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ABSTRACT

Recurrent backcrossing is an established procedure to transfer target genes from a donor into the
genetic background of a recipient genotype. By assessing the parental origin of alleles at markers flanking
the target locus one can select individuals with a short intact donor chromosome segment around the
target gene and thus reduce the linkage drag. We investigated the probability distribution of the length
of the intact donor chromosome segment around the target gene in recurrent backcrossing with selection
for heterozygosity at the target locus and homozygosity for the recurrent parent allele at flanking markers
for a diploid species. Assuming no interference in crossover formation, we derived the cumulative density
function, probability density function, expected value, and variance of the length of the intact chromosome
segment for the following cases: (1) backcross generations prior to detection of a recombinant individual
between the target gene and the flanking marker; (2) the backcross generation in which for the first time
a recombinant individual is detected, which is selected for further backcrossing; and (3) subsequent
backcross generations after selection of a recombinant. Examples are given of how these results can be
applied to investigate the efficiency of marker-assisted backcrossing for reducing the length of the intact
donor chromosome segment around the target gene under various situations relevant in breeding and

genetic research.

ECURRENT backcrossing with selection for pres-
ence of a target gene is a well-established breeding
method for introgressing desirable genes from a donor
into the genetic background of a recipient genotype
used as recurrent parent. With the development of high-
density linkage maps in most crop species, it became
possible to monitor the parental origin of alleles at DNA
markers throughout the entire genome. Selection of
individuals, which not only carry the target gene but
also are homozygous for the recurrent parent alleles at
a large portion of markers, can accelerate recovery of
the recurrent parent genome and reduce the number of
backcross generations required for gene introgression.
This approach is called background selection and was
first proposed by TANKSLEY et al. (1989).

The goal of background selection is to reduce the
recurrent parent genome proportion across the whole
genome (FriscH et al. 1999b). However, special atten-
tion must be paid to the donor chromosome segment
around the target gene. Without selection, this segment
can remain fairly long over a large number of backcross
generations and, hence, contribute a major part to the
donor genome still present in the final breeding prod-
uct. For example, YOUNG and TANKSLEY (1989) found
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lengths up to 51 cM of the segment attached to a resis-
tance gene after six backcross generations in tomato.
Their experiments confirmed theoretical results of
StAaM and ZEVEN (1981), who showed that the length
of the donor chromosome segment attached to a target
gene on a 100-cM chromosome after six backcross gen-
erations without background selection is expected to
be 32 cM. Moreover, there are numerous examples of
undesirable traits tightly linked to a target gene, which
were introgressed together with the gene into near-
isogenic lines (ZEVEN et al. 1983).

NAVEIRA and BARBADILLA (1992) reviewed the early
theoretical studies on the length of the intact donor
chromosome segment around the target gene in recur-
rent backcrossing without marker-assisted selection.
The problem was first addressed by BARTLETT and HaL-
DANE (1935), but their approach was limited because
they used recombination frequencies instead of map
distances. Using HALDANE’s (1919) classical definition
of map distance, FISHER (1949, pp. 49-50) derived the
probability that the donor chromosome segment
attached on one side of the target gene is after ¢ back-
cross generations greater than a certain value x as p =
¢ "and the probability density function (pdf) of random
variable X describing its length as df/ dx = te”*. Calculat-
ing the expectation F,(X) by assuming a chromosome
of infinite length yields FisHer’s (1949, p. 50) formula

E(X) = J:xte_"‘dx =1/t (1)
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Hanson (1959) extended Fisher’s results by abandon-
ing the latter assumption, which results in an overestima-
tion of the expected length of the attached chromosome
segment. He considered a chromosome of length /and
took the discrete character of Xfor x = /into account:

E(X) = jolxwdx Yt =1 -/l (2)

Stam and ZEVEN (1981) derived the expected donor
genome proportion on the carrier chromosome in back-
crossing with selection for presence of a target gene
with known as well as unknown map position. In contrast
to HANSON’s (1959) study, their approach also includes
donor chromosome segments on the carrier chromo-
some, which are not directly linked to the target gene.
HospiTAL et al. (1992) extended Stam and ZEVEN’s
(1981) approach to background selection with exactly
two markers on the carrier chromosome. However, the
probability distribution of the chromosome segment
attached to the target gene is unknown.

FriscH et al. (1999a) derived the minimum popula-
tion size required to find with probability ¢ single or
double recombinants between the target gene and
flanking markers in marker-assisted backcrossing, as-
suming known distances to the flanking markers. How-
ever, the effect of the marker distances and generation
of selecting a recombinant between the target gene and
a flanking marker on the probability distribution of the
chromosome segment attached to the target gene is
unknown.

The objective of this study was to extend earlier results
concerning the length of the intact donor chromosome
segment around the target gene to backcross programs
with selection for (a) presence of a target gene and (b)
homozygosity of the recurrent parent allele at flanking
markers. Knowledge of the probability distribution of
the length of the chromosome segment around a target
gene is useful in (i) choosing the flanking markers de-
pending on the effect of their position on the intact
chromosome segment length and (ii) estimating the
intact chromosome segment length on the basis of the
marker genotype during a backcross program.

We derived the cumulative density functions (cdf’s)
and the pdf’s of the intact donor chromosome segment
length for (1) backcross generations prior to detection
of arecombinant between the target gene and the mark-
er(s), (2) the backcross generation in which a recombi-
nant is first detected and selected for further backcross-
ing, and (3) backcross generations after selection of a
recombinant. The respective expected values and vari-
ances can be calculated from these density functions.

ASSUMPTIONS, DEFINITIONS, AND SOME
BASIC RESULTS

We assume that the process of crossover formation
during meiosis in a diploid species is completely de-

scribed by the following two properties: (A) The loca-
tion of crossovers is uniformly distributed along the
chromosome, and (B) the number of crossovers, which
occur during one meiosis on a chromosome region of
length [, follows a Poisson distribution with parameter
[. Assumptions A and B are mathematically equivalent
to those made by HALDANE (1919), when he introduced
the idea of relating recombination frequencies to map
distances with a mapping function. This models implies
that an odd number of crossovers between two loci
results in recombination between them and, hence, mei-
osis is modeled by involving only two chromatids (see
ZHuA0 and SPEED 1996 for discussion). A further conse-
quence of assumptions A and B is the absence of inter-
ference in crossover formation (Stam 1979).

