium we now
study the pion momentum distributions. In Fig. 8.7 we show the momentum differential
cross section forπ+ and in Fig. 8.8 forπ0 versus the pion momentum for different values
of Eµ andQ2. The neutrino energy is fixed at 1.2 GeV. The dashed line showsthe calcula-
tion without final state interactions, the solid line denotes the full calculation. Apparently,
the spectra are very sensitive to the choice ofEµ andQ2 and also ofEν .

The maximal value of the pion momentumpπ is determined by the muon energyEµ as a
consequence of energy-momentum conservation. We shall nowcompare the momentum
distributions of theπ+ andπ0, where the momentum differential cross section is plotted
for a choice ofEµ leading to a relatively wide interval of allowed pion momenta (left
plots). The right plots show the equivalent but with anotherchoice ofEµ leading to a
rather narrow interval of allowed pion momenta.

The maximum of the solid curve (i. e. the calculation with final state interactions) peaks
at 0.15 - 0.2 GeV in all plots shown in Fig. 8.7 and in Fig. 8.8. This is due to the energy
dependence of the pion absorption: The absorption is small for those pions. Low mo-
mentum pions are mainly absorbed throughπNN → NN . The higher energetic pions
(cf. the dashed curve in both figures) are mainly absorbed through the reactionπN → ∆,
followed by∆N → NN . This strong reduction for high momentum pions can be seen by
comparing the dashed and the solid lines. Those absorption processes equally influence
π+ andπ0.

But the pions do not only undergo absorption when propagating through the nucleus. Of
particular importance is elastic scatteringπN → πN for pions of all energies. This leads
to charge exchange and redistributes the momenta.
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Figure 8.6: Exclusive cross section for neutrino inducedπ+, π0 andπ− production.
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Figure 8.7: Momentum differential cross section forπ+ atEν = 1.2 GeV. Note the dif-
ferent scales.
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Figure 8.8: Momentum differential cross section forπ0 atEν = 1.2 GeV. Note the differ-
ent scales.
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For π+ in Fig. 8.7 the discussed effects reduce the cross section significantly by about a
factor of two compared to the calculation without final stateinteractions for both muon
energies.

Considering theπ0 channel in Fig. 8.8 reveals some differences to theπ+ channel. The
general reduction of a factor of 5 was discussed in the previous chapter. However, in
the peak region, the deviation between the calculation including final state interactions
and the one neglecting final state interactions differs fromtheπ+ calculation. ForEµ =
0.71 GeV the reduction is less compared to Fig. 8.7, forEµ = 0.41 GeV we even get
an enhancement ofπ0 at low momentum compared to the calculation without final state
interactions. Those additional contributions are a consequence of their ”disappearance”
in the π+ channel: π+ undergoing reactions likeπN → πN are likely to contribute
to theπ0 channel leading to the observed side-feeding. The effect ismore significant
for the kinematical choice which leads to a wide interval of pion momenta, since higher
momentumπ+ can also contribute to theπ0 channel throughπN → ∆ followed by
∆ → πN . Note that the other way round is strongly suppressed by the ratio ofπ+ to π0

production on the nucleon.

8.3 Nucleon Knockout

The channel under investigation now is nucleon knockout, i.e. nucleons leaving the
nucleus due to the reaction. Note that we only include eventswhere the nucleons’ kinetic
energy is larger than 0.1 GeV. In Fig. 8.9 we plot the exclusive proton cross section as
a function of the neutrino energy for various values ofQ2 andEµ. The dash-dotted line
shows the calculation without final state interactions, thesolid one the calculation with
final state interactions. We see that the inclusion of final state interactions reduces the
overall cross section. Especially rescattering distributes the kinetic energy among the
nucleons, which then do not fulfill the above criterion any more.

For lowQ2 two clearly separated peaks can be seen. The one at lowerEν corresponds to
the protons produced in initial quasielastic events (indicated by the dashed line), whereas
the one at higherEν denotes protons from∆ production (dotted line). Therefore also
the protons are clearly allocatable. This clear separationis lost for higher momentum
transfer: We have seen in chapter 8.1 that the inclusive cross section is smeared out with
increasingQ2 due to Fermi motion. The shape of the inclusive cross sectionis reflected in
the exclusive proton production cross section plotted here. As a consequence, the peaks
in Fig. 8.9 overlap for higherQ2 and are not distinguishable any more.

In Fig. 8.10 we show the equivalent plots for neutrons - the different lines are as above.
Note first the different scale of the neutron knockout cross section compared to the one
for protons in Fig. 8.9. The significant differences in proton and neutron knockout is due
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Figure 8.9: Influence of final state interactions onνµ
56Fe → µ−pX. The different lines

are explained in the text.
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Figure 8.10: Influence of final state interactions onνµ
56Fe→ µ−nX. The different lines

are explained in the text.
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to the initial neutrino nucleon production process: Quasielastic scattering produces only
protons via

νn→ l−p. (8.13)

Also the∆ production mechanism favors protons

νp→ l−∆++ → l−p π+, (8.14)

νn→ l−∆+ → l−p π0, (8.15)

νn→ l−∆+ → l−nπ+, (8.16)

since the first process is enhanced by a factor of three. Usingthe isospin amplitudes of
chapter 6.1 we obtain a ratio ofp : n = 9.5 : 1 in the∆ region for Iron.

Therefore, in the calculation without final state interaction, proton and neutron knockout
differ by roughly a factor of ten in the∆ region. Note that no neutrons are produced in
the initial quasielastic interactions.

