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Abstract

We consider the system

—Auj + a(z)u; :,uju?—i—BZu%uj, uj >0, ji=1,...,n,
k#j

on a possibly unbounded domain ¢ RV, N < 3, with Dirichlet boundary
conditions. The system appears in nonlinear optics and in the analysis of mix-
tures of Bose-Einstein condensates. We consider the self-focussing (attractive
self-interaction) case p1, ..., u, > 0 and take 5 € R as bifurcation parameter.
There exists a branch of positive solutions with u;/uy being constant for all
J,k € {1,...,n}. The main results are concerned with the bifurcation of solu-
tions from this branch. Using a hidden symmetry we are able to prove global
bifurcation even when the linearization has even-dimensional kernel (which is
always the case when n > 1 is odd).
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1 Introduction

The system of coupled Gross-Pitaevskii equations

(1.1) —i0p);(,t) = Aoty + s Py + BY e j=1,....m,
k#j


http://arxiv.org/submit/0637658/pdf

in RV, N < 3, with parameters py,...,u, > 0, 3 € R, has found considerable
interest in the last years. It appears in nonlinear optics and in models for mixtures of
Bose-Einstein condensates; see [1, 9, 15] for physics, and [2, 5, 7, 8, 13, 14, 19, 20, 22]
for mathematics papers. We deal with the case of attractive self-interaction, i. e.
[, -5 by > 0. Concerning f € R our bifurcating solutions appear in the range
B < pp; in fact, all but finitely many bifurcations appear in the range 8 < 0 of
repelling interaction between different components. The ansatz

V(z,t) = e'uy(z), j=1,...,n,

for stationary waves leads to the following elliptic system for the amplitudes
Uty oo oy Up:

— Auj +uy = pyul + BZuZuj,
(1.2) k#j j=1,...,n.
Uj GHI(RN), Uj >O,

We keep 1, ..., u, > 0 fixed and take 8 as bifurcation parameter.

Most of the above mentioned papers papers deal with the case n = 2 of two
components. Using variational methods, the existence of ground and bound states is
obtained. In [5] a different approach is pursued using bifurcation methods, but only
for n = 2. We shall extend this bifurcation approach from n = 2 to arbitrary n > 2.
This leads to interesting new features and difficulties. For instance, in the radial
setting of [5] the linearizations have a one-dimensional kernel at the bifurcation
parameter. This allows the use of degree theory to prove global bifurcation of
solutions.

For more than two equations we have to deal with high-dimensional kernels
forced by the structure of the system. In fact, in the radial setting the dimension of
the kernels is precisely n — 1. In the general case, the dimensions of the kernels are
multiples of n — 1. Therefore if n is odd the kernels always have even dimensions,
so there will never be a change of degree to prove bifurcation. Observe that there is
no symmetry subgroup G of the symmetric group S,, leaving the system invariant,
since we do not assume that (some of) the coefficients puq, ..., u, are equal.

We discover a hidden symmetry of the problem which explains the high nulli-
ties at the bifurcation parameters, and which can be used to prove multiple global
bifurcation branches. Observe that due to the lack of a manifest symmetry of the
system (except for the radial symmetry of the domain which allows us to work on the
space of radially symmetric functions), we cannot apply the equivariant degree or
the equivariant gradient degree as presented in [3, 11, 21] and the references therein.
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Actually, we shall deal with a more general problem. Let Q C RV, N < 3,
be a domain which is invariant under a closed subgroup G C O(N), and suppose

a € L () is invariant under G. We require that —A + a is a positive self-adjoint

operator on L?(2), and define

E = {u € Hy(9Q) : u is G-invariant, / au® < oo} :
Q

Julfy = [ (9u+ [
Q Q
We also require that

(A) the embedding £ < L*(2) is compact.

The norm in F is given by

This is the case, for instance, if {2 is bounded and G is trivial, or if ) is radially
symmetric and G = O(N), 2 < N < 3. It is also the case if Q = RY, 2 < N < 3,
and a(z) — oo as |z| — oo; see [6] for more general results in this direction. The
problem we investigate is

— A+ a(w)u; = pjul + Y wjuy j=1..m
(1.3) k#j
Uj S E, Uj > 0.