For our derivations we use an algebra of events, the
union and intersection operators U and N, and the
subset relation C. Let w and v denote two positions on
a chromosome, measured in a scale in morgan units
with the coordinate origin at the target locus. For all
calculations concerning only one side of the target lo-
cus, we assume without loss of generality ¥ < v and u,
v > (. The map distance between the target locus and
the end of the chromosome is /. The following notation
is used for events in generation BC;

Z,.i: No crossover occurred in the interval [u, v).

O,.; An odd number of crossovers occurred in [u, v).

E,.: An even number (including zero) of crossovers
occurred in [u, v).

Note that Z,,;, C E,,;. Furthermore, we define

N,..= Ni= E, . Norecombination occurred between
the loci at positions u and v in any of the genera-
tions BC, to BC.,.

R,,,=NZlE,,NO,,fort>1and R,,, = O,,, for
t = 1: Recombination between the loci at positions
u and v occurred for the first time in generation
BC..

Note that the events Z,,;, O,..,, and E, ,; describe recom-
bination in the interval [u, v) in generation BC;, whereas
N,., and R,,, refer to the accumulation of events in
generations BC,; to BC,

From assumptions A and B follows directly (HALDANE
1919), for the probabilities of the events Z,,, O,,,, and
E,,, in generation BC,,

P(Z,.,) = ¢, (3)
P(0,,,) = ¢‘sinh d, (4)
P(E,,,) = ¢ ‘cosh d, (5)

where d = v — u. Following Haldane’s original deriva-
tion, we use hyperbolic functions because they are easier
to handle in subsequent derivations than the more com-
mon formulas with exponential functions only.
Formation of crossovers in different generations is
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stochastically independent. Moreover, assumptions A
and B imply that for every generation crossover forma-
tion in nonoverlapping intervals is independent (STAM
1979). Hence, we obtain for I, [ € {Z, O, E}, s # §', and
arbitrary intervals [u, v) and [u/, V'),

P(Iu,v,x N ﬂ',v',x') = P(Iu,v,x)P(ﬂ’,v',x')’ (6)

and for K, L € {Z, O, E, N, R}, arbitrary generations s
and §', and [u, v) N [u,v') = O,

P(KA,U,X N Lu',v',x') = P(K¢,1/,5)P(Lu',v',s’)' (7)

Equations 6 and 7 can be used to calculate the probabili-
ties of events N and R as

t
P(Nu,v,t) = HP(Eu,v,i) = e_tdCOShtd’ (8)
i=1
=1
P(R,..) = [IP(E,..))P(O,,) = ¢"cosh"'dsinh d. (9)
i=1
We define a random variable X, which describes the
length of the donor chromosome segment attached on
one side of the target gene. The event “the donor chro-
mosome segment attached on one side of the target
gene is greater than a certain value x” is denoted by
{X > x}. Hence, the cdf of the random variable X is
F(x) =1 — P{X> «).

SEGMENT ATTACHED ON ONE SIDE
OF THE TARGET GENE

Under assumptions A and B, the two random variables
that describe the length of the intact donor chromo-
some segments attached on each side of the target gene
are stochastically independent. We use this property to
first derive the distribution of each random variable and
then combine the results to obtain formulas for the
total length. The core of the approach is the derivation
of the cdf’s from conditional probabilities; further prop-
erties of the distribution such as pdf, expectation, and
variance can be derived with standard methods.

Generations prior to detection of a recombinant: We
first investigate the length of the intact chromosome
segment in backcross generation BC, under the condi-
tion that no recombination between the target gene
and a marker at position y occurred in any backcross
generation BC; (¢ = {). We distinguish three cases: (1)
The attached chromosome segment is smaller than the
flanking marker distance; (2) the attached chromosome
segment is greater than the flanking marker distance
but smaller than the distance between target gene and
the end of the chromosome; and (3) the attached chro-
mosome segment comprises the complete distance be-
tween target gene and the end of the chromosome.

Case 1. x € [0, y): The event “the intact chromosome
segment is greater than a certain value x € [0, y) in
generation BC, and no recombination was observed be-
tween the target gene and the marker” occurs if and

onlyif no crossover event happened in the interval [0, x)
in all backcross generations BC; (¢ = ¢) and an even
number of crossovers occurred in the interval [x, y) in
all backcross generations BC; (i = 1):

(X > xh 0 Noye = O (Zos N By (10)

With Equations 3, 5, and 7 we obtain
P(IX, > x} N Ny,) = ecosh’(y — %), (11)

which is required for calculation of the conditional
probability
PUX, > x} O Noy)

P{X > x}UVo)t) = P(Ny,.)
0,y,1

_ cosh'(y — x). (12)

2

y

Hence, the cdf of the attached chromosome segment
length is

cosh

cosh'(y — x)

F(xIN,) =1 — for x € [0, y). (13)

cosh'y

Case 2. x € [y, l): The event “the attached chromosome
segment is greater than a certain value x € [y, /) in
generation BC, and no recombination was observed be-
tween the target gene and the marker” occurs if and
only if no crossover happened in the interval [0, x) in
all backcross generations BC; (i = ¢). From x € [y, ()
follows {X, > x} C N, and hence,

{}(t > x} m M},y,t = QZO,x,i' (14)

In analogy to the calculations in Equations 10-13 we
obtain the cdf

)= x)

P

F(xINy,) =1 -

for x € [y, I). (15)
cosh'y

Case 3. x = [: The event “the attached chromosome
segment takes its maximum value in generation BC,
{X, = I} and no recombination was observed between
the target gene and the marker” occurs if and only if no
crossover occurred in the interval [0, /) in all backcross
generations BC; (i = #). From {X, = I} C N,,, follows

(X =01nN M),y,z = QZO,U (16)

and therefrom we get

0D

P(X, = BN, 7

cosh’y'
The discrete character of X, for the value x = [ must be
taken into account when calculating the expectation
and variance of X.

Pdf for Cases 1 and 2: Differentiation of Equations 13
and 15 with respect to x yields the pdf
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[ cosh”!(y — x)sinh(y — x)

5 coshy for x € [0, y)
ﬁ(xljv(),y,/) = 1(y—x)
[Fe” for x € [y, ).
[tosh'y
(18)

Note that fi(x|N;,,) is not continuous for x = y.