If we now ”switch on” the final state interactions, this scenario changes. Comparing
the dash-dotted line (without FSI) in Fig. 8.10 with the solid line (with FSI) shows that
additional neutrons are produced in the final state interactions. We first discuss the neu-
tron production through FSI in the quasielastic peak region. The initial neutrino nucleon
quasielastic reaction produces only protons. Those protons can undergo elastic and inelas-
tic nucleon-nucleon collisions which lead to charge exchange, and thus, produce neutrons.
In the region of the∆ (this corresponds to the right peaks), we initially produceten times
more protons than neutrons. Through final state interactions these protons also yield a
side-feeding of the neutron channel. Since this is more likely for higher energy protons,
we find the enhancement of the neutron cross section in the higher energy tail.

We conclude that final state interactions reduce the number of protons, but enhance the
neutron cross section.

In Fig. 8.11 proton and neutron cross sections are compared directly. Here all final state
interactions are included. One again sees the strong difference of proton and neutrons
coming from the initial neutrino neutron to proton production ratio, even though this
difference is reduced through the inclusion of final state interactions.
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Figure 8.11: Exclusive cross section forνµ
56Fe → µ−pX andνµ

56Fe → µ−nX. The
different lines are explained in the text.
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9 Simplified Model for Quasielastic
Neutrino Nucleus Scattering

Finally, in this chapter we calculate the differential and total inclusive cross section for
charged current quasielastic scattering. To do so, we simplify our model in order to reduce
the numerical effort. Then the numerical integration is doable. This allows the direct
comparison with the old bubble chamber data. We shall first discuss the approximation
applied here and then present the obtained results.

9.1 Implementation

Neglecting the hadronic potentials simplifies Eq. (7.35) to

s = M2 −Q2 + 2EqE − 2~p · ~q ≡M2. (9.1)

~p is known from the initialization within the code (cf. chapter 7.1.1). Then only two
independent quantities are sufficient to determine the fullkinematics. We chooseEν and
Q2. Further we assume~q = |~q |~ez. The above equation then yieldsEq and therefore
the four-vectorq. With that, the system is completely determined: The scattering angle
between the neutrino and the charged lepton follows from

cos θ = −m
2
l +Q2 − 2EνEl

2Eν

√

E2
l −m2

l

, (9.2)

with El = Eν − Eq. This yields for the neutrino four-vectork [Leh99]

k3 =
~k · ~q
|~q| =

E2
ν −Eν

√

E2
l −m2

l cos θ

|~q| , (9.3)

k2 = 0, (9.4)

k1 =

√

|~k|2 − k2
3. (9.5)

Finally, p′ simply follows from energy-momentum conservation.

We emphasize again that the third independent kinematical quantity was only required
to account for the potentials. Having one degree of freedom less, the numerical effort is
significantly reduced. No more simplifications are used compared to our ”full” model.



9 Simplified Model for Quasielastic Neutrino Nucleus Scattering

Again, we initialize a neutrino event at every testparticleand after checking for Pauli
blocking the cross section is calculated according to

dσνA→l−X

dQ2
= 4

∫

Nucleus
d3r

∫ pF d3p

(2π)3

dσνN→l−X

dQ2
. (9.6)

Those cross sections are Lorentz transformed from the nucleon rest frame to the rest frame
of the nucleus [Eff96]. We multiply the cross section per nucleon with a factor of

A

A− Z
, (9.7)

with A being the mass number andZ being the charge of the nucleus, to obtain cross
sections per neutron. This choice is motivated by the vacuumquasielastic scattering which
is only possible on neutrons

νµn→ µ−p, (9.8)

and therefore allows a direct observation of in-medium effects since this cancels differ-
ences due to the proton-neutron number ratio in different nuclei.

9.2 Results

The in-medium charged current quasielastic differential cross section per neutron is plot-
ted in Fig. 9.1 for a reaction of muon neutrinos on Calcium fordifferent neutrino en-
ergies. ”In-medium” denotes here the calculation including Pauli blocking and Fermi
motion with the kinematics as outlined in the previous section. For comparison the vac-
uum calculation is shown by the dashed line. For low momentumtransfers up to about
0.2 GeV the cross section is reduced significantly due to Pauli blocking. In contrast to the
previous chapter the effect of Fermi motion is negligible here for the following reason:
The observable is the cross sectiondσνA→l−X/dQ

2 which is a function ofQ2 andEν .
The expression used for the calculation is given in Eq. (4.12) in the nucleon rest frame.
Therefore, we have to Lorentz transformEν into the nucleon rest frame and the obtained
result fordσνN→l−X/dQ

2 has to be transformed back. Only this Lorentz transformation
is influenced by the Fermi motion of the nucleons and not the observable itself as in the
previous chapter. The cross section on the nucleus, which follows from Eq. (9.6), is in-
tegrated over all momenta, which averages those effects. Weconclude that the reduction
for low Q2 is a consequence of Pauli blocking.

Fig. 9.2 shows a comparison between different nuclei. The mass number dependence in
the initialization through the density dependent Woods-Saxon distribution and the local
Fermi momentum influences the Pauli blocking and thus, is reflected in minor differences
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Figure 9.1: In-medium effects on the inclusive quasielastic differential cross section for
νµA→ µ−X per neutron.