As mentioned above, this covers the important special case @ = RV, N = 2 or

N =3, E=H (R
A solution (uq,...,u,) of (1.3) is said to be locked if u;/u; is constant for all

i,7. In this paper we first describe the set of locked solutions of (1.3). We then
investigate the bifurcation of non-locked solutions from the set of locked solutions.
In particular, we shall prove the bifurcation of partially locked solutions where u;/u;
is constant for some i # j, but not for all indices.

Without loss of generality we assume 0 < p; < po < ... < p, throughout the

paper.

2 Branches of locked solutions

Given a solution of the scalar equation

{ — Aw + a(z)w = w?

(2.1)
we Ew>0
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there exists a branch 7,, C R x E™ of locked solutions (8, uy,...,u,) of (1.3) such
that each w; is a multiple of w. In order to describe this branch we set

(2.2) o= 1403 — L g
and for j =1,...,n:
(2.3) o (8) = (1 — B)g(8)) "

Observe that g is defined and strictly increasing in the interval (—oo, it1), and that
it satisfies g(0) = 1, g(8) - 1 —n < 0 as B — —oo. Thus there exists a unique

B = B(p,- -, 1n) < 0 such that g(8) = 0. Moreover, g is defined and negative for
B > p,. Consequently, the functions aq, ..., «, are defined for 5 € (53, 1) U (ftn, 00).

Proposition 2.1. Problem (1.3) has a locked solution (B,uy,...,u,) precisely in
the following cases:

(i) B € (B, 1)U (ttn,00): Then u; = o;(B)w,j =1,...,n, for some solution w of
(2.1).

(it) B =1 = ... = pn: Then u; = ojw, j = 1,...,n, for some solution w of
(21), a1y, >0, 084+ ...+a2 =1/8.

Proof. If (B8,uy,...,u,) is a locked solution then w; solves —Au; + a(x)u; = cu?
for some constant ¢ > 0. It follows that w = c'/2u; solves (2.1), and all u;’s are
multiples of w.

Now write u; = a;w, j = 1,...,n, where w is a solution of (2.1). Then (1.3)
leads to

aw® = (A + a(z))oyw = (Mj@f? + Z a,%aj> w®

Py
hence,
(2.4) ,uja?+62a,%:1, j=1,...,n.
Py
This implies
(2.5) (i — B)ai = (p; — B)a? for all 4, 5.



1/2
In case (i) it follows from (2.5) that o; = (%) ap for j =1,...,n. A simple
J

computation using (2.4) now yields

ar = (1~ B8)g(8) " = au(B),

and a; = «a;(f) for all j follows immediately. This proves in case (i) that a locked
solution (8, uy, ..., u,) necessarily has the form u; = «a;(5)w for some solution w of
(2.1). If (i) does not apply then we must have § = pu; = ... = pu,, which implies
B(ad+ ...+ a?) =1, again by (2.4). This is as claimed in (ii).

Finally, an elementary calculation shows that (5, uy,...,u,) as described in (i)
or (ii) is a solution of (1.3). O

Now we fix a solution w of (2.1) and set
u(B) = (aa(Bw..., an(B)w) for B € (B, i) U (tn, 00).

We want to investigate the bifurcation of solutions of (1.3) from

To = {(B,u(B)) : B € (B, 1) U (ptn,00) } -

3 Necessary conditions for bifurcation

We need to linearize (1.3) at (8,u(8)) € T,. A simple calculation leads to the
system

o (—A -+ alw))o = w?C(5)s
. ¢:<¢17"'7¢n)TEEn
with 5
c\p)=FE,+—D R™™",
(8) e (8) €

Here E,, is the n x n unit matrix and

/il’Y% Byve - BN
O

B By - Hnva



where v; = 7;(8) := (; — 8)7/*. Hence, D(B) = (dij(8))ij=1,..n With

Bi(B)v;(B) = 7 HiF# g
wi=d T e B - 4)” !

22 o .
Vi if i = 7.
pivi(B8)? = gy J

Observe that C(f) and D(f) are symmetric matrices.

