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Why Color Superconductivity?

1. Cooper instability

• Fermi-surface: Ω = E− µN

• Attractive interaction → bound state with energy ϵB

• Create a bound state at the Fermi-surface

Ω→ Ω′ = E− 2µ− ϵB − µ(N− 2)
= E− µN− ϵB < 0
= Ω− ϵB < Ω

• Fermi surface is unstable in presence of an attractive interaction!

3/35



Why Color Superconductivity?

1. Cooper instability

• Fermi-surface: Ω = E− µN
• Attractive interaction → bound state with energy ϵB

• Create a bound state at the Fermi-surface

Ω→ Ω′ = E− 2µ− ϵB − µ(N− 2)
= E− µN− ϵB < 0
= Ω− ϵB < Ω

• Fermi surface is unstable in presence of an attractive interaction!

3/35



Why Color Superconductivity?

1. Cooper instability

• Fermi-surface: Ω = E− µN
• Attractive interaction → bound state with energy ϵB

• Create a bound state at the Fermi-surface

Ω→ Ω′ = E− 2µ− ϵB − µ(N− 2)
= E− µN− ϵB < 0
= Ω− ϵB < Ω

• Fermi surface is unstable in presence of an attractive interaction!

3/35



Why Color Superconductivity?

1. Cooper instability

• Fermi-surface: Ω = E− µN
• Attractive interaction → bound state with energy ϵB

• Create a bound state at the Fermi-surface

Ω→ Ω′ = E− 2µ− ϵB − µ(N− 2)
= E− µN− ϵB < 0
= Ω− ϵB < Ω

• Fermi surface is unstable in presence of an attractive interaction!

3/35



Why Color Superconductivity?

2. Directly from QCD

• QCD action: S =

∫
x

{
−1

4Fa
µνFa

µν + q̄ /Dq
}

• Integrate gluon → generate four-quark interactions

Seff =

∫
x

{
q̄/∂q +

∑
A

(q̄ΓAq)2

}
• Chiral symmetry breaking at low µ, color superconductivity at

high µ
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QMD Four Quark Interactions

Effective NJL model with the most important interactions

S4q =

∫
x

{
q̄ (γµ∂µ − µγ0 + m0) q

− λsp
[
(q̄q)2 − (q̄γ5τ⃗q)2]

+
1
2λcsc(q̄Cγ5τ2iϵaq)(q̄γ5τ2iϵaqC)

}
.

Bosonization
e(q̄q)2

∼
∫
Dσegσσq̄q+ 1

2 m2
σσ

2

after bosonization and kinetic term → quark-meson-diquark model
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Quark-meson-diquark Model

SQMD =

∫
x

{
q̄
(
/∂ − µγ0 + gϕ (σ + iγ5π⃗ · τ⃗)

)
q

+
g∆
2
(
∆∗

aq̄γ5τ2iϵaCq̄T −∆aqTCγ5τ2iϵaq
)

+
1
2 (∂µσ)

2 +
1
2 (∂µπ⃗)

2

+ ((∂ν + δν02µ)∆∗
a) (∂ν − δν02µ)∆a

+ U(σ2 + π⃗2,∆a∆
∗
a)− cσ

}

6/35

quark-meson
scalar-pseudoscalar

channel↙

quark-diquark
interaction↙

diquark kinetic
term, couples to

µ

↖

meson and diquark interactions,
arbitrary potential constrained by

symmetries

↑
explicit chiral

symmetry breaking
term

↖



Symmetries of the Model I

Color symmetry SU(3)c

• Diquark field is composite

∆a ∼ q̄bγ5τ2iϵabcCq̄T
c

• Transform as a complex SU(3)c vector

qa → Uabqb =⇒ ∆a → Uab∆b with U ∈ SU(3)c

• U(1)B and SU(3)c invariance → action must depend on
|∆|2 =

∑
a ∆a∆

∗
a

• Assume ∆a = δa3∆ with ∆ ̸= 0 → break
color symmetry SU(3)c → SU(2)c

• 1 massive mode and 5 Goldstone modes

7/35
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Symmetries of the Model II

Chiral symmetry SU(2)A × SU(2)V

• ⟨σ⟩ ̸= 0 break chiral symmetry SU(2)V × SU(2)A → SU(2)V

• 1 massive mode σ and 3 (pseudo-)Goldstone modes π⃗

Baryon number conservation U(1)B

• Broken by ⟨∆3⟩ ̸= 0
• Combination of SU(3)c and U(1)B is left unbroken → no

Goldstone mode associated

8/35



Symmetries of the Model II

Chiral symmetry SU(2)A × SU(2)V

• ⟨σ⟩ ̸= 0 break chiral symmetry SU(2)V × SU(2)A → SU(2)V

• 1 massive mode σ and 3 (pseudo-)Goldstone modes π⃗

Baryon number conservation U(1)B

• Broken by ⟨∆3⟩ ̸= 0
• Combination of SU(3)c and U(1)B is left unbroken → no

Goldstone mode associated

8/35



Quark Spectrum I

What happens to the quarks?

