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at densities/temperatures of interest
only model calculations available 

Conjectured QC3D phase diagram 
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Theoretical questions:
related to chiral & deconfinement transition

• CEP: existence/location/number

• relation between chiral & deconfinement? 
chiral CEP/deconfinement CEP? 

• finite volume effects? 
➜ lattice comparison

• role of  fluctuations? so far mostly mean-field 
results effects of  fluctuations are important

    e.g. size of critical region around CEP

• What are good experimental signatures?

➜ higher moments more sensitive to criticality 
➜ can one improve the model calculations?
➜ remove model parameter dependency

non-perturbative continuum functional methods
➜ complementary to lattice

⇒ no sign problem μ>0                            ⇒ chiral symmetry/fermions/small masses/chiral limit

deviation from HRG model for 

• Quarkyonic phase: coincidence of both transitions
= & > ?
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Conjectured QC3D phase diagram 
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Theoretical questions:
related to chiral & deconfinement transition

• CEP: existence/location/number

• relation between chiral & deconfinement? 
chiral CEP/deconfinement CEP? 

• finite volume effects? 
➜ lattice comparison

• role of  fluctuations? so far mostly mean-field 
results effects of  fluctuations are important

    e.g. size of critical region around CEP

• What are good experimental signatures?

    ➜ higher moments more sensitive to criticality

Method of choice: Functional Renormalization Group (FRG)

• good description for chiral sector                       
• implementation of gauge dynamics    (deconfinement sector)

e.g. (Polyakov)-quark-meson model truncation

• Quarkyonic phase: coincidence of both transitions
= & > ?
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• QCD-like model studies 

chiral and deconfinement aspects

two and three flavor

• Mean-field approximation vs. 
Renormalization Group methods

• role of  baryons - two color QCD

Agenda
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[BJS, J. Pawlowski, J. Wambach  2007]

Polyakov-Quark-Meson (PQM) Model
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Chiral effective model:

PQM Lagrangian:

LPQM = ψ̄
�
/D + g(σ + iγ5�π�τ)− µγ0

�
ψ

+
1

2
(∂µσ)

2 +
1

2
(∂µ�π)

2 + V (�φ)

• quarks: ψ

• mesons: σ, �π

• gauge fields: Aa
µ in Dµ = ∂µ + iAµ → Polyakov-loop (PQM) model
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Integration of  quarks, neglect bosonic fluctuations

Mean-Field Approximations (MFA)
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Grand potential

Ω(T, µ;σ) = Ωvac + ΩT + VMF(σ) (+UPoly(Φ) )

vacuum term: sharp three-momentum cutoff  

Ωvac(Λ) = −4

� Λ d3p

(2π)3

�
�p2 +m2

q

for each cutoff: adjust model parameters like fπ,mσ,mπ

standard MFA: no-sea term Λ = 0
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Chiral transition

7

→ ∞
➜

freeze-out close to chiral crossover line 

How can we probe a transition?

� ∂np(X)

∂Xn
X = T, µ, . . .

� cn ≡ ∂np(T, µ)

∂(µ/T )n

. . .

[HotQCD, QM 2012]
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Hadron Resonance Gas (HRG) Model
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HRG model: good lattice data description HRG model versus experiment
[Andronic et al. 2011]

[Karsch, Redlich 2010]

HRG model: no critical fluctuations
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[BJS, M. Wagner 2012]

Role of  vacuum term in (P)QM models
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role of vacuum term in (P)QM models see

� →

� Rq
n,m = cn/cm

� Rn,2 < 0

[Karsch, Redlich, Friman, Koch et al. 2011]
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[BJS, M. Wagner 2012]

Role of  vacuum term in (P)QM models
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unquenched PQM MFA QM MFA w/o vacuum 
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no-sea: red dashed line  

Mean-Field PQM      Nf=2+1
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sea: green line (vacuum term included) 

[Herbst, Mitter, Stiele, Pawlowski, BJS, Schaffner-Bieleich in preparation 2013]

an effective unquenching Two improvements: 

1. sea contribution                                    2. matter back-coupling
U ( ) = U ( )

( ) = .
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Matching the scales with FRG
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Mean-Field PQM      Nf=2+1
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[Herbst, Mitter, Stiele, Pawlowski, BJS, Schaffner-Bieleich in preparation 2013]

no-sea: red dashed line  

sea: green line (vacuum term included) 

an effective unquenching Two improvements: 

1. sea contribution                                    2. matter back-coupling
U ( ) = U ( )