Lemma 3.1. a) C(5) has the eigenvalues 3 and

2 2
IO =1 = iy, o

b) If B # 0 then the eigenvalue 3 is simple with eigenvector

(3.2) bi1(8) = (n(B),---, yn(ﬁ))T = ((,ul - 5)*1/2’ o (e — 6)—1/2)T ’

and the eigenvalue f(B3) has multiplicity n— 1 with eigenspace by (). If 3 =0
then f(0) =3 and C(0) = 3E,.

Proof. A simple calculation shows that D(5)by(5) = g(8)b1(3), hence C(5)b1(B) =
3b1(3). Moreover, setting

v(B) k=1,
(3.3) b;(B) = (bj1,...,bjn)"  where bj, = & =y () if k =,

0 else.
for j = 2,...,n we have b;(8) L b(5) and D(B)b;(5) = b;(). This implies
C() J(8) = F(B)by(8) for j=2,....n

Smce f(B) # 3 for B # 0 we see that C(f) has the eigenvalue f(f) with
eigenspace span{bs,...,b,} = bi(B8)t. If 3 = 0 then f(0) = 3, hence 3 is the
only eigenvalue of the symmetric matrix C(0). O

Remark 3.2. Observe that f : (B,111) — (1,00) is a strictly decreasing diffeomor-
phism. In fact,
—29'(B)

F6) = 9(B)?
Moreover, f(B) — 1 as B/ p1, and f(B) — oo as B\, f.

<0 forB<pB <.
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Remark 3.3. Since C(B) is a symmetric matriz depending smoothly on (3, and
since the eigenvector bi(f) also depends smoothly on (3, there exists a smooth map

T : (B, 1) — SO(n) such that

T(B)"'C(B)T(B) = diag(3, f(B),- .., f(B))-

A point (5,u(B)) € T, can be a bifurcation point of solutions of (1.3) only if
(3.1) has a nontrivial solution ¢. Nontrivial solutions of (3.1) are closely related to
the weighted eigenvalue problem

(3.4) — AV +alz)p = I, € E.

Remark 3.4. Recall that w is a non-degenerate solution of (2.1) if and only if A = 3
is not an eigenvalue of (3.4). In the degenerate case where 1 # 0 is a solution of
(3.4) with A = 3, we see that ¢ = by ()Y € E™, b1(B) € R™ as in (3.2), is a solution
(3.1) for every B < B < p1. If w is not an isolated solution of (2.1), say wp — w
for a sequence of solutions of (2.1), then we have branches T, of solutions of (1.3).
In this case every point on Ty, is a bifurcation point for (1.3). The problem is more
subtle if w is an isolated, degenerate solution of (2.1). This case will not be treated
here.

From now on we assume that w is a non-degenerate solution of (2.1). Then (3.4)
has a sequence of eigenvalues \; =1 < Ay < A3 < ... such that \; # 3 for all k € N
and A\ — oo as k — oo. The multiplicity of A, as eigenvalue of (3.4) is denoted by

(3.5) ny = dimV;,  with Vi, = kern(—A + a — M\yw?).

Proposition 3.5. a) A point (8,u(B)) € Ty is a bifurcation point only if § =
B := f1 () for some k > 2 with f from Lemma 3.1.

b) If B = By then ¢ = (¢1,...,0,) € E™ solves (3.1) if, and only if, ¢; €
Vi for j = 1,...,n, and ¢ L by(B) with by(B) € R™ from (3.2), that is,
> i—17i(B)¢; = 0. In particular, the space of solutions of (3.1) has dimension

Proof. a) Let T(B) € SO(n) be as in Remark 3.3. Then ¢ solves (3.1) if, and only
if, v = T(B)"'¢ solves

(3.6) { — Ay + athy = 3wy

A+ ayy = f(B)wy, j=2,....n.



Since w is non-degenerate this implies ¢); = 0, hence a nontrivial solution v exists,
if and only if f(5) = Ay for some k > 2. (The case k =1,1i. e. A\; =1, 8 = py does
not apply; see also Remark 3.6.) If f(8) = A\, then ¢ = (¢1,...,1,)" with ¢ = 0,
o, ..., € Vi, solves (3.6).

b) We fix 8 = f~'(\;) and write T = T(8) = (T,...,T,). The transforma-
tions ¢ — T, ¢ — T ¢, are isomorphisms between the solutions of (3.6) and
(3.1). As a consequence of Lemma 3.1 we see that 7 is a multiple of b;(3), and
span{Ty, ..., Ty} = by(B)L. Thus ¢ solves (3.1) if, and only if, » = T 1¢p = T ¢
solves

(3.7) (Th,¢) = 1 =0, hence 0 = (bi(8),d) =1 (B)¢1+ ...+ Wm(B)dn
and
(3.8) (T, ¢y =1; € Vg, for j=2,... n.