Generation in which a recombinant is detected and
selected: Let us now assume that recombination be-
tween the target gene and the marker occurred for the
first time in generation BC, The event “the chromo-
some segment attached on this side of the target gene
is greater than a certain value x € [0, y) and recombina-
tion is observed between the target gene and the
marker” occurs if and only if no crossover happened in
the interval [0, x) in all backcross generations BC; (i =
s), an even number of crossovers occurred in the interval
[x, y) in all backcross generations BC; (¢ < s), and an
odd number of crossovers occurred in the interval [x, y)
in generation BC;

s—1

{)(S > 'x} m RO,y,S = QZO,x,i N Q Ex’,),z N Ox,y,s' (19)

In analogy to the calculations in Equations 10-13 we
obtain the cdf

sinh(y — x)cosh* !(y — x)

F(x|R),,) = ] a sinh y cosh* !y for x € [0, y)
D for x € [y, {].
(20)

Differentiation with respect to x yields the corre-
sponding pdf of the attached chromosome segment
length under the condition that recombination between
the target gene and the marker occurred for the first
time in generation BC;

E.Lcosh“(y — x) — (s — 1)cosh™*(y — x)
sinh y cosh* 'y

f(X|Ro ) = for x € [0, y)
s 35

for x € [y, I].
(21)

Note that f(x|R,,,) is not continuous for x = y.
Subsequent generations after selection of a recombi-
nant: We now investigate the distribution of the length
of the attached segment on one side of the target, when
selection of a recombinant individual, on the basis of a
flanking marker at position y, was carried out in genera-
tion BC, and backcrossing is continued for another ¢ — s
generations. The event “the attached chromosome seg-
ment is greater than a certain value x in generation BC,
and recombination is observed between the target gene
and the marker in generation BC; (s = ¢)” occurs if and
only if no crossover occurred in the interval [0, x) in
all generations BC; (i = ), an even number of crossovers
occurred in the interval [x, y) in all backcross genera-

tions BC; (7 < s), and an odd number of crossovers
occurred in the interval [x, y) in generation BCq

s—1

{)(l > .X'} m R),)‘,s = QZO,x,i N QExw N Ox,y,x- (22)

In analogy to the calculations in Equations 10-13 we
obtain the cdf

o _ sinh(y = x)cosh™(y = x)z“")" for x € [0, y)

F(x|R,,,) = sinh y cosh’™'y ’
for x € [y, I].
(23)

Differentiation with respect to x yields the corre-
sponding pdf of the attached chromosome segment
length in generation BC, under the condition that re-
combination between the target gene and the marker
occurs for the first time in generation BCq:

3 "cosh™ 2(y — «x)
[J sinh y cosh*™'y
J(xlRy,) =10 X [%(t — s)sinh(2y — 2x)

0 + ssinh?(y — x) + 1]  for x e [0, y)
|j) for x € [y, I].
(24)

Note that for s = t, Equation 24 simplifies to Equation
21 and that fi(x|R,,,) is not continuous for x = y.

Expected values and variances: From the presented
pdf’s, expected values and variances of the distribution
of X on one side of the target gene can be obtained
with standard methods of calculus,

E(XIRy,) = [ 3f(x|Ry,.) dx (25)
EXIN,) = [f(xINy, ) dx +1POX = 1IN, (26)

ViXIR,,) = E(X*|Ry,,) — [E(X|Ry,)]? (27)
ViXINyy) = E(XINyy) — [E(XINy) 12 (28)
with
E(CIR,,) =[xl Ry,.) dx (29)
E(XIN,,) = [xf(xINy, ) dx + PP(X = UIN,,).  (30)

Note that integration must be performed separately for
the intervals of definition of f{x|N,,).

The expectation and variance of the length of the
intact chromosome segment attached on one side of
the target gene, when selecting in generations BC, and
BC, for recombinants between the target gene and the
marker, are presented in Table 1. In APPENDIX A we
demonstrate how these equations were derived using
E(x|Ry,;) as an example.

Selection of recombinants without marker analyses
in previous generations: There are situations in practice
when the genotype of flanking markers is not examined
right from the beginning of a backcrossing program but
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TABLE 1

Expected values (F;) and variances (V) of the chromosome segment attached on one side of
the target gene in generations BC, (¢t = 1), BC, (¢ = 2), and BC,

1+ sinh y — &7
cosh y

El(XlM),y,l) =

E(X|Ry,,) = tanh(g)

e D — 26 — 1+ 2

if ¢t #
ExlRy DD @ ek
XD =g e
a 20 — 1)
_ y—1
‘/I(Xlz\](),y,l) _ ocoshy — (I+ De' +y
cosh y
- [El(XlM),y,l)]z
inh y — ,
Vi(XIR,,) = 25— — [E/(X| Ry,) )*
sinh y
Ijzﬁe_?»" — [g(y, )] — (1 — 2)*
& £ —2)%e»—1)
0~ [E(X|Ry,) 12 ift 72
ViXIRy,1) = (g 1) = 2y — 4yt + 41 — 4
Red = 8y +4)e»+2 =9

O 8(e — 1)

2 + 2y + sinh y — 2¥7%

E2(X|No,y,2) =

4 cosh?y
tanh
By(XIR) = =0
—4y _ -
i(t :( — H1)4 if 1 4
= gut= e -
E/(XIROﬂ) |:| (1 + 4y)e*4v — 1 X
—_ ift=4
O 4(e™ — 1)
oy — 0,02 1 9.2
Vo(XINy,2) _cosh 2y — (4l + 2)e : +2y° + 4y + 1
4 cosh’y
— [Eo(XINyy2)1?
inh 2y — 2y ,
Vo(XIRy0) = ij ~ [E(XIR,2))*

4 cosh y sinh

re® — [h(y, e — (L= 4)*
G — 4 e®—1)

0o [E(X|Ry,2)1? if 1 # 4
VilX1Ry2) = iy, 1) = 496> — 169t + 8¢ — 16
[Re® — (32 + H)e ¥ + 2 -9

0 32(¢h — 1)?

One of the following conditions apply: (1) recombination between the target gene and a marker at position y occurred for
the first time in generation BC, (R,,,), or (2) no recombination occurred until generation BC, (s = 1, 2) (N,,). For detailed

definitions of R,, and N, see text.