• Symmetry breaking SU(3)c → SU(2)c → quark color space splits
in two parts {qr, qg} and qb

• Off-diagonal quark propagator

G−1
q =

(
A B
C D

)

→ find quark spectrum after diagonalisation

9/35

in the basis
Ψ⊤ = (q, q̄⊤)

←
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Quark Spectrum II

1. Blue quarks

ϵ±q =
√

p2 + m2
q ± µ

with mq = gϕσ.

2. Red and Green quarks

E±
q =

√
(ϵ±q )2 +∆2

gap

with ∆gap = g∆∆.

p
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FRG and Phase Structure



Functional Renormalization Group

• Effective average action Γk: Γk=Λ = Sclassical and Γk=0 = Γ by
means of regulator Rk.

• Γk follows a differential equation:

∂kΓk =
1
2STr

[(
Γ
(2)
k + Rk

)−1
∂kRk

]
=

1
2

Γk=Λ

Γk=0

theory
space

Γk=Λ

Γk=0

theory
space

finite truncation
finite IR scale

R1

R2
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Truncation & Parameter Choice

Truncation Local Potential Approximation (LPA) for mesons,
mean-field for diquarks

Γk =

∫
x

{
q̄
[
/∂ − µγ0 + gϕ (σ + iγ5π⃗ τ⃗)

]
q

+
1
2g∆

(
∆∗

a q̄bγ5τ2 iϵabcCq̄T
c −∆a qT

b Cγ5τ2 iϵabcqc
)

+
1
2 (∂µσ)

2 +
1
2 (∂µπ⃗)

2 + Uk(σ
2 + π⃗2, |∆|2)− cσ

}

Parameter choice Λ′ = 600 MeV

UΛ′(σ,∆) = a1σ
2 + a2σ

4 + m2
∆∆

2

• Fix quark mass, pion decay constant, pion mass, sigma mass, and
diquark curvature mass to 600 MeV in vacuum.

• g∆ remains a free parameter.
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Flow Equation

Local Potential Approximation:

∂tUk = −2
qrg

−
qb

+ 3
π⃗

+
σ

Mean-field:

∂tUk = −2
qrg

−
qb

13/35

depends on
∂σUk
↓

depends on
∂2
σUk
↓



RG-consistency I

Main idea: remove cutoff artifacts at finite T and µ by ”flowing upward”

• RG-consistency ∼ cutoff
independence

Λ
dΓ
dΛ = 0

• Can be imposed by ”flowing
upward”

• Effective potential flow ∂kUk(σ,∆) = Fk(σ,∆) → RG-consistent initial
condition:

UΛ(σ,∆) = UΛ′(σ,∆) +

(∫ Λ

Λ′
dk Fk(σ,∆)

)∣∣∣∣∣
T=µ=0
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RG-consistency II

• Previous approach works at finite T, but not at finite µ ...

• ... because of medium divergences

Ω(σ,∆) ≃
Λ′→∞

− µ2∆2 lnΛ′ + · · ·

• Capture medium divergences by Taylor expanding in µ →
modified initial condition becomes

UΛ(σ,∆;µ) = UΛ′(σ,∆)

+

(∫ Λ

Λ′
dk Fk(σ,∆)

)∣∣∣∣∣
T=µ=0

+
µ2

2

(
∂2
µ

∫ Λ

Λ′
dk Fk(σ,∆)

)∣∣∣∣∣
T=µ=0
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RG-consistency III

• LPA flow formulated in terms of uk(σ,∆) = ∂ρUk(σ,∆) with ρ = σ2/2

∂tuk + ∂σFk(ρ, uk) = ∂σQk(σ, uk, ∂ρuk) + Sk(ρ,∆)

→ form of an advection-diffusion PDE.
• Advection is irreversible → flowing upward will not yield the initial

condition!