Recall that the eigenvectors by,...,b, from (3.3) satisfy span{bs,...,b,} =
span{Ty,...,T,}. It follows that (3.8) is equivalent to

(3.9) (b, 6) = 75(B)é1 —n(B)g; € Vi for j=2,...,n.

Now (3.7) and (3.9) are equivalent to

¢17"'7¢n EVk and Z’Y](ﬁ)(bj =0.
j=1

O

Remark 3.6. By our definition T,, does not contain a point with the parameter value
B = p1. If p1 < py, then it is not difficult to show that (py,us, ..., u,) € T implies
that at least one u; = 0. If py = p, then (1, (npy)~Y2w, ... (npy)V?w) € Ty
This is a bifurcation point where the bifurcating locked solutions are described in
Proposition 2.1:

(1, qw, ..., cuw) with a; > 0, Za? =1/8=1/1.
j=1



4 Sufficient conditions for bifurcation

We first recall the variational structure of problem (1.3). Since N < 3 the functional

Jﬁ(ul,.. un)
=32 9l atend = 3 [ =55 [
1<J
=5 hull - 3wl - 53 [t
j=1 j=1 i<j

is well defined for uy,...,u, € E. It is well known that Js : E™ — R is of class C?,
and critical points of Js are (weak) solutions of (1.3).

For 8 € (B,11) U (jtn,00) let m(B) be the Morse index of u(B) =
(q(B)w,...,a,(B)w) as critical point of Jz. Recall the bifurcation parameters [y
from Proposition 3.5.

Lemma 4.1. For k > 2 there holds
m(Br —e) —m(fr +¢) = (n—1)n, for e >0 small.

Proof. Consider the quadratic form on E™ given by

- Z J0v6s +ast) — [ wric)o

= el — [ w800
where C'(f) is as in (3.1). Then m(f) is precisely the index of 3. Let E™ =

Vit @ Vg @V, be the decomposition of E™ into the positive eigenspace V" of Qg
the negative eigenspace Vj; of (g, , and the kernel

(4.1) Vﬁok = {(b eE":¢p;eVyforj=1,...,n, nyj(ﬁ)¢j = 0}_

The derivative Q = %QB of QY3 with respect to 3 is given by

Q(6) = /Q WP (C(8)6, ).
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Recall that C'(B) is a smooth function of 5. Now we have

Qs = Qp, + (B — Br)Q5, + 0|8 — Brl) as B — Br.

This implies that () > 0 on VBJ; and Qg < 0 on Vg, if § is close to B Thus the
lemma follows if @ is positive on V). In order to prove this let 7'(3) € SO(n) be
as in 3.3, that is, T" depends smoothly on [, and satisfies

T(8)~'C(B)T(B) = diag(3, f(B), ... f(B)) = Cr(B).
It follows that C'(B8)T(8) = T(B8)Cr(B), hence

C'(8) =T'(B)Cr(BT(B)~" + T(B)Cr(B)T(B)™ = C(B)T'(B)T(8)™

For an eigenvector u € bi(3)T C R™ of C() corresponding to the eigenvalue f(f3)
we compute

T'(B)Cr(B)T(B) " u = f(B)T'(B)T(B) "u,

and

and

(CB)T'(B)T(B) u,u) = (T'(B)T(B) " u, C(B)u)
= fBNT'(B)T(B) ™ u, w).
This implies
(C'(B)u,u) = f'(B)]ul*.

According to Proposition 3.5 a function ¢ € Vé]k satisfies
Z%‘(ﬁk)ﬁbg‘ =0, i. e. ¢(x) € bi(By)" C R™ for every z € €.
j=1

Here we used Proposition 3.5 b). Consequently, for ¢ € V[?k we have

@0 -~ [

Q

W ()6, &) = —f'(By) /Q 62w? > 0

because f'(fr) < 0 by Remark 3.2. Therefore @5, is positive definite on Vﬁok, as
required.