only in advanced generations. Frequently, the flanking
markers used for identification of recombinants are po-
sitioned fairly distant from the target gene to have a
high probability of success for recovering at least one
recombinant with a limited population size (FRISCH et
al. 1999b). However, if several recombinants are found,
the experimenter may decide to assay these with addi-
tional markers closer to the target gene to identify the
one with the shortest intact donor chromosome seg-
ment. We derive the distribution of the length of the
donor chromosome segment attached on one side of
the target gene for these situations in APPENDIX C.
Numerical results: Figure 1 shows the expected length
E,(X) and the standard deviation SD,(X) of the intact
chromosome segmentattached on one side of the target
gene in generations BC; to BCy; (¢t = 1 ... 15) for
backcross programs with and without background selec-
tion at flanking markers in generation BC;. The target
locus is positioned at distance { = 1.0 M from the chro-
mosome end and the flanking marker is located at dis-
tance y = 0.1, 0.2, 0.3, 0.4, 0.5 M from the target locus.
In generation BC,, £ (X|R,,;) = tanh(y/2) = y/2 (Ta-
ble 1). Hence, the expected length of the intact chromo-
some segment is ~~0.25 M when selecting for a flanking

marker at 0.5 M distance. Without marker-assisted selec-
tion, a value of ~0.25 M is reached only in generation
BC,. The standard deviation of the length of the intact
chromosome segment is distinctly smaller with marker-
assisted selection in early backcross generations than
without. For example, SD;(xRyg11) = 0.015 while with-
out selection at the flanking marker SD;(X) = 0.375.
In advanced backcross generations, the differences be-
tween the two schemes become smaller. However, an
expected length of the intact chromosome segment of
~0.05 M, as reached in generation BC,; with a flanking
marker 0.1 M distant, is not reached even after 15 back-
cross generations without background selection.
Figure 2 shows the pdf’s and cdf’s of the length of
the intact chromosome segment attached on one side
of the target gene in generation BC; for backcross pro-
grams with background selection at a flanking marker
positioned at y = 0.1 or y = 0.5 M distant from the target
gene, when arecombinantis selected in generations BC,
to BC;. The pdf for selection in generation BC; at a
marker with distance y = 0.1 M has only a small negative
slope, whereas for selection in generation BC, the pdf
for large attached chromosome segments (x is near y)
is only about half the absolute value of the pdf of small
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* . intact donor chromosome
. segment attached on one
0.3 0.3 . side of the target gene in
+ [ . generations BC, (1 =1 ...
02 <+ ° 0.2 -] o 15) (1) in. the absence‘ of
< 2}- .. . marker-assisted  selection
ooo<13$°. ::]r+++ LI (I=1) and (2) when selec-
° * < . : :
0.1 * % °o3 g ° 0.1 49 F 5 ° o tion for recombinants at a
Oo:****§§§§§§§§ ::iiiii§§§§§§§§ flanking marker with dis-
©C0 000000000 b 000000000000 tance y = 0.1, y = 0.2, y =
0.0 — 0.0 03,y=04,0ory=05M
is carried out in generation
] I 1 I ] I I 1 I I I I I I I I BC,.
1 3 5 7 9 11 13 15 1 3 5 7 9 11 13 15
Backeross generation Backeross generation
seee [=10M coco y=03M
+++ y=05M *xx y=02M
494 y=04M ooo y=01M

linked segments (xis near 0). The effect of the genera-
tion of selection on the difference in the pdf for small
compared with large xvalues is even greater for a marker
at position y = 0.5 M. Here, the probability of having
large attached chromosome segments (x is near y) is
almost zero when selecting for the flanking marker in
generation BC,;. The cdf for selection in generation BC;
is greater than for selection in BC, to BG;, the difference
being larger for y = 0.5 M than for y = 0.1 M. Conse-
quently, the probability of having a smaller intact chro-
mosome segment is greater with selection in an early
compared with a late generation.

TOTAL LENGTH OF THE INTACT DONOR
CHROMOSOME SEGMENT

In this section we use an abbreviated notation. The
two sides of the targetlocus are named ¢and b, which are
used as subscripts to mark parameters for the respective
side. Parameters without subscript a or b refer to sums
of both sides: X=X, + X, [ =1, + [,y =y, + y. The
subscripts for the generation were dropped, and f,(x,)
and f,(x;) can be any of the previously derived pdf’s,
referring to a certain backcross generation . The events
R, and R, denote that recombination between the target
gene and the marker occurred on the respective side
of the target gene in backcross generation s = f N,
and N, denote that no recombination occurred in any

backcross generation s = t. Note that the generation s,
in which recombination occurred, can be different for
sides @ and b.

Expected values and variances: Calculation of ex-
pected values and variances is straightforward due to
the stochastic independence of X, and X

E(X)
V(X)

E(X) + E(X,)
V(X)) + V(X).

(1)
(32)

For derivation of the pdf’s we distinguish the following
three cases. The cdf’s can be obtained by integrating
the pdf’s.

Case 1. Recombination on both sides of the target
gene: Under condition R, N R, both random variables
X, and X, are continuous [i.e., f, and f, are either /(x|
Ry,,) or ft(x|Rq,),) 1. Without loss of generality, we assume
Y. = y» Because of the stochastic independence of X,
and X, the joint density of (x,, ;) is calculated by multi-
plying the marginal densities. Consider a certain length
x of the intact donor chromosome segment: from x =
x, + x, follows x, = x — x,. Hence, the probability density
for any «x is obtained by integration of the joint density
of (x, x — x,) over all possible values for x, that result
in x = x, + x,, We denote this integral by

i, B) = [T filx = x)d, (33)

The limits of integration, ¢.e., the minimum and maxi-
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FIGURE 2.—Probability den-
sity functions [f(x), left] and
cumulative density functions
[F5(x), right] of the length of
the intact donor chromosome

segment attached on one side
of the target gene in genera-
tion BC;, when recombinants

0.6 —

0.4 —

0.2 —

0.0

at a flanking marker with dis-
tance y = 0.1 M (top) and y =
0.5 M (bottom) were detected
and selected in generation BC,
(solid line) and generations
BCo—BC; (subsequent dashed
lines).

mum length of the chromosome segment attached on
side a, depend on the total length of the intact donor
chromosome segment x. For x < y, the whole donor
chromosome segment may be on either side of the tar-
get gene; hence, x, can range from 0 to x. If y, = x, the
length on side a has to be at least x — y,, The maximum
length of x, under condition R, is y,. Hence, the pdf
can be written in terms of ¢ as

700, x) for x € [0, y,)
O =y x)  for x € [y, y.)
SR O Ry = g(x =y y.) forx € [y, y)

for x € [y, I). (34)

)

This principle is illustrated in APPENDIX B, using as
an example the pdf of the length of the intact donor
chromosome segmentaround the target gene in genera-
tion BC;, when selection is for recombinants at flanking
markers on both sides.

