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Why Color Superconductivity?

1. Cooper instability

e Fermi-surface: Q = F— uN
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Why Color Superconductivity?

1. Cooper instability

e Fermi-surface: Q = F— uN

Attractive interaction — bound state with energy ep

o Create a bound state at the Fermi-surface

Q= QY =E—-2u—ep—u(N-2)
=F—uN—-¢ep<0
=0Q—-eg<

o Fermi surface is unstable in presence of an attractive interaction!
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Why Color Superconductivity?

2. Directly from QCD

1
. QCDadbn:S::/{—4F&Jﬁy+qwé}
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Why Color Superconductivity?

2. Directly from QCD

e QCD action: S = /{ —F F, + QZD(]}

o Integrate gluon — generate four-quark interactions

Scﬁ-/{qé?w Z(qFAQ)z}
z A

e Chiral symmetry breaking at low p, color superconductivity at
high u

25 T T T T T T T
— (0 —— (S+P). —— (V+A) w-a); — w+ap?
20 == (€50) —— (S+PPY == (V+A), V=4 - voap

=0)

Ail Mo-m(H
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QMD Four Quark Interactions

Effective NJL model with the most important interactions

S4q = / {Z](’Yuau - o + mo) q
= X [(@0)° = (01579)°]

1 _ . _ .
+ §Acsc(q075fzzeaq)(rnmzeaqc)} ~
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QMD Four Quark Interactions

Effective NJL model with the most important interactions

S4q = / {Z](’Yuau - o + mo) q
— A [(@0)* = (q1570)°]
1 NV
+ §Acsc(fzcvmzeaq)(rnmzeaqc)} ~

Bosonization
107 /Do.egﬁa?gq—s—%miﬁ

after bosonization and kinetic term — quark-meson-diquark model
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Quark-meson-diquark Model

quark-meson
scalar-pseudoscalar
_ _  channel
Sqmp = /{?](f?} — w0+ gg (0 + iys® 7)) ¢
x .
quark-diquark

+ % (AL qysT2iea Cq" — Aqq” CysTaicaq)  interaction

1 1 o
5 (8;L0)2 + 5 (6;L7r)2

+ ((Oy + 9p021) AY) (0 — §021) Ay

+

F U0 + 72, AGAT) — ca} \diquark kinetic
term, couples to
1 N
meson and diquark interactions, explicit chiral
arbitrary potential constrained by symmetry breaking

symmetries term 6/35



Symmetries of the Model I

Color symmetry SU(3).
e Diquark field is composite

Aa ~ ?Zb’YSTQ Z.Eabc C?]?
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Symmetries of the Model I

Color symmetry SU(3).
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Symmetries of the Model I

Color symmetry SU(3).
e Diquark field is composite
Ag ~ QyysT20€abe O,
o Transform as a complex SU(3). vector UadUpe Ucf€aer = €ave

Go — Uabqb = A, — UpA, with Uec SU(3)C

e U(l)p and SU(3). invariance — action must depend on

|A|2 = ZGA@AZ
Az
o Assume A, = §,3A with A # 0 — break /
color symmetry SU(3). — SU(2).
e 1 massive mode and 5 Goldstone modes
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Symmetries of the Model 11

Chiral symmetry SU(2)4 x SU(2)y

e (o) # 0 break chiral symmetry SU(2)y x SU(2)4 — SU(?2) v

o 1 massive mode o and 3 (pseudo-)Goldstone modes 7
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Symmetries of the Model 11

Chiral symmetry SU(2)4 x SU(2)y

e (o) # 0 break chiral symmetry SU(2)y x SU(2)4 — SU(?2) v

o 1 massive mode o and 3 (pseudo-)Goldstone modes 7

Baryon number conservation U(1)p

o Broken by (A3z) #0

o Combination of SU(3). and U(1)p is left unbroken — no
Goldstone mode associated
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Quark Spectrum I

What happens to the quarks?

e Symmetry breaking SU(3). — SU(2). — quark color space splits
in two parts {¢,, ¢4} and ¢,
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Quark Spectrum I

What happens to the quarks?

e Symmetry breaking SU(3). — SU(2). — quark color space splits
in two parts {¢,, ¢4} and ¢,

o Off-diagonal quark propagator

G;l — (g g) - in the basis
U =(¢q")

— find quark spectrum after diagonalisation
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Quark Spectrum II

1. Blue quarks 800F—1e(p) + sl —e(p) — 1l

efzw/pQ—Fm?li/A sool

with mq = gg0. 400}

2001 \/ |
0
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Quark Spectrum II