( ) = .
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Functional RG (FRG) Approach
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Γ(2)
k = δ2Γk

δφδφΓk[φ] scale dependent effective action t = ln(k/Λ) Rk

[Herbst, Mitter, Stiele, Pawlowski, BJS, Schaffner-Bieleich in preparation 2013]

FRG (average effective action)

[Wetterich 1993]

� Γk

Γk =

�
d4xq̄[iγµ∂

µ − g(σ+i�τ�πγ5)]q +
1

2
(∂µσ)

2 +
1

2
(∂µ�π)

2 + Vk(φ
2)

Vk=Λ(φ
2) =

λ

4
(σ2+�π2−v2)2 − cσ

Leading order derivative expansion

�

arbitrary potential V
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FRG and QCD
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FRG and QCD
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FRG and QCD
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→ UPol(Φ)
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[Herbst, Pawlowski, BJS 2010,2013]

=
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FRG Quark-Meson
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[Herbst, Mitter, Stiele, Pawlowski, BJS, Schaffner-Bieleich in preparation 2013]

Nf = 2

Pressure and interaction measure in comparison with lattice data (polynomial Polyakov-loop potential)
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Pressure and interaction measure in comparison with lattice data (polynomial Polyakov-loop potential)

FRG Quark-Meson
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[Herbst, Mitter, Stiele, Pawlowski, BJS, Schaffner-Bieleich in preparation 2013]

Nf = 2+1
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Pressure and interaction measure in comparison with lattice data (logarithmic Polyakov-loop potential)

FRG Quark-Meson
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[Herbst, Mitter, Stiele, Pawlowski, BJS, Schaffner-Bieleich in preparation 2013]

Nf = 2+1
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Statistical-thermal model analysis

[J. Cleymann et al.]

Role of  Baryons?
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High chemical potential: baryons more important but usually neglected in FRG 

in stat. model: e.g. peak in

             ratios “the horn”
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QC2D becomes simpler: no sign problem 
lattice simulations    ⇔    functional methods

inclusion of baryonic degrees of freedom simpler:

Scalar diquarks play a dual role as bosonic baryons

relativistic analog of models for ultracold quantum gases

color-neutral bound states of two quarks (bosonic [anti]diquarks)
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( ) ∼= ( ) =

( ) × ( ) × ( )

� SU(2Nf ) → Sp(Nf ) [ SO(6) → SO(5)

➜ 5 Goldstone bosons: 3 pions and 2 (anti)diquarks 

=
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LQMD = ψ̄
�
/D + g(σ + iγ5�π�τ)− µγ0

�
ψ

+
g

2

�
∆∗(ψTCγ5τ2Sψ) +∆(ψ†Cγ5τ2Sψ

∗)
�

+
1

2
(∂µσ)

2 +
1

2
(∂µ�π)

2 + V (�φ)

+
1

2

�
(∂µ − 2µ δ0µ)∆

�
(∂µ + 2µ δ0µ)∆

∗

Quark-Meson-Diquark (QMD) Model
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• quarks: ψ

• mesons: σ, �π

• diquarks (baryons): Re∆, Im∆

• gauge fields: Aa
µ in Dµ = ∂µ + iAµ → Polyakov-loop extended (PQMD)

model

Chiral effective model:

QMD Lagrangian:

,

[N. Strodthoff, BJS, L. von Smekal  2012]

arXiv:1306.2897
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Phase diagram in MFA
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Phase diagram with FRG
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Symmetry breaking 

[N. Strodthoff, BJS, L. von Smekal 2012]

Including diquarks

27

need two condensates:  

diquark condensation at 

( ) −→ ( )× ( )

� ¯� � �

= /

[ ]

�qq̄�

�qq�
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FRG versus MFA: TCP is a MFA artefact

Phase diagrams
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• no low-T 1st order transition,

no CEP at µ ∼ 2.5 mπ !

with collective baryonic fluctuations

diquark
condensation

[N. Strodthoff, BJS, L. von Smekal 2012]



27.06.2013 | B.-J. Schaefer | Giessen University |

functional approaches (e.g. FRG) are suitable and controllable tools

to investigate the QCD phase diagram and its boundaries 

Summary & Conclusions

29

• QCD-like model studies for two and three flavors

• effects of quantum and thermal fluctuations
on QCD phase structure

• QCD for two colors: towards an understanding of 
role of baryons on phase structure 

• existence of critical points in phase diagram
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Backup material
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