But: Bosonic Fluctuations are supressed in the UV.

Solution: Flow upward using only the fermionic contribution (source term),
add again the bosons at k = Λ′.

16/35



Phase Structure - Effect of RG-consistency
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Phase Structure - Diquark and Back-bending

LPA phase structure
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Phase Structure - Diquark and Back-bending
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Phase Structure - Silver Blaze
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Reminder on Silver-Blaze

• Define correlations functions

Γ
(n)
i1...in

(p1, . . . , pn;µ) =
δnΓ[Φ]

δΦi1(p1) . . . δΦin(pn)

• Then Silver-Blaze implies for T = 0 and µ < µc

Γ
(n)
i1...in

(p1, . . . , pn;µ) = Γ
(n)
i1...in

(p̃1, . . . , p̃n; 0)

with the shifted momenta

p̃j = (p0 + icjµ, p⃗)

• µc defined by lowest pole mass (of charged fields). For example

Γ
(2)
∆a∆∗

a
(p = (−im∆,pole, 0⃗)) = 0
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Spectral Functions



Two-point Flow

Definition of two-point functions:

δ2Γk=0[Φ]

δφ∗
i (p)δφj(p)

∣∣∣∣
φ=φ0

= Γ
(2)
φ∗

i φj
(p)× (2π)dδ(d)(0)

for any bosonic field

φ⊤(p) =
(
π⃗⊤(p),∆⊤(p),∆∗⊤(−p), σ(p)

)

Mean-field flow for two-point functions

∂tΓ
(2)
φ∗

i φj,k(p) =
1
2∂tΠφ∗

i φj,k(p)

with the polarization loop

Πφ∗
i φj,k(p) = Tr

(
Γ
(3)
φ∗

i ΨΨGq,k(q)Γ(3)
φjΨΨGq,k(p + q)

)
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Diagrams for Two-point Flows

∂tΓ
(2)
ϕiϕj

(p) = 2 ∂̃t p

ϕi

p

ϕj
+ ∂̃t p

ϕi

p

ϕj
+ 2 ∂̃t p

ϕi

p

ϕj

∂tΓ
(2)
∆∗

1,2∆1,2
(p) = 2 ∂̃t p

∆∗
1,2

p

∆1,2
∂tΓ

(2)
∆3∆3

(p) = 2 ∂̃t p

∆3

p

∆3

∂tΓ
(2)
∆∗

3∆3
(p) = 2 ∂̃t p

∆∗
3

p

∆3
∂tΓ

(2)
∆3σ

(p) = 2 ∂̃t p

∆3

p

σ

• Non-vanishing off diagonal elements → in-medium mixing for
σ,∆3,∆

∗
3 → diagonalize to find physical modes.
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RG-consistency for Two-point Functions I

• Two-point functions are also affected by medium divergences.

• Silver-Blaze rule → medium divergences depends on p0 and µ

• Example
Γ
(2)
∆∗

1∆1
(p0;µ) ≃

Λ′→∞
(p0 + i2µ)2 lnΛ′ + · · ·
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RG-consistency for Two-point Functions II

• Taylor expand upward flow in µ and p0

Γ
(2)
φ†φ,Λ

(p0;µ) = Γ
(2)
φ†φ,Λ′(p0;µ) +

(∫ Λ

Λ′
dk Fφ†φ,k(p0;µ)

)∣∣∣∣∣
T=µ=p0=0

+
µ2

2

(
∂2
µ

∫ Λ

Λ′
dk Fφ†φ,k(p0;µ)

)∣∣∣∣∣
T=µ=p0=0

+
p2

0
2

(
∂2

p0

∫ Λ

Λ′
dk Fφ†φ,k(p0;µ)

)∣∣∣∣∣
T=µ=p0=0

+ p0µ

(
∂µ∂p0

∫ Λ

Λ′
dk Fφ†φ,k(p0;µ)

)∣∣∣∣∣
T=µ=p0=0

• RG-consistency can be extended to artifacts at finite p0!
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Analytical Continuation

Problem: Γ
(2)
φ∗

i φj
(p0, 0⃗) for p0 ∈ C is not well defined → need

analytical continuation

• Make replacement
nF(ϵ+ ip0)→ nF(ϵ)

• Retarded two-point functions

Γ
(2),R
φ∗

i φj
(ω) = − lim

ϵ→0
Γ
(2),E
φ∗

i φj
(p0 = −i(ω + iϵ), 0⃗)