Theorem 4.2. For every k > 2, the point (B, w(Bk)) € Tw is a bifurcation point of
solutions of (1.3).
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Proof. We can apply a classical bifurcation theorem of Krasnoselski [12] in the ver-
sion of [16, Theorem 8.9]. Care has to be taken in order to show that the bifurcating
solutions are actually positive. For this one may argue as in [5, pp. 354-355]. Alter-
natively one can use [4, Corollary 1.4, Theorem 1.5] in order to prove the existence
of solutions bifurcating into the positive cone of E™. Both arguments yield that the
bifurcating solutions (3, u1, ..., u,) satisfy u; >0 for j =1,... n. O

Remark 4.3. a) If (n—1)ny is odd then there exists a connected set S, C Rx E"\ T,
of solutions (B,u) of (1.3) such that (By,u(Br)) € Sk. This can be proved using
degree theory in the spirit of Rabinowitz’ global bifurcation theorem. Whether Sy, is
unbounded in the (B-direction, or in the E™-direction, or whether it returns to T, s
unclear in general.

b) The case n = 2 has been treated in [5]. Clearly, if n is odd degree theoretic
methods do not apply. On the other hand, one may hope for an (n—1)ny-dimensional
manifold of bifurcating solutions, or multiple bifurcating branches. In many cases,
a high dimensional kernel is not generic but forced by some symmetry. In the next
section we present some hidden symmetry, which is not inherent to the full func-
tional, but to a special type of solutions. In this way we obtain multiple bifurcating
branches.

5 Branches of partially locked solutions

In this section we investigate partially locked solutions of (1.3), i. e. solutions (3, u)
where u;/u; is constant for some, but not all ¢ # j. If u;/u; is constant we say that
u; and u; are locked.

Lemma 5.1. If (5,u) solves (1.3) and u;,u; are locked then
o (m—6>1/2u_ _u®
To\w=B8) T )

Proof. We set u; = yu; for some v > 0. Then the equations (1.3) for w; and u; lead
to

—Au; + au; = (g + By )u; + Z U
ki,
and, respectively, to

—Au; + au; = (py* + B)ud + B uiu;
ki g
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It follows that

y = (Mz‘—ﬁ)lﬂ _ ’Yj(ﬁ).
pi— b
]

The next result reveals some hidden symmetry in the problem which will allow
a dimension reduction argument below. It is simple to prove but has not been
observed before.

Lemma 5.2. Suppose (3,u) solves (1.3) for some i € {1,...,n}, and suppose

e — (M—ﬁ)lﬁu‘: 7(B) w
’ pi— B ' 7i(B) o

Then (1.3) also holds for u,;.

Proof. We set v := 'Z Egi, so uj = yu;. Multiplying the equation for v;

—Au; + au; = papd + B8y uju; = (i + Byl + 8 wqu;

s kg
by v yields
—Auj + auy = (g + By )yl + B upuy = (e’ + Byl + 8 ujuy
k#i,j k#i,j
= + B uju;.
oy
This is equation (1.3) for u; as claimed. O

Let P ={Py,...,P,} be apartition of {1,...,n},i.e.{1,...,n} = PU...UP,
is a disjoint union and Py, ..., P, # (). We write |P| := m for the cardinality of P.
For B < 11 we define

XP::{uEE” VE=1,....mVi,5€P :u':%(ﬁ)uz}-
B | J B Yi(B)

A solution u € X7 of (1.3) will be called P-locked.

Proposition 5.3. Ifu € XZ; 1s a critical point of J5|XZ; then u is a critical point
of Jg, hence a solution of (1.3).
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Proof. We may assume u; € P, fori=1,...,m. That u € XZ; is a critical point of

J5|X§ is equivalent to uy,...,u,, being solutions of (1.3) with u; = »?Eg)) u; j € P,
i =1,...,m. Lemma 5.2 implies that u = (uy,...,u,) solves (1.3), hence u is a
critical point of Jj. U

One can now use Proposition 5.3 to find bifurcations of partially locked solutions
in X7. We may assume that i € P; for i =1,...,m. Define

ngm —>X§, (g, .oy Up) = (U, Uy),

by
uj — 5(5)
i(B)
Let 7 : E™ — E™ be the projection onto the first m components, so that 7 o zg is
the identity on E™ for every 8 < p;. Finally we define

u; ifjepl, i=1,...,m.