Case 2. Recombination on one side of the target gene:
Without loss of generality we consider N, N R, [i.e., f;
is fi(x|N,,) and f, is either f(x|Ry,,) or f(x|R,,)] and
distinguish [, > vy, and [, = vy, For [, > y,, the value of
x, can range between 0 and x if x < y,; otherwise, the
minimum of x, is x — v, and the maximum is /. If x >

l,, it is also possible that no recombination on side «
occurred (X, = [,) and the probability density for this
case adds to the integral because of the discrete charac-
ter of X, for x, = [,. Hence, we obtain for [, > y,

El‘(o, x)

Citx =y, )

JxIN, 0 Ry = Bx = 3, 1)
O + P(X, = L)fi(x— 1)
Y

In analogy, the pdf for [, = y,is

(0, x)
Bt(o, L)
+ P(X, = L)fi(x — 1)
SxIN O R) = [y — i 1)
O + PX, = 1)fitx = 1)
v

for x € [0, y,)
for x € [y, )

for x € [{, I, + v.)
for x € [I, + yo ).

(35)

for x € [0, 1)
for x € [, w)

for x € [y, &, + )
for x € [I, + y, 1).

(36)

Note that for condition N, the function f, is defined
depending on the value of x (Equation 18). This must
be taken into account for the integration.
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FIGURE 3.—Probability den-
sity functions [fi(x), left] and
cumulative density functions
[F (%), right] of the intact do-
nor chromosome segment
around the target gene in gen-
eration BC, when recombi-
nants were detected simultane-
ously at two flanking markers
with distances (y, = 0.1, y, =
0.1) (solid line) or (y, = 0.125,
¥, = 0.075), (y, = 0.15, y, =
0.05), (y, = 0.175, y, = 0.025),
(y. = 0.19, y, = 0.01) (subse-
quent dashed lines).

Case 3. No recombination on either side: We have
N, and N, [i.e., f, and f, are fi(x|N,,,)]. Without loss of
generality we assume [, = [, In analogy to the above
cases, the pdf of the length of the intact chromosome
segment can be derived as

30, x) for x € [0, )

D(X - lb’ x)

O +flx=PX,=14) forxe [i, 1)
SixIN, NN, = e = %)

+ ﬁ(x - LP(X, = 1)

0 + P(X,=1)f)(x— 1) forxe [l,]I).

(37)
The random variable X is discrete for x = £

Numerical results: Figure 3 shows the pdf’s and cdf’s
of the total length of the intact donor chromosome
segment around a target gene for various combinations
of marker distances y, and y, ,which sum up to 0.2 M.
As reflected by the shape of the pdf’s, for asymmetric
marker bracket there is a high chance of detecting re-
combinants with a medium length of the intact chromo-
some segment, while for an asymmetric marker bracket,
the probability of finding recombinants with a short or
long intact chromosome segment increases.

DISCUSSION

Genetic model: Following earlier studies (FISHER
1949; HansoN 1959; StaMm and ZEVEN 1981; HospiTAL
et al. 1992), we used a Poisson process for modeling
crossover formation during meiosis, as proposed by
HALDANE (1919). It is well known that the Poisson pro-

cessisasimplified model of crossover formation because
of the assumption of no interference (Stam 1979). Since
HALDANE’s pioneering article, numerous researchers
(e.g., KosamBI 1944; KARLIN and LIBERMAN 1978, 1979;
ZnA0 and SPEED 1996; BROWNING 2000) proposed alter-
native mathematical models, which include interfer-
ence. Most of the resulting map functions can be mod-
eled by a stationary renewal process, the interevent
distribution of which can be approximated by gamma
distributions (ZHAO and Speep 1996). McPrek and
SPEED (1995) compared the fit of various crossover for-
mation models and concluded that gamma interevent
distribution fit best the Drosophila dataset of MORGAN
et al. (1935).

We used HAaLDANE’s (1919) Poisson model due to
its mathematical simplicity, its exponential interevent
distribution, and the stochastic independence of cross-
over formations in adjacent chromosome regions, which
allowed us to derive closed analytical formulas for the
problems addressed in this article. Applying gamma in-
terevent distributions would in most instances yield un-
wieldy formulas, which could only be numerically ap-
proximated. Moreover, as pointed out by StaM and
ZEVEN (1981), dropping the assumption of no interfer-
ence would reduce the generality of the presented ap-
proach because for each target gene it would be neces-
sary to know the type and degree of interference.

Under the assumption of positive chiasma interfer-
ence (StaMm 1979), multiple crossovers in a given chro-
mosome region occur less frequently than under the
assumption of no interference. Consequently, if the tar-
get gene is located in a region with positive interference,
the cdf of the chromosome length attached at one side
of the target gene is greater than the presented cdf and
the expected values are underestimated. The reverse
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holds true under the assumption of negative interfer-
ence. In conclusion, the reader should be aware that
the presented model (as most mathematical models of
biological systems) is not capable of capturing every
detail of the underlying biological process and the pre-
sented results should be interpreted with this in mind.

Comparison with earlier studies: Our results for
marker-assisted selection of recombinants can readily
be used to derive the cdf, when selection is only for
presence of the target gene. For any y € (0, /) and
generation BC,, the disjoint events R,; (i = 1, ..., 1)
and N, represent a mutually exclusive partition of the
entire probability space. Using the theorem of total
probability, we obtain for y < x < £

t

P({X, > x}) =2 [PUX > #|R,) P(Roy)]

i=1

+ P(IX > oINp, ) P(Nyy) . (39)

Inserting Equations 8, 9, 15, and 20, we obtain FISHER’s
(1949, p. 50) probability p presented in the Introduc-
tion, which is also the basis of HANsSON’s (1959) formula.
Summarizing, the relation between the three studies
can be described as follows: HANsoON (1959) corrected
F1sHER’s (1949) results for a finite length of the chromo-
some. We extended HANSON’s results to the case of
marker-assisted selection for recovery of the recurrent
parent genome at markers flanking the target locus.

HospiTAL et al. (1992) extended earlier results of
StaM and ZEVEN (1981) and investigated backcrossing
with background selection at exactly two markers on
the carrier chromosome, one on each side of the target
gene. They derived the expected donor genome propor-
tion on the carrier chromosome and derived an equa-
tion to calculate the marker positions, which maximize
the expected donor genome proportion. However, the
application of their approach in practical breeding pro-
grams is limited, because usually several markers on the
carrier chromosome are available and used for back-
ground selection (see e.g., RAGOT et al. 1995). In this
case, the markers flanking the target gene are used to
control the intact chromosome segment around the
target gene and more distant markers are used to con-
trol the parental origin of the remainder of the chromo-
some. In contrast to the study of HOSPITAL et al. (1992),
our approach considers only the donor chromosome
segment directly linked to the target gene, but not those
on the remainder of the carrier chromosome, and,
hence, can be applied in backcross programs with more
than two markers on the carrier chromosome. Further-
more, it yields a complete description of the underlying
probability distribution.