115



9 Simplified Model for Quasielastic Neutrino Nucleus Scattering

 1

 1.2

 1.4

 1.6

 1.8

 2

 2.2

 2.4

 0  0.05  0.1  0.15  0.2  0.25

dσ
/(

dQ
2  (

A
-Z

))
 [1

0-3
8  c

m
2 /G

eV
2 ]

Q2 [GeV2]

elementary

in-medium (12C)

in-medium (19F)

in-medium (40Ca)

in-medium (81Br)

Figure 9.2: In-medium effects on the inclusive quasielastic differential cross section for
different nuclei,Eν = 1.0 GeV.

 0.9

 0.95

 1

 1.05

 1.1

 1  1.2  1.4  1.6  1.8  2

σ/
(A

-Z
) 

[1
0-3

8  c
m

2 ]

Eν [GeV]

elementary

in-medium (12C)

in-medium (19F)

in-medium (40Ca)

in-medium (81Br)
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9.2 Results

in the in-medium cross sections. The equivalent plot for thetotal cross section is shown
in Fig. 9.3. The total reduction of the cross section as an effect of Pauli blocking is of the
order of about 6 - 7 % slightly depending on the nucleus. For comparison, the long-dashed
line shows the elementary cross section.

Finally, in Fig. 9.4 we show the total cross sections for various nuclei together with avail-
able data from bubble chamber experiments.

In this simplified framework, our results agree nicely with the experimental data as well
as with other calculations e. g. of Bodek et al. [BBA05], Paschos et al. [PY02] and Oset
et al. [SO92].
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Figure 9.4: In-medium effects on the inclusive quasielastic total cross section.
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10 Summary and Outlook

In this work we have investigated neutrino interactions with nucleons and nuclei. The
model developed in the framework of this thesis should be able to describe neutrino reac-
tions on both nucleons and nuclei at intermediate energies of interest for future neutrino
experiments.

The first part of this thesis provided the preliminaries: After a brief review of neutrino
physics and related experiments, we have started in chapter2 with the Standard Model
of Particle Physics. Within the Standard Model, neutrinos can interact only weakly by
exchanging charged or neutral vector bosons. We discussed the charged and neutral weak
currents in detail, pointing out important relations and symmetries needed for further
calculations.

In Part II we have discussed neutrino nucleon scattering in detail. In chapter 3 we have
calculated the inclusive cross section of neutrino nucleonscattering as a function of five
unknown structure functions. This emphasized the need for more explicit models of the
hadronic vertex. The decomposition of the neutrino cross section made clear that at in-
termediate energies mainly two processes contribute, namely quasielastic scattering and
∆ production. We have discussed the large variety of possiblereactions, among them are
higher-mass resonances and non-resonant background, and found them to be negligible
compared to the two mentioned above.

Charged and neutral current (quasi)elastic scattering have been discussed in detail in chap-
ter 4. We have developed a fully-relativistic formalism to calculate charged and neutral
current cross sections in terms of vector and axial form factors. We applied general argu-
ments as CVC to relate the neutrino vector form factors to those obtained from electron
scattering and PCAC to relate the axial form factor to the pseudoscalar one, but also to
relate the axial form factors of neutral current scatteringto those of charged current scat-
tering. We have shown how the form factors have been parametrized in the literature and
summarized the current problems. We have found, assuming the strange quark content to
be isoscalar, that the purely isovector charged current is insensitive to the strangeness in
contrast to the neutral current reaction. Further, we have shown that the same three form
factors enter the neutral and the charged current processesbut with considerably different
qualitative impact. We have seen that, for instance, the proton neutral current form factor
F̃ p

1 is strongly suppressed compared to its charged current counterpartF V
1 . Hence, while

the proton neutral current cross section is dominated by a single form factor, namely the
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axial form factor, this is not the case for charged current reactions where all form factors
contribute.

∆ production off nucleons has been discussed in chapter 5. We have developed a general
formalism for the production of spin3/2 resonances by neutrinos provided that the form
factors are available. The calculational techniques were similar to those of quasielastic
scattering, we have also applied CVC and PCAC. The vector form factors were taken from
electron scattering, for the axial ones we used a parametrization available in the literature.
We have found that the contributions of the axial form factors to the cross section are
more important than of their vector counterparts. Further,the influence of the∆ width on
the cross section was studied by using different parametrizations; this changed the cross
section by a few per cent. Finally, we have calculated explicit cross sections and found
reasonable agreement with other calculations and experimental data.

In Part III of this thesis we have extended our model of neutrino interactions to scattering
off nuclei. For a numerical realization we reverted to the BUU transport model, a working
approach for electro- and photoproduction. We have extended the BUU model to describe
neutrino nucleus interactions using the nucleon cross sections derived in Part II. Both
quasielastic reactions and neutrino induced∆ production are included.

The BUU model, the required modifications and the numerical implementation were dis-
cussed in chapter 7. For calculations on nuclei, the in-medium effects taken into account
are Pauli blocking, Fermi motion (both within a local density approximation), hadronic
potentials and final state interactions. The in-medium modification of the∆ resonance
due to Pauli blocking and collisional broadening has been included. The final state inter-
actions are implemented by means of the BUU coupled channel semiclassical transport
model.

Motivated by the advent of new experiments we have calculated inclusive double differ-
ential cross sectionsd2σ/(dQ2dEl) for νµ

56Fe → µ−X at neutrino energies of 0.4 - 2
GeV. We have shown that the dominant in-medium effect is the Fermi motion of the nu-
cleons which ”smears out” the inclusive double differential cross sections with increasing
Q2. The effect of the in-medium∆ width has been found to be rather small. Taking the
in-medium modifications together, the inclusive cross section inside the nucleus in the∆
region is only half of the vacuum value.