1. Blue quarks ‘ ‘
800—Ie(p) + | —le(p) — pl
B B ()

+
€q 2\/p2—|—m(21iu 600

with mq = gg0. 400}

2. Red and Green quarks

EE = /(e2)2 + A2

q gap

with Agap = gaA. »
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FRG and Phase Structure



Functional Renormalization Group

o Effective average action I'y: T'p—p = Selassical and I'y—g = I by
means of regulator Ry.

o [} follows a differential equation:

1 2 -1 1
Ol = 5STr {(r;, ) 4 Rk) 8kRk] -3
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Functional Renormalization Group

o Effective average action I'y: T'p—p = Selassical and I'y—g = I by
means of regulator Ry.

o [} follows a differential equation:

1 2 -1 1
Ol = 5STr {(r;, ) 4 Rk) 8kRk] -3

Li=n Di=n
» finite truncation
finite IR scale
Y, >
theory P theory
space Fr=o space Fi=0
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Truncation & Parameter Choice

Truncation Local Potential Approximation (LPA) for mesons,
mean-field for diquarks

Iy = / {@W*H"/OJF% (0 +i77)] g

1 . - . .
+ 595 (AL @572 ane Cac — Do gy 572 ave )

1
+ 50,007 + 50,7 + Uelo? + 7, |A]2) = co |
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Truncation & Parameter Choice

Truncation Local Potential Approximation (LPA) for mesons,
mean-field for diquarks

Iy = /{@W*M%Jrgd) (0 +i77)] g

1 . - . .
+ 595 (AL @572 ane Cac — Do gy 572 ave )

1 1
+ 50,007 + 50,7 + Uelo? + 7, |A]2) = co |

Parameter choice A’ = 600 MeV

Upn (0, A) = a10% + ago® + mA A?

¢ Fix quark mass, pion decay constant, pion mass, sigma mass, and
diquark curvature mass to 600 MeV in vacuum.

e ga remains a free parameter.

12/35



Flow Equation

depends on depends on

Local Potential Approximation: 81[]’6 63¢Uk
/’®\\‘ ,’®\\
0:U = —2 — +3° [ ' ;
Qrg qb R S o
Mean-field:
U, = —2 —
rg b
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RG-consistency I

Main idea: remove cutoff artifacts at finite 7" and p by "flowing upward”

¢ RG-consistency ~ cutoff
independence

dl’
A— = Li—n
dA 0
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RG-consistency I
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RG-consistency I

Main idea: remove cutoff artifacts at finite 7" and p by "flowing upward”
medium

o RG-consistency ~ cutoff T,u+0
independence

Ty—a

vacuum

dr T,u=0
A— =0 medium Fk:A' ’

dA e
e Can be imposed by "flowing

upward”
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RG-consistency I

Main idea: remove cutoff artifacts at finite 7" and p by "flowing upward”

medium

T,;u#0

¢ RG-consistency ~ cutoff

independence
vacuum

dr T,u=0
A—-=0 medium ’

dA e
e Can be imposed by "flowing

upward”

o Effective potential flow 0y Ux(o, A) = Fi(o, A) — RG-consistent initial

condition:

A

’

Up(o,A) = Upi(o,A) + (/ dk Fi(o, A))

T=p=0

14/35



RG-consistency II

e Previous approach works at finite 7', but not at finite p ...
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RG-consistency II

e Previous approach works at finite 7', but not at finite p ...

e ... because of medium divergences

Qo,A) ~  —p2A%InA +- ..

A —o0

o Capture medium divergences by Taylor expanding in pu —
modified initial condition becomes

2 A
+5 (aﬁ / dk}"k(a,A)>
T—p=0 '

Un(0, A;p) = Unr(o,A)

+ (/A dk Fi(o, A))

T=p=0
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RG-consistency III

o LPA flow formulated in terms of ugx(c, A) = 9, Ux(o, A) with p = 0%/2
Oyur, + 06 Fiy(p, ug) = 05 Qu(0, ur, Opu) + Si(p, A)

— form of an advection-diffusion PDE.
o Advection is irreversible — flowing upward will not yield the initial

condition!

But: Bosonic Fluctuations are supressed in the UV.