Applications of the theory: Marker-assisted backcross-
ing is applied to the following tasks in breeding and
genetic research: (1) transfer of a target gene, which
may be a transgene or another major gene (e.g., a disease
resistance gene); (2) transfer of a chromosome region,

which contains a favorable allele at a putative quantita-
tive trait locus (QTL); and (3) development of near-
isogenic lines (NILs). Our theoretical results can be
applied to the experimental design of such backcross
programs and for monitoring the length of the attached
chromosome segment in various generations.

Transfer of a gene: To optimize marker-assisted selec-
tion for transfer of a gene, FriscH et al. (1999a) pro-
posed selection of backcross individuals on the basis of
the ordering of genotypes,

A TED o MR TSl WA THD I MR T (40)
where z*, i, y/ denote heterozygosity at the target lo-
cus and two flanking markers at distance y, and y,, re-
spectively, and y, , y, denote homozygosity for the recur-
rent parent allele at the respective loci. Without loss of
generality we assume y, = y, If several individuals of
the most preferable genotype (according to the above
ordering) are found, selection of the best among them
is based on a selection index calculated from the geno-
type at additional markers on the carrier chromosome
of the target gene and on the noncarrier chromosomes
as proposed by FriscH et al. (1999b).

Before starting a tgeneration backcross program, our
results can be used to determine a priori the effect of
the population size n;, . . . , n, in generations BC, to
BC, and the flanking marker distances y, and y, on the
probability distribution of the intact chromosome seg-
ment in the selected individual in generation BC,. The
pdf of the attached chromosome segment length on
one side of the target gene in generation BC,is a mixture
of the conditional pdf’s for selection of a recombinant
in one of generations BC; to BC, and the conditional
pdf for the case that no recombinant is selected up to
generation BC,. The respective weights are calculated
from the multinomial distribution, following the princi-
ple described in detail in Equations 37-39 of FrRiscH et
al. (1999a). Hence, the pdf of the attached chromosome
segment on side ¢ € {a, 8} in generation BC, is

SRRy
_0 T
Jilx) = o+ { Ima- yl)}ﬁ(x(,.ll\fow) for x, € [0, y.)

o 7
Dﬂ(leNo,yoi) for x, € [y, 1),
(41)
where
0 - P(E,,)" for c = a
i = BP(E,,) 1 — P(Eyy,)"]
0 *+ 1= [Py, )P(Ey,)]" for c= b
(42)

The probability that the attached chromosome segment
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comprises the complete distance between the target
gene and the end of the chromosome is

P(X. = 1) = P(Q zo,,(,,,v) = (43)

The cdf, expectation, and variance can be obtained
from Equations 41 and 43 with standard methods, and
the distribution of the total length of the intact chromo-
some segment is obtained according to the principle
described in theory. These formulas can be used before
starting the backcross program to calculate the fol-
lowing:

1. The expected length of the intact chromosome seg-
ment for given flanking marker distances y,, y, and
population sizes n;

2. the population sizes ny, . . ., n, required for given
flanking marker distances y,and y; to obtain a desired
value for the expected intact donor chromosome
segment length, or to obtain with a given probability
o an intact chromosome segment length shorter than
a value u by using I(v) = o; and

3. the flanking marker distances y, and y, required for
given population sizes n, to obtain a desired value
for the expected intact donor chromosome segment
length, or to obtain with a given probability a an
intact chromosome segment length shorter than a
value u by using F(u) = a.

During the breeding program, our results can be
used to infer the length of the intact chromosome seg-
ment from the known genotype of an individual (a
posteriori situation). We illustrate this by a three-genera-
tion backcross program. Consider a single recombinant
in generation BC;. On the side of no recombination,
the probability distribution of the length of the chromo-
some segment attached to the target gene is described
by the equations derived in Generations prior to detection
of a recombinant, whereas on the side of recombination,
the results derived in Generation in which a recombinant
is detected and selected apply. These results also apply in
generation BC, to the second side of the target gene,
when recombination occurs. The results derived in Sub-
sequent generations after selection of a recombinant apply in
generation BC, to the side, where recombination oc-
curred already in generation BC;, as well as to both
sides of the target gene in more advanced backcross
generations. Consequently, the given formulas allow a
complete description of the length of the chromosome
segment attached to the target gene in such a backcross
program.

Introgression of favorable alleles at quantitative trait loci:
Marker-assisted selection in QTL introgression usually
comprises selection for presence of the donor allele at
two markers z, and z, delimiting the interval in which
the putative QTL was detected and for the recurrent
parent allele at markers y, and y, flanking the QTL

interval [z, z] (HospiTAL and CHARCOSSET 1997). Obvi-
ously, the formulas presented in SEGMENT ATTACHED ON
ONE SIDE OF THE TARGET GENE apply to the chromosome
segment attached to markers z, and z on the remote
side of the QTL. Hence, our results can be applied
in QTL introgression programs to reduce the donor
chromosome segment attached to a QTL interval in
exactly the same way as described for the transfer of a
target gene.

Development of near-isogenic lines: A set of NILs, of which
each line differs from any other line in one chromosome
region, can be employed for confirmation, reanalysis,
and fine mapping of QTL (ESHED and ZAMIR 1995).
To generate such a set of NILs, recurrent backcrossing
is carried out with a set of individuals that carry the
donor alleles at different markers covering the whole
genome. As for transfer of a target gene or QTL intro-
gression, the derived formulas apply to the length of
the donor chromosome segment attached to a marker
at which selection is carried out for the donor allele,
when selection at a flanking marker is for the recipient
allele. In addition to the applications described above,
our results can be used to calculate the probability distri-
bution of the length of overlapping chromosome seg-
ments for two NILs.

Selection of several individuals and application in animal
breeding: In developing the presented theory, we as-
sumed that in each generation one individual was back-
crossed to the recurrent parent. However, especially in
an animal breeding context lower selection intensities
may be desirable, for example, by backcrossing all re-
combinant individuals recovered in a backcross popula-
tion. Since our results on pdf and cdf are valid irrespec-
tive of the number of recombinant individuals selected
per generation, they also apply to such breeding plans.