The in-medium effects and especially the final state interactions reduce the neutrino in-
duced exclusive pion cross section significantly and also give rise to a small fraction of
π−, which can not be produced in the elementary interaction. The basic processes are ab-
sorption and charge exchange. Quasielastic scattering followed byπ production inNN
collisions does not contribute significantly to the pion production - in the kinematical re-
gion under investigation, the pions were mainly originating from the initial∆ production.
Furthermore, we have found an enhancement of theπ0 channel through side-feeding from
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the dominantπ+ channel. Moreover, we have seen that the total as well as the momentum
differential cross section strongly depend on the initial choice of kinematics.

The influence of the final state interactions on nucleon knockout is significant. While the
elementary quasielastic reaction cannot produce neutrons, but only protons, we found as
a consequence of the final state interaction a distinct fraction of neutrons while the proton
cross section is reduced. Also in the∆ region we found an enhancement of neutrons due
to final state interactions. The nucleons produced in the elementary interaction rescatter
in the nucleus, and starting with a strong dominance of protons, additional neutrons are
produced due to rescattering and charge exchange. To conclude for nucleon knockout we
have found a reduction of the cross section for protons and anenhancement for neutrons
due to final state interactions.

Finally, we have presented a simplified model for quasielastic neutrino nucleus scattering,
where we neglected the hadronic potentials. The calculatedtotal cross section is reduced
compared to the vacuum case by less than 10 % mainly due to Pauli blocking.

We emphasize that an unsatisfactory aspect of the present investigations is the lack of
extensive and good quality data. Hopefully, the situation will be improved in the near
future when new neutrino facilities will be built and start data taking.

In the future, we will further improve our model. The replacement of the oldN − ∆
transition vector form factors has the first priority. For that, recent electron scattering
data have to be included, which will also improve the qualityof the fit of the axial form
factors. The proposed experiments will measure those more precisely within the next
few years. We found that quasielastic reactions and∆ production are the most important
processes. But nevertheless, for a full model we will include higher-mass resonances
and non-resonant background as well as more exotic channels. When studying neutrino
nucleus reactions, a next step might involve to consider also the modification, or so-called
quenching, of the form factors inside the nuclear medium.
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Appendices





A Reference Formulæ

A.1 Abbreviations

CC charged current
CVC conserved vector current hypothesis
DIS deep inelastic scattering
FSI final state interaction
NC neutral current
PCAC partially conserved axial current hypothesis
QE quasielastic
RES resonance

A.2 Conventions

Natural Units

In this thesis we work in so-called natural units, with

~ = c = 1. (A.1)

This avoids dealing with factors of~ andc throughout the calculation and has the follow-
ing implications for the dimension of mass, length and time:

[M ] = [L]−1 = [T ]−1. (A.2)

For all masses, energies and momenta we use GeV as a standard unit.

Cross sections are calculated in this units and have the dimension GeV−2. Neutrino cross
sections are usually given in the SI-system in units of10−38 cm2. To convert to an area,
one uses Eq. (A.2)

[σ] = [L]2 = [M ]−2 (A.3)

and the conversion formula

~c = 0.197 GeV fm (A.4)



A Reference Formulæ

and ends up with

1 GeV−2 = 3.8939 · 1010 · 10−38 cm2 = 0.38939 mb (A.5)

where a millibarn, mb, is1 mb = 10−31 m2. Thus, a typical neutrino cross sections of
10−38 cm2 corresponds to10−11 mb or0.1 fb.

Dirac Matrices

To avoid notational confusion with neutrinosν and muonsµ, Dirac indices are usually
denoted asα andβ. Throughout this thesis the conventions of Ref. [BD67] are used: The
metric tensor is given as

gαβ =







1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1






. (A.6)

For the the Dirac matrices the following representation is used:

γα = (γ0, ~γ), (A.7)

γ0 = γ0 =

(
1 0
0 −1

)

, ~γ =

(
0 ~σ
−~σ 0

)

(A.8)

with the2 × 2 unit matrix1 and the Pauli spin matrices

~σ = (σx, σy, σz), (A.9)

σx =

(
0 1
1 0

)

, σy =

(
0 −i
i 0

)

, σz =

(
1 0
0 −1

)

. (A.10)

Furthermore we need combinations of those matrices, namely

γ5 = γ5 = iγ0γ1γ2γ3 =

(
0 1

1 0

)

and σαβ =
i

2
[γα, γβ]. (A.11)

Under Lorentz transformation the following bilinears transform as:

ψ̄ψ scalar
ψ̄γαψ vector
ψ̄σαβψ antisymmetric tensor
ψ̄γ5γαψ pseudovector (axialvector)
ψ̄γ5ψ pseudoscalar.