Solution: Flow upward using only the fermionic contribution (source term),
add again the bosons at k= A’.
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Phase Structure - Effect of RG-consistency
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Phase Structure - Effect of RG-consistency
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Phase Structure - Diquark and Back-bending

LPA phase structure
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¢ Back-bending is reduced for high ga but ...
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Phase Structure - Diquark and Back-bending

LPA phase structure
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¢ Back-bending is reduced for high ga but ...

o ... is still present through negative entropy density

18/35



Phase Structure - Silver Blaze
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Phase Structure - Silver Blaze
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Reminder on Silver-Blaze

¢ Define correlations functions
0"T[®]
Py (p1) ... 094, (pn)

F7(.'1n.)..in(p1a ces ,pn;u) = 3
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Reminder on Silver-Blaze

¢ Define correlations functions
B 0"T[®]
(5‘1)731 (pl) e (5@% (pn)

e Then Silver-Blaze implies for T= 0 and pu < pi,

Fgln.)..in(ply ey Dni b)
il"'i"(pl"'”pna/‘) n...z,b(pl,---,pna )

with the shifted momenta

Dj = (po + icjp, p)
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Reminder on Silver-Blaze

¢ Define correlations functions
_ 6" (@]
(5‘1)731 (pl) e (5@%(pn)

e Then Silver-Blaze implies for T= 0 and pu < pi,

Fgln.)..in(ply ey Dni b)

T8 01 pai ) = T 4 (B Do 0)
with the shifted momenta
P = (po + icjp, p)
o 1. defined by lowest pole mass (of charged fields). For example

FgZAZ (p = (—ima pote; 0)) = 0

20/35



Spectral Functions




Two-point Flow

Definition of two-point functions:

52T jmo [@]

_p® 7)%5(D
S DRsD) |y, P} EDOEO)

P=%o

for any bosonic field
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Two-point Flow

Definition of two-point functions:

52T jmo [@]
55 (p)dw;i(p)

) ds(d
=18, (n) x (2m)%(0)

P=%o

for any bosonic field
¢ (p) = (7 (1), AT (), A" (=p), 0 (p))
Mean-field flow for two-point functions

1
2
atrs(@;%,k(p) = iatnvi‘%k(p)

with the polarization loop

3 3
Hopr g, k(p) = Tr (Fg(p?)\ll\ll Gq,k(q)rfpj)\I/\I/ Gor(p+ Q))

21/35



Diagrams for Two-point Flows
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Diagrams for Two-point Flows

(2) ?i b; o o; ~ O ?;
O g, (P) =20 = A O 20 e
r P
@) 502 Az
ADNIUN ,2(]’) =202 R
~ A} Ay
Ol a, (n) = 20724 b=
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Diagrams for Two-point Flows

(2) on o; P, ~ O @5
8J‘¢¢(p):28t "" N U A > +8t --- - _,+28t -- s\ J= .
P
A Ay ~ A A
2 L2 e 2 <8 <
atF(AZ A 2(p) = 28t_, 7 8tF(A)A3(p) = 28157 T
A% A
2 N 5 2 - S
R, (p) = 2072 = o), (p) = 20,2 =

o Non-vanishing off diagonal elements — in-medium mixing for

o, Az, A5 — diagonalize to find physical modes.
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RG-consistency for Two-point Functions I

e Two-point functions are also affected by medium divergences.
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RG-consistency for Two-point Functions I

e Two-point functions are also affected by medium divergences.
o Silver-Blaze rule — medium divergences depends on py and p
o Example

TR A, (Poi ) = (po+ 202 A + -

A — o0
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RG-consistency for Two-point Functions 11

e Taylor expand upward flow in ;2 and pg

A
ng)@’,\(%; W) = PE(,QQ%A/ (po; i) + </A/ dk ]:gow,k(Po; M))
12 A
+5 (82 /A dkﬁ,w,k(po;u)>

A
+ ? (aﬁo/ dk ]:LpTgo,k(pO;/J))
A/

A
+ pop (auapo /A dk ]:cpﬂp,k(po;u))

T=p=po=0

T=p=po=0

=
()]

T=p=po=0

T=p=po=0
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RG-consistency for Two-point Functions 11

e Taylor expand upward flow in ;2 and pg

A
ng)@’,\(%; p) = PE(,QQ%A/ (Pos 1) + </A/ dk ‘Fapﬂp,k(p(ﬂ M))
12 A
+5 (82 /A dkﬁ,w,k(po;u)>

A
+ ? (aﬁo/ dk ]:LpTgo,k(pO;/J))
A/

A
+ pop (auapo /A dk ]:cpﬂp,k(po;u))

T=p=po=0

T=p=po=0

=
()]

T=p=po=0

T=p=po=0

¢ RG-consistency can be extended to artifacts at finite pg!