Furthermore, our approach can be extended to de-
rive the distribution of the intact donor chromosome
segmentin the “best” of several recombinant individuals
for two important special cases using results from order
statistics. The latter requires the stochastic indepen-
dence of the length of the intact donor chromosome
segment for the individuals under consideration. This
holds true (a) for BC, populations or (b) in advanced
backcross generations s, if each BC, individual traces
back to a different ancestor in generation BC,. Consider
one side of the target gene and suppose that m recombi-
nant individuals are found. Then, the pdf of the first
order statistic is obtained as

gl(x) = m[l - Fs(xll?o,y,x)]m*lﬁ(leO,y,x) (44)
(SHAO 1999, p. 72), which yields

E‘msinh’”‘l(y — x)cosh™ " !'[s cosh’(y — x) — (s — 1)]

5 sinh”y cosh”¢"Vy

80 =5 forxe [0,y
[0 forxe [y . (45)
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This result can be used to calculate the moments of
the first order statistic, referring to the length of the
attached donor chromosome segment in the recombi-
nant individual with the shortest segment in a sample
of m.

Placement of flanking markers: If several markers on
both sides of the target gene are available, itis of interest
to compare the effect of symmetric versus asymmetric
placement of flanking markers on the intact donor chro-
mosome segment length. As reflected by the shape of
the pdf’s shown in Figure 3, for a symmetric marker
bracket there is a high chance of detecting recombi-
nants with a medium length of the intact chromosome
segment, while for an asymmetric marker bracket, the
probability of finding recombinants with a short or long
intact chromosome segment increases. Larger popula-
tion sizes are required in a backcross program with
an asymmetric rather than a symmetric marker bracket
(FriscH et al. 1999a). Consequently, symmetric marker
brackets are preferable, especially when the population
size is a limiting factor. In addition to requiring fewer
individuals, the probability that a recovered recombi-
nant has a relatively large intact donor chromosome
segmentis lower than for an asymmetric marker bracket.

Generation of selection: A marker-assisted backcross pro-
gram usually comprises three or more generations.
Hence, it is of interest to compare the effect of the
generation in which a recombinant is selected on the
intact donor chromosome segment length in the final
breeding product. The probability of having a smaller
intact chromosome segment is greater with selection in
an early generation than with selection in an advanced
generation (Figure 2), because crossover events in sub-
sequent generations after selection may result in a fur-
ther reduction of the intact chromosome segment. The
shape of the pdf of Xin the final backcross generation
(Figure 2) reveals that with a closely linked flanking
marker (y= 0.1 M) and selection in an advanced genera-
tion, individuals with a short intact chromosome seg-
ment occur almost as frequently as individuals with a
long intact segment (compared with y). However, with
increasing marker distance (y = 0.5 M) and selection in
early generations, the chance of recovering individuals
with relatively short segments is considerably increased.

These results show that in practical breeding pro-
grams selection of recombinants between marker and
target in early generations is not only advantageous with
respect to the resources required (FriscH et al. 1999b)
but also with respect to obtaining a short intact donor
chromosome segment around the target gene.

Donor and recipient are elite: In backcross programs for
transfer of a desirable gene from one elite line to an-
other, it is not necessary to have a maximum reduction
of the attached chromosome segment because tight
linkage of undesirable traits is unlikely and there may
be even positive effects caused by the attached chromo-
some segment (LEE 1995). However, introgression of

the complete carrier chromosome is also not desirable
because this most likely affects the phenotypic character-
istics of the recipient line.

In such a breeding program selection for recombi-
nants between the target gene and a flanking marker
is effective even when the marker is fairly distant from
the target gene. For example, a saving of three backcross
generations concerning the expected length of the
linked chromosome segment is realized with a marker
distance of y = 0.5 M (Figure 1). The considerably
reduced standard deviation of the linked chromosome
segment length with background selection compared
to selection only for the target gene (Figure 1) reflects
the fact that without marker-assisted selection large in-
tact segments occur quite frequently in early genera-
tions. This is due to the absence of crossover events
between the target gene and the end of the chromo-
some and results in the undesired introgression of large
intact donor chromosome segments.

Because recombinants between the target gene and
fairly distant flanking markers occur with a high proba-
bility even in small backcross populations (Frisch et al.
1999a), marker-assisted background selection can be
used to avoid large intact chromosome segments in
transfer of genes between elite lines, even with limited
resources for the population size and marker analyses.

Donor is unadapted and recipient is elite: In a backcross
program for transfer of a target gene from unadapted
material into breeding material used for variety develop-
ment, a short attached chromosome segment is impor-
tant. In a classical backcross program more than the
generally recommended six backcross generations are
required in this case (FEHR 1987, p. 375). In marker-
assisted backcross programs, an effective reduction can
be achieved by selection for the recurrent parent alleles
at tightly linked flanking markers. For example, in the
numerical example shown in Figure 1, background se-
lection at a marker with distance y = 0.1 M yields a
shorter expected attached chromosome segment than
15 generations of backcrossing without background se-
lection.

In a backcross program with tightly linked flanking
markers, the sequential analysis of markers surrounding
the target gene can assure an economic use of resources:
First, a fairly distant flanking marker is analyzed. Assum-
ing a given population size, its distance from the target
locus can be determined such that with a high probabil-
ity at least one single or double recombinant is found
(FriscH et al. 1999a, Equations 11-13). If several recom-
binants are found, subsequent analysis of more tightly
linked markers can be used to find the individual with
the shortest intact chromosome segment. The results
given in APPENDIX C apply to this scenario and can
be used to monitor the probability distribution of the
attached chromosome segment.

Funrther research needs: Especially in early backcross gen-
erations, donor chromosome segments not directly
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attached to the target gene contribute a substantial
amount to the total fraction of the undesirable donor
genome in a backcross individual. We are currently in-
vestigating whether our approach can be extended to
obtain a complete description of the distribution of
the total donor genome proportion for a given marker
genotype at several markers distributed throughout the
genome.

We greatly appreciate the suggestions and comments of two anony-
mous reviewers, which helped to improve this article.
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APPENDIX A

Calculation of E(XR,,,;): We demonstrate calculation
of the expected length of the intact chromosome seg-
ment attached on one side of the target gene in genera-
tion BC, when selection for a recombinant individual
was performed in generation BC, (s = 1). The results
in Table 1 are obtained with analogous calculations.