Finally, we use the totally antisymmetric tensorǫαβρσ with the conventionǫ0123 = 1.
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A.3 Weak Interaction Constants

Isospin and Gell-Mann Matrices

We use the standard isospin matrices

τ1 =

(
0 1
1 0

)

, τ2 =

(
0 −i
i 0

)

, τ3 =

(
1 0
0 −1

)

(A.12)

with

~τ = (τ1, τ2, τ3), τ± = (τ1 ± iτ2). (A.13)

For theSU(3) Gell-Mann matrices we use

λ1 =





0 1 0
1 0 0
0 0 0



 , λ2 =





0 −i 0
i 0 0
0 0 0



 , (A.14)

λ3 =





1 0 0
0 −1 0
0 0 0



 , λ8 =
1√
3





1 0 0
0 1 0
0 0 −2



 , (A.15)

with

λ± = (λ1 ± iλ2). (A.16)

A.3 Weak Interaction Constants

The physical constants used are [E+04]:

Fermi coupling constant:GF = 1.16637(1)10−5 GeV−2 (A.17)

W boson mass: MW = 80.425(38) GeV/c2 (A.18)

Z boson mass: MZ = 91.1876(21) GeV/c2 (A.19)

Weinberg angle: sin2 θW = 0.23120(15) (A.20)

These constants are related by

e = g sin θW , (A.21)

cos θW =
MW

MZ

, (A.22)

GF√
2

=
g2

8M2
W

, (A.23)

wheree is the positron electric charge.
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B Neutrino Kinematics

B.1 Notation

p

k

q

p′

k′

N

νl

X

l, νl

Figure B.1: Kinematic quantities in neutrino scattering

The notation used for the relativistic kinematics in this thesis is indicated in Fig. B.1.

• incoming neutrinoν:

– four-momentum:kα = (Eν , ~k)

– mass:0

• outgoing leptonl or νl:

– four-momentum:k′α = (El, ~k
′)

– mass:ml

• incoming nucleonN :

– four-momentum:pα = (E, ~p)

– mass :M

• outgoing hadronsX:

– four-momentum:p′α = (E ′, ~p ′)

– mass:W

• exchanged vector bosonW orZ:

– four-momentum:qα = (Eq, ~q)
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CC Eν for QE Eν for ∆
νe ∼ 0 GeV 0.177 GeV
νµ 0.111 GeV 0.305 GeV
ντ 3.450 GeV 3.940 GeV

NC
νx 0 GeV 0.175 GeV

Table B.1: Threshold energies for QE and∆ production

B.2 Energy Thresholds for Neutrino Production

The thresholds for the incoming neutrino energy are given bysimple relativistic kinemat-
ics. Assume we scatter on a nucleon of massM and produce a particle of massW . The
total four-momentum of the incoming neutrino and the nucleon is in the lab frame

P α = (Eν +M,~k) (B.1)

and that of the outgoing system in the center of mass frame

P ′α = (ml +W,~0). (B.2)

This yields for the minimum neutrino energy in the lab frame

Eν =
m2

l +W 2 + 2mlW −M2

2M
. (B.3)

The numerical values for different processes are given in Table B.1 where for the∆ res-
onance we assume for the threshold neutrino energy a minimalmass ofW = M + mπ.

B.3 Integration Limits for νN (Quasi)Elastic
Scattering and ∆ Production

B.3.1 (Quasi)Elastic Scattering

The total cross section is given by:

σ(Eν) =

∫ Q2
max

Q2

min

dQ2 d2σ

dQ2
(B.4)
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B.3 Integration Limits forνN (Quasi)Elastic Scattering and∆ Production

with integration limits (s = M2 + 2MEν)

Q2
min = −m2

l + 2Eν(El − |~k′|)

=
2E2

νM −Mm2
l −Eνm

2
l − Eν

√

(s−m2
l )

2 − 2(s+m2
l )M

2 +M4

2Eν +M
,

(B.5)

Q2
max = −m2

l + 2Eν(El + |~k′|)

=
2E2

νM −Mm2
l + Eνm

2
l + Eν

√

(s−m2
l )

2 − 2(s+m2
l )M

2 +M4

2Eν +M
.

(B.6)

B.3.2 ∆ Production

Integration over the invariant mass yields:

dσ

dQ2
=

∫ Wmax

Wmin

dW
dσ

dQ2dW
. (B.7)

For eachQ2 we have to integrate overW . The lower limit ofW is fixed but the upper
bound depends onQ2 and therefore changes continuously [LP05]:

Wmin = M +mπ, (B.8)

Wmax =






1
4
s2a2

−

(
m4

l

s2 − 2
m2

l

s

)

−
(

Q2 +
m2

l

2
a2

+

)2

+ s a−

(

Q2 +
m2

l

2
a+

)

[a−(Q2 +m2
l )]






− 1

2

,

(B.9)

wheres = M2 + 2MEν anda± = 1 ±M2/s.

Also for the cross section integrated overQ2 the integration limits depend on the observ-
able:

dσ

dW
=

∫ Q2
max

Q2

min

dQ2 dσ

dQ2dW
(B.10)
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where

Q2
min =

1

2Eν +M

(

2E2
νM −Mm2

l −Eν(W
2 −M2 +m2

l )

− Eν

√

(s−m2
l )

2 − 2(s+m2
l )W

2 +W 4
)

, (B.11)

Q2
max =

1

2Eν +M

(

2E2
νM −Mm2

l + Eν(−W 2 +M2 −m2
l )

+ Eν

√

(s−m2
l )

2 − 2(s+m2
l )W

2 +W 4
)

. (B.12)

Combining both yields the total cross section:

σ(Eν) =

∫ Wmax

Wmin

dW

∫ Q2
max

Q2

min

dQ2 dσ

dQ2dW
(B.13)

with

Wmin = M +mπ and Wmax =
√
s−ml (B.14)

andQ2
min andQ2

max as in Eq. (B.11) and Eq. (B.12).
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C Cross Sections and Feynman Rules for
Weak Interaction