24/35



Analytical Continuation

Problem: Fg)% (po, 6) for pg € C is not well defined — need

analytical continuation

e Make replacement
nF(E + ipo) — TLF(E)

¢ Retarded two-point functions

I'2Ew) = —imT@ Z(py = —i(w + ie), 0)

¥i¥i e—0 ¥i¥i
e Spectral Function

1 Im ') 7 ()
T (Re F(2)7R(w))2 + (IInF(2)’R(w))2

plw) =

25/35



Spectral Functions (7= 1MeV, u = 0MeV)

Phase: 0 #0and A =0

8 ;
-7 2m,
- e
| A1,2,3 and Al,zﬁ:x |
T
% 4t .
<)
QL
2L il
ol e :
0 500 1000
w [MeV]
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Spectral Functions (7= 1MeV, p = 100 MeV)

Phase: 0 #0and A =0

8 T H T H H
-7 2¢, €, ter 2¢,
-0
6 _A1‘2,3
7_A1.2,3 )
&
% 4t 1
o,
QL
2L i
0 | | T
0 500 1000
w [MeV]
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Particle Summary

Chirally Broken & Non-superconducting
c#+0&A=0

4y ——
ungapped quarks

dg —— 5
J eE=Vpi+ol+pu

qy ———

A | =
AQ —— massive mode
As s
o massive mode
e Goldstone mode
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Particle Summary

Chirally Broken & Non-superconducting

c#+0&A=0

4y ——
ungapped quarks

dg —— T
g E,,i: p2+UZiM

qy ———

A | =
AQ —— massive mode
As s
o massive mode
e Goldstone mode

Chirally Restored & Superconducting

o~0&A#0

qT —_— gapped quarks
Ef =/(e,£p)? +A?
G
4
ungapped quarks

-
& GV

Al —_—
} Goldstone mode
AQ S
A3 s
2 massive mode
1 Goldstone mode
g
T massive mode
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Particle Summary

Chirally Broken & Non-superconducting Chirally Restored & Superconducting
c0#F0&A=0 o~0&A#0
qr —— gapped quarks
qr —— B =V(eg£p)*+ 42
q ungapped quarks qg——
g— > B ungapped quarks
b er=Vp*+oi+p U S S
Al R —
Al — A } Goldstone mode
AQ P — massive mode . 2.
A mixig _ _ _ |
3 o — : A3 —— ———|
i 1 2 massive mode
o massive mode 1 : 1 Goldstone mode
1 O
_______ 1
™ Goldstone mode T massive mode
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Particle Summary

Chirally Broken & Non-superconducting

c#+0&A=0

Gy ——
ungapped quarks

dg —— T
g E,,i: p2+UZi[L

qy ———

A | =
AQ —— massive mode
As s
o massive mode
e Goldstone mode
Interactions

Chirally Restored & Superconducting

o~0&A#0
qr —_— gapped quarks
Ef =/(e, £ p)? +A?
Qg —

ungapped quarks

-
o GV

Al —_—
} Goldstone mode
AQ S
mixing ___
: A3 - — 8
! 1 2 massive mode
1 ) 1 Goldstone mode
| —

T massive mode

o, T Ay AV Az
@ :c< $<
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Spectral Functions (7= 1MeV, p = 330 MeV)

Phase: o ~ 0 and A #0

2.0y
—T  —0
—A, _A::
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Z 1.0 . 1
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Spectral Functions (7= 1MeV, p = 330 MeV)

Phase: o ~ 0 and A #0

2.01
- -0
_Az; A;
1.5k _A1.2 Al*,2
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modes w [MeV]

29/35



Spectral Functions (7= 1MeV, p = 330 MeV)

Phase: o ~ 0 and A #0

2.0
i —
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decay at the Fermi-surface
(produce particles with momenta pp) 29/35



Spectral Functions (7= 1MeV, p = 330 MeV)

Phase: o ~ 0 and A #0

2.0—
2E1 -_T _5'
Ete, o tel _A:; A:
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modes w [MeV]
decay at the Fermi-surface normal decay

(produce particles with momenta pp) 29/35



Two-point Functions (7= 1MeV, u = 330 MeV)

Phase: o ~ 0 and A #0

3 P R
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o ImI'® diverge around w ~ 200 MeV 30/35



Van-Hove Singularity

o Take analytic limit € — 0T

lim -
e—0t x+ 7€

= Fird(s) + P C)
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Van-Hove Singularity

o Take analytic limit € — 0T

lim -
e—0t x+ 7€

= Fird(s) + P C)

e Decay to 2 gapped quarks
produce

ImI'® /6(4E;(p)2 —w?)
Jp

— 6(p— po)
- /p%: 140, ¢ (po))
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Van-Hove Singularity

o Take analytic limit € — 0T

1 1
i _ 1
e—1>r(§l+ T =+ e $m6(m) +P <1’)

e Decay to 2 gapped quarks
produce

0.2

4E, (p)?