Ji =Joi : E™ =R

for 3 € R. A critical point u € E™ of J} yields a critical point 5 (u) € X} of
J5|X§, hence a P-locked solution of (1.3) as a consequence of Proposition 5.3. The
branch

To = 1{(B,mu): (B,u) € Tu} = {(B,w) : (8,45 (u) € T}

is a branch of critical points corresponding to the branch T, of locked solutions.

Let m” (3) be the Morse index of mu(3) = (ay(B)w, . .., am(B)w) as critical point
of JZ;. Bifurcation of P-locked solutions occurs if m” () changes.

Lemma 5.4. For k > 2 there holds
m” (B, —€) —m” (B +€) = (|P|—1)ny  fore >0 small.
Proof. This follows from Proposition 5.3 and Lemma 4.1 if we can show that
dim(Vy N X7 ) = (|P| — 1)m;

here V) is the kernel of the Hessian of Js, at u(fx) as in (4.1), and nj, = dimVj,
as in (3.5); recall the description of Vé]k in Proposition 3.5. For simplicity we write
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Vi = 7 (Bx) below.

(bevﬁokagk — ¢177¢n€Vk,Z%¢JIO, and
j=1

¢j:%¢z‘forj€ﬂ, i=1,....,m=|P|

= ..., 0m €V, i(zﬁ>¢i=o, and

i=1

(b :Z§k<¢177¢m)

Corollary 5.5. For every partition P of {1,...,n} with |P| > 2, and for every
k > 2 the point (B, u(Br)) € Tw is a bifurcation point of P-locked solutions of (1.3).
It is a global bifurcation point of P-locked solutions if (|P| — 1) - ng is odd.

In the application of the Corollary 5.5 one has to be cautious because a P-locked
solution may also be P’-locked for P # P’. This is the case if for any P/ € P’ there
exists a P; € P with P/ C P;. On the other hand, the bifurcating P-locked solutions
are different from the P’-locked solutions if every solution which is both P-locked
and P’-locked is automatically completely locked. Recall that the completely locked
solutions are those in 7.

For a subset A C {1,...,n} we set A° := {1,...,n} \ A and Py := {4, A°}.
Given two subsets ) # A, B C {1,...,n} such that A # B and A° # B, a solution
which is Py4-locked and Pp-locked is necessarily completely locked. We therefore
obtain the following multiplicity result.

Corollary 5.6. Suppose ny, is odd. For every subset ) # A C {1,...,n} there exists
a global branch Si* of Pa-locked solutions of (1.3) bifurcating from Ty, at (B, u(Bk)).
The branches Si* and SP are disjoint except when A = B or A = B°. In particular,
there exist at least 2"~1 — 1 such global branches which are different.

Remark 5.7. a) The corollary applies, for instance, if Q@ C R is a bounded interval,
or if Q C RN, 2 < N < 3, is radially symmetric and one looks for radially symmetric
solutions, i. e. G = O(N). Then problem (2.1) has a unique solution which is also
nondegenerate in E. This has been proved in [17, 18, 23, 10], in the case of a ball,
an annulus, and RV,
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b) If ny, = 1 then one can apply the Crandall-Rabinowitz theorem to show that
the bifurcating branches S of Pa-locked solutions of (1.3) are Ct-curves near the
bifurcation point.

¢) The global features of the branches Si* are not known. If Q is a ball or an
annulus and n = 2 it has been proved in [5] that the bifurcating branches Sy = S,il} C
(—00,0) x E? are bounded over bounded subsets of (—oo,0), hence they cover all of
(=00, Br). An extension of this resull to n > 2 is work in progress.

Acknowledgment: The author thanks Pavol Quittner for discussions on the
topic, and for the invitation and hospitality during a visit at the Comenius University
in Bratislava in spring 2011.
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