C.1 General Expression for the Cross Section

The general expression of the differential cross section for the collision of two particles
(i = 1, 2) andN outgoing particles (f = 1, . . . , N) is given as (see e. g. Ref. [MS93]):

dσ = (2π)4δ4

(
∑

f

p′f −
∑

i

pi

)

1

4[(p1 · p2)2 −m2
1m

2
2]

1

2

(
∏

f

d3p′f
(2π)32E ′

f

)

|M|2 . (C.1)

The amplitudeM is the invariant matrix element for the process under consideration. For
particles with non-zero spin, unpolarized cross sections are calculated by averaging over
initial spin components and summing over final. For the neutrinos there is no averaging
over initial neutrino helicities since they occur only left-handed. However, for conve-
nience of calculation, one can formally sum over both helicity states - the factor (1 − γ5)
guarantees that right-handed neutrinos do not contribute to the cross section.

C.2 Feynman Rules

The amplitude can be calculated explicitly by using the Feynman rules of the weak in-
teraction. Their derivation is given in any standard textbook on Quantum Field Theory -
here we collect those needed for neutrino scattering as a reference.

The amplitudeM follows from a Feynman graph as a product of factors associated to
different parts of the graph:

• External particle: An external line representing a lepton or a quark leads to a
factor ofu(k, s) or v(k, s) for incoming particles or̄u(k′, s′) or v̄(k′, s′) for outgoing
particles, respectively.
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• Propagator: A propagator represents the exchange of a gauge boson and gets a
factor of

i

q2 −M2
V

(

−gαβ +
qαqβ

M2
V

)

, (C.2)

whereMV is either the mass of theW± or of theZ boson.

• Vertex:

– Charged Current: For leptons we get a factor of

−i g√
2
γα

1 − γ5

2
(C.3)

and for quarks a factor of

−i g√
2
Uqq′γα

1 − γ5

2
, (C.4)

whereUqq′ is the appropriate entry of the Cabbibo mixing matrix.

– Neutral Current: Here the vertex factor is given by

−ie
sin θW cos θW

γα

(

cL
1 − γ5

2
+ cR

1 + γ5

2

)

, (C.5)

wherecL andcR are as follows: For massless neutrinos we have

cL =
1

2
, cR = 0, (C.6)

for up quarks

cL = +
1

2
− 2

3
sin2 θW , cR = −2

3
sin2 θW , (C.7)

and for down quarks

cL = −1

2
+

2

3
sin2 θW , cR =

1

3
sin2 θW . (C.8)
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Deutsche Zusammenfassung

Als Wolfgang Pauli im Jahre 1930 ein zusätzliches Teilchen- das Neutrino - postulierte,
um so die Erhaltung von Energie und Impuls imβ-Zerfall zu retten, befürchtete er, dass
dieses neutrale und fast masselose Teilchen niemals gefunden werden könnte. Heute,
75 Jahre später, ist nicht nur der sichere Nachweis dreier Neutrinoarten erbracht, sondern
ihre Wechselwirkungen bieten einzigartige Möglichkeiten, fundamentale Fragen in vielen
Bereichen der Physik zu untersuchen.

Seit Neutrinoszillationen in unterschiedlichsten Experimenten bestätigt wurden, besteht
kein Zweifel mehr, dass Neutrinos zwar eine kleine, aber doch von Null verschiedene
Ruhemasse besitzen. Der absolute Wert dieser Masse ist jedoch noch immer unbekannt
und bleibt somit eine der größten Herausforderungen in derheutigen Teilchenphysik. Ak-
tuelle Experimente befassen sich zudem mit einer Reihe anderer ebenso wenig beant-
worteter Fragen, wie beispielsweise CP-Verletzung und derExistenz von sterilen Neutri-
nos.

Das Interesse an Neutrinos beschränkt sich allerdings nicht nur auf ihre Eigenschaften
selbst, sondern erstreckt sich auf viele unterschiedlicheTeilbereiche der Physik. So
sind Neutrinos ein wertvolles Hilfsmittel, um nukleare undhadronische Fragestellun-
gen zu untersuchen. Von aktuellem Interesse ist insbesondere das Verständnis hadroni-
scher Strukturen im Rahmen der Quantenchromodynamik (QCD). Die Untersuchung von
Nukleonen und Nukleonenresonanzen sowohl mit der elektromagnetischen als auch mit
der schwachen Wechselwirkung ist dabei besonders wichtig,vor allem um hadronische
Modelle zu überprüfen. Dabei ergänzen sich beide Methoden hervorragend: Durch die
spezielle(V − A)-Struktur der schwachen Wechselwirkung können Eigenschaften der
Hadronen untersucht werden, die in Elektronen- oder Photonenstreuung nicht direkt oder
nur schwer zugänglich sind, und zwar vornehmlich die axiale Struktur der Hadronen.
Die schwache Wechselwirkung mit geladenen Strömen ist zudem der einzig praktisch
sinnvolle Weg, die axialen Formfaktoren des Nukleons zu untersuchen. Der Beitrag der
See-Quarks zum Nukleonenspin dagegen ist mit neutralen Strömen sehr gut zugänglich.
Unter den Nukleonenresonanzen ist die∆-Resonanz am wichtigsten und daher auf viel-
erlei Arten untersucht, u. a. auch mit Hilfe von Neutrinos. Besonders die axialenN −∆-
Übergangsformfaktoren sind mit Neutrinostreuung direkt zugänglich.