0.1

ImI'® /5(4E;(p)2 —w?)
Jp

_ / 5(p_p0) 6 260 460
p

p
= |40, B (po)|

o ImI'® diverge at thresholds — could be relevant for phenomenology?
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Pole Masses




Diquark Pole Mass

Original question: is Silver-Blaze violated for high ga?

N — N— — = 1.00
100+ ga=31 ga=4]
E 75 [ T - O 7t'
= 50k + 1 ?
& ]
25k \ /_ i
&
e : — 0.50
1001 ga=51 ga =06
E T5E T .
Z 1 | [r0.25
H
25F - :
1 | 1 Il 1 Il 1 _,0.00
© B O OO O O
R e A S S
u [MeV] u [MeV]
e Compare diquark to
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Diquark Pole Mass g =4

—_ -->curva‘ture
0  —pole
1000 PO U §
_Al‘i QM 2
_Am
=
€]
= EEES——
s 500F TEmmes B
« \\\
\///“ ; \\
L N\
\|
0 L L
0 100 200 300
1 [MeV]
MFA

e Very different behavior of diquark pole and curvature masses.
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Diquark Pole Mass ga =

w — —— ] 1.00
— —--curvature 100k =3l ga=4]
1000f__ A Pole 2 : = 75k i ,
12 o 3 0.75
—A, ~ = 508 o - :
=
= 25 q“/ iE -
& e il : | fos0
= sl T~ TS —_ ] 100+ ga=9T Ja— 07
| T f
2, \ R | |fo2s
\ =
25 1
] W ol R 1 00
0 ‘ ‘ © & OO O O o
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e Very different behavior of diquark pole and curvature masses.
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Diquark Pole Mass gr =6

— —— r1.00
1001 ga=31 ga=4
z T = loms
= 5ol S / 0.75
=
_ I T
< o | o5
= 100F =9 9a=6]
= = -
= 5ol I8 17025
=
25¢ - 4
kL s I (1PN

e Finite vacuum diquark pole mass < 600 MeV — Silver-Blaze is not
violated!
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Conclusion

¢ Diquark at mean-field level reduce back-bending for high ga.

o For high ga, diquark pole mass becomes < 600 MeV and diquarks
dominate phase structure.

e Bosonic spectral functions already rich at the mean-field level.

e RG-consistency can be used to suppress cutoff artifacts in the
thermodynamic potential and the two-point functions.

o Diquark curvature mass is very different from the diquark pole

mass.
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Backup Slides



Flow Equation

K 3 €x 1 €
atUk(U7 A) :12772{(:# coth ﬁ + ; coth ﬁ

2N et €
— qu [tanh ﬁﬂ + tanh ﬁ+
et Er € E-
2% tanh —& + 2L tanh —%

: aanTJr E; anl2T




Mean-field Potential

01Uy, = O,

fe(o, A) = fZNf[ {Eq + E;r + B,
P

+ Tln (1 + e*ﬁeq_)
) 42T (1 + e—ﬁEJ) } :

Q(U? A) = Ug=nr (07 A) —co  + fk‘:O (Uv A) - fk=A’ (Uv A) :

+T1n(1+e )
BE;

+2T1n (1 + e



Mixing Matrix & Diagonalisation

%0 5°r 5°r
0A3(p)oAs(p) 0A5(p)oA5(—p) 0A5(p)da(p)
(2) 4¢(4) _ 5°T 5°r 5°r
Lo (P) X 2m)°0000) = | 58, st 385 (pp0a3 () 553(-2)00(0)
5°r 5°r 5°r

50 (—p)dAs(p) 60(—p)sAz(—p) 60 (—p)oo(p)
Can be diagonalized through

wi(p) = Uy(p)e;(p) »

which implies
r® () = U () Up) .

(2)

is Hermitian.
SOw(p) ¢

Diagonalisation is possible because I



RG-consistency for Spectral Functions

Phase: 0 ~0and A # 0 (T=1MeV and p = 330 MeV)

10° ‘
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