• Spectral Function

ρ(ω) =
1
π

ImΓ(2),R(ω)(
ReΓ(2),R(ω)

)2
+
(
ImΓ(2),R(ω)

)2
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Spectral Functions (T = 1 MeV, µ = 0 MeV)

Phase: σ ̸= 0 and ∆ = 0
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Spectral Functions (T = 1 MeV, µ = 100 MeV)

Phase: σ ̸= 0 and ∆ = 0
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Particle Summary
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Spectral Functions (T = 1 MeV, µ = 330 MeV)

Phase: σ ≈ 0 and ∆ ̸= 0
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Spectral Functions (T = 1 MeV, µ = 330 MeV)
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Spectral Functions (T = 1 MeV, µ = 330 MeV)
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Two-point Functions (T = 1 MeV, µ = 330 MeV)

Phase: σ ≈ 0 and ∆ ̸= 0
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• ImΓ(2) diverge around ω ∼ 200 MeV 30/35



Van-Hove Singularity

• Take analytic limit ϵ→ 0+

lim
ϵ→0+

1
x± iϵ = ∓iπδ(x) + P

(
1
x

)

• Decay to 2 gapped quarks
produce

ImΓ(2) ∝
∫

p
δ(4E−

q (p)2 − ω2)

=

∫
p

∑
p0

δ(p− p0)

|4∂pE−2
q (p0)|

p
0 200 400

4E
q−

(p
)2

0.1

0.2

0.3

• ImΓ(2) diverge at thresholds → could be relevant for phenomenology?
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Pole Masses



Diquark Pole Mass

Original question: is Silver-Blaze violated for high g∆?
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• Compare diquark pole mass to curvature mass
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Diquark Pole Mass g∆ = 4
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• Very different behavior of diquark pole and curvature masses.
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Diquark Pole Mass g∆ = 6
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• Finite vacuum diquark pole mass < 600 MeV → Silver-Blaze is not
violated!
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Conclusion

• Diquark at mean-field level reduce back-bending for high g∆.
• For high g∆, diquark pole mass becomes < 600 MeV and diquarks

dominate phase structure.
• Bosonic spectral functions already rich at the mean-field level.
• RG-consistency can be used to suppress cutoff artifacts in the

thermodynamic potential and the two-point functions.
• Diquark curvature mass is very different from the diquark pole

mass.
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Backup Slides



Flow Equation

∂tUk(σ,∆) =
k5

12π2

{
3
ϵπ

coth
ϵπ
2T +

1
ϵσ

coth
ϵσ
2T

− 2Nf
ϵq

[
tanh

ϵ+q
2T + tanh

ϵ−q
2T+

2
ϵ+q

E+
q
tanh

E+
q

2T + 2
ϵ−q

E−
q
tanh

E−
q

2T

]}



Mean-field Potential

∂tUk = ∂tfk

fk(σ,∆) = −2Nf

∫
p⃗

{
ϵq + E+

q + E−
q

+ T ln
(

1 + e−βϵ+q

)
+ T ln

(
1 + e−βϵ−q

)
+ 2T ln

(
1 + e−βE+

q

)
+ 2T ln

(
1 + e−βE−

q

)}
,

Ω(σ,∆) = Uk=Λ′(σ,∆)− cσ + fk=0(σ,∆)− fk=Λ′(σ,∆) .



Mixing Matrix & Diagonalisation

Γ
(2)
φ†φ

(p)× (2π)4δ(4)(0) =


δ2Γ

δ∆∗
3(p)δ∆3(p)

δ2Γ
δ∆∗

3(p)δ∆∗
3(−p)

δ2Γ
δ∆∗

3(p)δσ(p)
δ2Γ

δ∆3(−p)δ∆3(p)
δ2Γ

δ∆3(−p)δ∆∗
3(−p)

δ2Γ
δ∆3(−p)δσ(p)

δ2Γ
δσ(−p)δ∆3(p)

δ2Γ
δσ(−p)δ∆∗

3(−p)
δ2Γ

δσ(−p)δσ(p)


Can be diagonalized through

φi(p)→ Uij(p)φj(p) ,

which implies
Γ
(2)
φ†φ

(p)→ U†(p)Γ(2)
φ†φ

(p)U(p) .

Diagonalisation is possible because Γ
(2)
φ†φ

(p) is Hermitian.



RG-consistency for Spectral Functions

Phase: σ ≈ 0 and ∆ ̸= 0 (T = 1 MeV and µ = 330 MeV)
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