Obwohl Neutrinos eine wichtige Rolle in vielen Bereichen der Physik spielen, bleibt ein
wesentliches Problem: Sie unterliegen ausschließlich derschwachen Wechselwirkung
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mit entsprechend kleinen Wirkungsquerschnitten und sind daher nur schwer zu detek-
tieren. Einzig mit Hilfe der durch ihre Wechselwirkung mit Materie erzeugten Teilchen
sind sie nachweisbar. Oft werden schwere Kerne als Targetmaterial benutzt, die relativ
große Wirkungsquerschnitte bieten. Daher ist ein theoretisches Verständnis der Wechsel-
wirkung von Neutrinos mit eben solchen Kernen unverzichtbar für die Auswertung von
Neutrinoexperimenten.

In der Literatur gibt es zahlreiche Untersuchungen zur Neutrino-Kern-Wechselwirkung,
die sich auf den quasielastischen Bereich konzentrieren. Systematische Studien von nuk-
learen Effekten und ihr Einfluss auf die Pion-Produktion gibt es dagegen kaum, obwohl
genau diese Ungenauigkeit in der Kenntnis der Wirkungsquerschnitte die größte Un-
sicherheit der meisten Neutrinoexperimente darstellt.

Die beschriebene Situation lieferte die Motivation für die vorliegende Arbeit. Untersucht
wurden Neutrino-Nukleon-Streuung und Neutrino-Kern-Wechselwirkungen für Neutri-
noenergien bis 2 GeV. Bei der Neutrino-Nukleon-Streuung wurde besonderer Wert auf die
systematische Untersuchung der Formfaktoren gelegt. Bei der Neutrino-Kern-Wechsel-
wirkung wurde vorrangig der Einfluss von nuklearen Effektenauf den Pion-Produktions-
querschnitt und auf Nukleon-Knockout-Reaktionen untersucht. Letztere sind Reaktionen,
bei denen ein Nukleon aus dem Kern freigesetzt wird.

Um Neutrino-Nukleon- bzw. Neutrino-Kern-Wirkungsquerschnitte zu berechnen, muss
zunächst die zugrunde liegende Theorie behandelt werden.Neutrinoreaktionen werden
im Rahmen des Standard-Modells der Teilchenphysik beschrieben. Sie wechselwirken
ausschließlich schwach durch den Austausch geladenerW -Bosonen oder neutralerZ-
Bosonen. Besonders hervorzuheben ist die(V − A)-Struktur der schwachen Wechsel-
wirkung, d. h. die explizite Unterscheidung rechts- und linkshändiger Felder. Für Lep-
tonen und Quarks sind sowohl die geladenen als auch die ungeladenen Ströme wohldefi-
niert. Das ändert sich beim̈Ubergang von Quarks zu Hadronen, also zusammengesetzten
Systemen. Relevante Zusammenhänge und Symmetrien bleiben jedoch unverändert und
erlauben damit das Aufstellen allgemeiner Aussagen für hadronische Ströme. Besonders
wichtig für explizite Rechnungen sind die Hypothese vom erhaltenen Vektorstrom (CVC)
und die Hypothese vom teilweise erhaltenen Axialstrom (PCAC).

Damit kann nun die Neutrino-Nukleon-Wechselwirkung berechnet werden. Im allge-
meinsten Fall ist der inklusiveνN-Wirkungsquerschnitt als Funktion von fünf unbekan-
nten Strukturfunktionen gegeben. Benötigt werden jedochexklusive Querschnitte. Dazu
ist zunächst der Wirkungsquerschnitt in seine Beiträge aufzuspalten. Man findet, dass
der Wirkungsquerschnitt bei Energien bis etwa 2 GeV haupts¨achlich durch zwei Beiträge
dominiert wird, nämlich durch (quasi)elastische Prozesse νN → lN ′ und inelastische
∆-ProduktionνN → l∆. Höhere Resonanzen und nichtresonanter Untergrund sind in
diesem Energiebereich von geringerer Bedeutung.
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Bei (quasi)elastischen Reaktionen müssen zwei Möglichkeiten unterschieden werden.
Die Reaktion kann entweder durch den Austausch eines geladenen (CC) oder eines neu-
tralen (NC) Vektorbosons stattfinden. Erstere wird mit quasielastisch bezeichnet, letztere
mit elastisch.

Der quasielastische differentielle Wirkungsquerschnittder Reaktionνn → l−p ist eine
Funktion von zwei Vektorformfaktoren und zwei Axialformfaktoren. Mittels CVC kön-
nen die Vektorformfaktoren mit den Formfaktoren aus der Elektronenstreuung in Ver-
bindung gebracht werden; PCAC setzt die Axialformfaktorenmiteinander in Beziehung,
d. h. CC-Reaktionen werden nur noch durch einen unabhängiger Axialformfaktor be-
schrieben. Da quasielastische Reaktionen nur noch von diesem einen Axialformfaktor
abhängen, erlaubt diese Art von Reaktionen das direkte Studium der axialen Struktur des
Nukleons.