Inserting s = 1 in Equation 24 yields the pdf

cosh(y — x) + (¢ — 1)sinh(y — x)
e Dsinh y
_teflx — (2 — t)e(Q*I)x*Qy

= Al
=1 (A1)

Sl Roy1) =

for x € [0, y). Calculation of the expected value requires
integration:

E(X|R,1)

= [ 5l Roy)

_ e =20 — 142
—2)(e?»—1)
120901 — %)

T e

Equation A2 is not defined for ¢ = 2 because the denomi-
nator and nominator are 0. With the rule of I'Hospital
we calculate the limit of E(X]|R,,,) for t— 2 and obtain

(1+2)e?—1
E(X[Ry, 1) =
-( |R),),]) 2(8_2) _ 1)
1 e
Ty e (49)
APPENDIX B

Calculation of f(xIR, N R,;): We illustrate calculation
of the pdf of the length of the intact donor chromosome
segment around the target gene in generation BC,,
when recombination between the target gene and mark-
ers occurred on both sides. From Equation 21 we obtain
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falry = COR0Z %) e ct0,y) (B
sinh y,
h —

FalRy = SOROLT ¥ g0, ). (B2)
sinh y,

For calculation of the pdf of X = X, + X,, we need the
integral i(a, B) (Equation 33). First we calculate the
indefinite integral

cosh(y, — x,)cosh(y, — x,)

o(x,) = J dx,  (B3)

sinh y,sinh y,

Substitution of x, = x — x, and integrating yields

o(x,) = 2x,cosh(x — y, — y) — sinh(x + y, — 2x, — )
! 4 sinh y,sinh y, '

(B4)

With @, the integral (o, B) = @(a) — @(B) and hence,
we obtain the pdf

Qp(x) — @(0) for x € [0, y,)
(x) — @(x — yb) for x € [yb, ya)
fiR, N R) = [P0 — @(x — y) for x € [y, y)
Bl for x € [y, 1).
(B5)
APPENDIX C

Selection of recombinants without marker analyses
in previous generations: In practical breeding programs,
there are situations when a flanking marker is analyzed
for the first time in an advanced backcross generation
BC,. Here, we derive the distribution of the length of
the donor chromosome segment attached on one side
of the target gene for two such cases. We define the
event

B,,, = N,W = UL,R,, Recombination between loci at
positions « and v was observed in generation BC;
but it is unknown in which generation BC; (i = s)
recombination occurred for the first time.

The probability of event B, ,, is
P(B,.) =1— P(N,,) =1 — ¢*cosh’d. (Cl)

Marker assay only in an advanced backcross genera-
tion, By, In this case, the distribution of the length of
the chromosome segment attached on one side of the
target gene is a mixture of the distributions under condi-
tion P(R,,;) with weights

= P(R,,.)
P(B,,,)
¢ Ycosh Yy sinh y
= . C2
1 — ¢ *cosh'd (€2)

Hence, we have for x € [0, y)

F(dB,) = SwF(dR,,)
i=1

. _ (1) (y —
-1 smh(y. x)cosh _ (y — x) e (C3)
sinh y cosh‘ y

=1

-1 sinh(y — %) - ¢* — (cosh(y — x)/cosh y)* el**hx

sinhy 1 — cosh(y — x)/cosh y ¢*
(C4)
1B, = Suf(xR,)
_ s {E(I—l)xcosh1—2(y - x)
L sinh y cosh’™ 'y
X B(z — #)sinh(2y — 2x) + isinh*(y — x) — l“,
(C5)
E(XIB,) = SwE (R, (C6)
Vi(X|By,,) = Z‘wz[E[(xm),y,z)]? + iw[[‘/l(leJ,;,i)]Q
~ [E(X|By,) % (C7)

Marker assay with more closely linked markers after
detection of recombinants, By, N Ry In generation
BC,, recombination between the target gene and a
marker at position y* which was analyzed in all previous
generations, was observed for the first time. Recombina-
tion between the target gene and a second marker at
position y < y* which was analyzed for the first time in
generation BC,, was also observed.

It is unknown in which generation BC; (¢ = s) recom-
bination between the target gene and the marker at
position y occurred. The distribution of the length of
the chromosome segment attached on one side of the
target is a mixture of the distributions under conditions
Ry, N Ry, with weights

w, = P(‘RO,Z'J N RO,v*,s) , (CS)
P(BO,y,x n R},y*,x)
where
BO,y,s m R(\,y*,x = U(RO\: N R(),y“,s) (Cg)
i=1
and

P(B),, N Ry,.,) = ¢ "[cosh'y* sinh y*

— cosh’y cosh*™' (y* — y)sinh(y* — y)].
(C10)

Let BC, be the generation in which recombination
between the target gene and the marker at position y*
occurred. It can be shown that, for z = sand x € [0, y),

P(Ry,, N Ryy-,) = ¢ ¥cosh*™ 'y cosh'(y* — y)sinh y,
(C11)
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cosh™'(y — x)sinh(y — x)

PEX, > N Ry = G
(X, > «R,,, N R,y cosh ™y sin )
(C12)

aPUX, > Ry O Ry

dx sinh y cosh*™'y

-~ e(rl)xcoshsﬁ(y — x)

X é(s — )sinh(2y — 2x) + ssinh®(y — x) — 1},
(C13)
and, for z # sand x € [0, y),
P(Ry,. N Ryy,) = ¢ “cosh”™'y cosh™™ ! (y* — y)cosh™™'y*
X sinh y sinh(y* — y)sinh y*, (C14)
PAX > #}lR,. 0 Ry
cosh* !'(y — x)cosh*™ "' (y* — x)sinh(y — x)sinh(y* — x)

= (9%

cosh*™ 'y cosh*™*"'y* sinh y sinh y*

(C15)

aPUX, > x}|R,,. N R _ & cosh* ! (x — y)cosh™ ' (x — y¥)
ax cosh*™'y cosh*™*"'y* sinh y sinh y*

X [(s — sinh(x — y)sinh(x — y*)
+ (z — D)sinh?(x — y)sinh(x — y¥)
X cosh™!(x — )
+ (s — z— D)sinh?(x — y¥)
X sinh(x — y)cosh™(x — y*)
+ cosh(x — y)sinh(x — y¥)
+ sinh(x — y)cosh(x — y%)].
(C16)

With this result we get
F(xRy,; N Ryy) =1 — PAX, > oIR,,. N R, (C17)

aP )(t > | ),z n ¥, 8.
SRy O Roy) = — d X}a}j’”' Bord - c1s)

and

S wl(d Ry, N Ry

=1

F(x|By,s N Ry

= E‘P({X’ - x}lRﬂw N Ry, (C19)

S By, O Roye) = 2w fi(xRoyi O Roy)
i=1

_ 3 dP{X, > |R,,. N R,

(C20)

=1 ax
Expectation and variance are calculated as

EI(XlBO,y,x N R),y*,x) = EwiEL(XIR),y,i N R{),}*,x)a (C21)

i=1

‘/I(XlBO,y,x N }?O,y*,x) = Ewi[Et(xI}?O,y,i N RO,y*,x)]Q

i=1

+ Ewi[‘/t(xIRO,y,i m RO,y*,x)]2

i=1

- [Et(XlBO,y,x m RO,)'*,J)]Q' (CQQ)