Während die geladenen Ströme reinen Isovektor-Charakter haben, gilt das nicht mehr
für die neutralen Ströme. Diese haben sowohl isovektorielle als auch isoskalare Anteile.
Letztere führen zu einer Sensitivität der neutralen Str¨ome darauf, welchen Beitrag die
seltsamen See-Quarks am Nukleonspin haben. Der Wirkungsquerschnitt der Reaktion
νN → νN ist hier gegeben als Funktion von zwei Vektorformfaktoren und einem Axi-
alformfaktor. Diese wiederum bestehen aus zwei Teilen: Dererste hängt direkt mit der
oben genannten Sensitivität auf den Strange-Beitrag zusammen. Der zweite ergibt sich
mittels CVC und PCAC direkt aus den quasielastischen Formfaktoren. Die Formfaktoren
für Proton und Neutron unterscheiden sich signifikant. So ist der Vektorformfaktor für
Protonen durch den schwachen Mischungswinkel stark unterdrückt. Es zeigte sich, dass
die Reaktionνp → νp stark von dem Axialformfaktor dominiert wird und daher sehr
sensitiv auf den Strange-Beitrag zum Nukleonenspin ist.

Neben (quasi)elastischer Streuung ist die Produktion der∆-Resonanz von besonderer
Bedeutung. Für die Berechnung des Wirkungsquerschnitts wird wie bei den (quasi)-
elastischen Prozessen ein voll-relativistischer Formalismus verwendet. Nutzt man auch
hier CVC und PCAC, bleibt je ein unabhängiger Vektor- und Axialformfaktor. Für ihre
Parametrisierung wird in der Literatur üblicherweise eine nicht korrekte∆-Breite ver-
wendet. Daher wurde der Untersuchung des Einflusses der∆-Breite auf den Wirkungs-
querschnitt besondere Bedeutung beigemessen. Es zeigte sich, dass diese Unterschiede
den Wirkungsquerschnitt um einige Prozent verändern.

Dieses Modell wurde erweitert, um Neutrino-Kern-Reaktionen zu beschreiben und be-
rücksichtigt nukleare Effekte, wie die Fermibewegung derNukleonen, das Pauli-Prinzip,
Bindungsenergien und Endzustandswechselwirkungen. Die Modifikation der∆-Breite
durch Kollisionsverbreiterung und Pauli-Prinzip im Medium ist ebenfalls berücksichtigt,
ebenso wie eine veränderte Bindungsenergie. Für die Simulation der Endzustandswech-
selwirkungen wurde das BUU-Modell, ein semiklassisches Transportmodell, verwendet.
Pionen und Nukleonen unterliegen Endzustandswechselwirkungen wie Ladungstransfer
und elastischer Streuung mit den Nukleonen im Medium.
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Deutsche Zusammenfassung

Motiviert durch zukünftige Experimente wie MINERνA wurden zweifach differentielle
Wirkungsquerschnitted2σ/(dQ2dEl) exemplarisch für die Reaktionνµ

56Fe→ µ−X bei
Neutrinoenergien von 0.4 - 2 GeV berechnet. Bei den inklusiven Wirkungsquerschnitten
zeigte sich, dass die Fermibewegung der dominante Effekt ist und den Wirkungsquer-
schnitt mit zunehmendem ImpulsübertragQ2 vollkommen ausschmiert. Der Einfluss der
In-Medium-Breite des∆ ist dagegen gering.

Desweiteren wurden exklusive Wirkungsquerschnitte betrachtet, nämlich Pionproduk-
tion und Nukleon-Knockout. Besonders der Einfluss der Endzustandswechselwirkun-
gen wurde hier untersucht. Durch Absorption der Pionen im Kern reduziert sich der
Produktionsquerschnitt um etwa einen Faktor zwei. Es zeigte sich, dass die produzierten
Pionen fast völlig von ursprünglich angeregten∆-Resonanzen stammen. Pionproduk-
tion als Folge von quasielastischer Streuung, gefolgt von Pionerzeugung durchNN-
Kollisionen, ist vernachlässigbar für kleineQ2. Daπ+ undπ0 in der elementaren Reak-
tion mit einem sehr großen Ungleichgewicht erzeugt werden (π+ : π0 ≈ 5), führt der
Ladungstransfer in den Endzustandswechselwirkungen zu einer Umverteilung zu Gun-
sten derπ0. π− können in der elementaren Reaktion nicht erzeugt werden, wohl aber
durch Endzustandswechselwirkungen.

Der Einfluss der Endzustandswechselwirkung auf die Nukleonen, die den Kern verlassen,
ist ebenfalls signifikant. Während quasielastische Prozesse in der elementaren Reak-
tion keine Neutronen, sondern nur Protonen erzeugen, findetman als Folge der End-
zustandswechselwirkungen der Nukleonen einen deutlichenAnteil an Neutronen.Ähn-
liches beobachtet man auch für∆-Anregungen. Hier ist die Produktion von Neutronen
im Vergleich zu Protonen in der elementaren Reaktion um einen Faktor zehn kleiner. Die
Endzustandswechselwirkungen führen letztlich zu einem Verlust an Protonen und zu einer
Zunahme an Neutronen.

Leider ist der direkte Vergleich dieser Rechnungen mit experimentellen Daten noch nicht
möglich - entsprechende Experimente sind aber bereits in Planung.

Schließlich wurde, unter Vernachlässigung der hadronischen Potentiale, der totale in-
klusive quasielastische Querschnitt berechnet und mit Blasenkammerdaten verglichen. Es
zeigte sich, dass im Vergleich zum Vakuumquerschnitt hauptsächlich das Pauli-Prinzip zu
einer Reduktion von etwas weniger als 10 % führt.

Zusammenfassend lässt sich sagen, dass die In-Medium-Effekte und vor allem die Endzu-
standswechselwirkungen erheblichen Einfluss auf den gemessenen Wirkungsquerschnitt
haben und daher nicht vernachlässigt werden können.
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