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Proof that there exists an interior solution for Β

� The first order condition of equation (9) takes the following non simplified form:

FOC :=
1

3
H1 + 2 b - cL c H-1 + ΒΓL +

1

3
c H-1 - 2 b + cL H-1 + ΒΓL -

1

18
Β
Γ
-c +

8 c + 10 b c + c2 H-10 + 2 ΒL

2 4 + b2 + 8 c H-2 + ΒL + c2 H13 + H-10 + ΒL ΒL + 2 b H2 + c H-7 + 5 ΒLL

-1 + b + c H5 - 4 ΒL + 4 + b2 + 8 c H-2 + ΒL + c2 H13 + H-10 + ΒL ΒL + 2 b H2 + c H-7 + 5 ΒLL -

1

18
Β
Γ
-4 c +

8 c + 10 b c + c2 H-10 + 2 ΒL

2 4 + b2 + 8 c H-2 + ΒL + c2 H13 + H-10 + ΒL ΒL + 2 b H2 + c H-7 + 5 ΒLL

-4 - 5 b - c H-5 + ΒL + 4 + b2 + 8 c H-2 + ΒL + c2 H13 + H-10 + ΒL ΒL + 2 b H2 + c H-7 + 5 ΒLL -

1

9
H1 + 2 b - cL H1 + 2 b + c H2 - 3 ΒLL Β-1+Γ Γ +

1

3
c H-1 - 2 b + cL H-1 + ΒL Β-1+Γ Γ -

1

18
Β
-1+Γ

-1 + b + c H5 - 4 ΒL + 4 + b2 + 8 c H-2 + ΒL + c2 H13 + H-10 + ΒL ΒL + 2 b H2 + c H-7 + 5 ΒLL

-4 - 5 b - c H-5 + ΒL + 4 + b2 + 8 c H-2 + ΒL + c2 H13 + H-10 + ΒL ΒL + 2 b H2 + c H-7 + 5 ΒLL Γ



� The second order condition of equation (9) takes the following non simplified form:

SOC := -
1

9
Β
Γ
-4 c +

8 c + 10 b c + c2 H-10 + 2 ΒL

2 4 + b2 + 8 c H-2 + ΒL + c2 H13 + H-10 + ΒL ΒL + 2 b H2 + c H-7 + 5 ΒLL

-c +
8 c + 10 b c + c2 H-10 + 2 ΒL

2 4 + b2 + 8 c H-2 + ΒL + c2 H13 + H-10 + ΒL ΒL + 2 b H2 + c H-7 + 5 ΒLL

-

1

18
Β
Γ
-

I8 c + 10 b c + c2 H-10 + 2 ΒLM2

4 I4 + b2 + 8 c H-2 + ΒL + c2 H13 + H-10 + ΒL ΒL + 2 b H2 + c H-7 + 5 ΒLLM3�2
+

c2

4 + b2 + 8 c H-2 + ΒL + c2 H13 + H-10 + ΒL ΒL + 2 b H2 + c H-7 + 5 ΒLL

-1 + b + c H5 - 4 ΒL + 4 + b2 + 8 c H-2 + ΒL + c2 H13 + H-10 + ΒL ΒL + 2 b H2 + c H-7 + 5 ΒLL -

1

18
Β
Γ
-

I8 c + 10 b c + c2 H-10 + 2 ΒLM2

4 I4 + b2 + 8 c H-2 + ΒL + c2 H13 + H-10 + ΒL ΒL + 2 b H2 + c H-7 + 5 ΒLLM3�2
+

c2

4 + b2 + 8 c H-2 + ΒL + c2 H13 + H-10 + ΒL ΒL + 2 b H2 + c H-7 + 5 ΒLL

-4 - 5 b - c H-5 + ΒL + 4 + b2 + 8 c H-2 + ΒL + c2 H13 + H-10 + ΒL ΒL + 2 b H2 + c H-7 + 5 ΒLL +

2

3
H1 + 2 b - cL c Β-1+Γ Γ +

2

3
c H-1 - 2 b + cL Β-1+Γ Γ -

1

9
Β
-1+Γ

-c +
8 c + 10 b c + c2 H-10 + 2 ΒL

2 4 + b2 + 8 c H-2 + ΒL + c2 H13 + H-10 + ΒL ΒL + 2 b H2 + c H-7 + 5 ΒLL

-1 + b + c H5 - 4 ΒL + 4 + b2 + 8 c H-2 + ΒL + c2 H13 + H-10 + ΒL ΒL + 2 b H2 + c H-7 + 5 ΒLL Γ -

1

9
Β
-1+Γ

-4 c +
8 c + 10 b c + c2 H-10 + 2 ΒL

2 4 + b2 + 8 c H-2 + ΒL + c2 H13 + H-10 + ΒL ΒL + 2 b H2 + c H-7 + 5 ΒLL

-4 - 5 b - c H-5 + ΒL + 4 + b2 + 8 c H-2 + ΒL + c2 H13 + H-10 + ΒL ΒL + 2 b H2 + c H-7 + 5 ΒLL Γ -

1

9
H1 + 2 b - cL H1 + 2 b + c H2 - 3 ΒLL Β-2+Γ H-1 + ΓL Γ +

1

3
c H-1 - 2 b + cL H-1 + ΒL Β-2+Γ H-1 + ΓL Γ -

1

18
Β
-2+Γ

-1 + b + c H5 - 4 ΒL + 4 + b2 + 8 c H-2 + ΒL + c2 H13 + H-10 + ΒL ΒL + 2 b H2 + c H-7 + 5 ΒLL

-4 - 5 b - c H-5 + ΒL + 4 + b2 + 8 c H-2 + ΒL + c2 H13 + H-10 + ΒL ΒL + 2 b H2 + c H-7 + 5 ΒLL

H-1 + ΓL Γ

2   4  Appe n d ix .n b



� In order to prove that the optimal Β is smaller than 1, we show that the FOC < 0 hold 

for Β = 1

Simplify@FOC �. Β ® 1D

1

18 H2 + b - 2 cL2
 -20 c

3 H-2 + ΓL - I10 + 13 b + 4 b
2M -2 - b + H2 + b - 2 cL2 Γ -

c
2

b H61 - 36 ΓL + 5 16 - 5 H2 + b - 2 cL2 + 2 -6 + H2 + b - 2 cL2 Γ +

c b
2 H25 - 21 ΓL + 5 8 - 5 H2 + b - 2 cL2 + 4 -3 + H2 + b - 2 cL2 Γ +

b 61 - 29 H2 + b - 2 cL2 + -72 + 13 H2 + b - 2 cL2 Γ

� With the following inequality we show that there exists no real number solution for FOC >= 

0 if Β = 1

FindInstance@Simplify@FOC �. Β ® 1D ³ 0 && 1 > c > a > 0 && c > 0 && c > b > 0 && Γ > 1, 8a, b, Γ, c<D

8<

� With the following inequality we show that FOC < 0 holds if Β = 1

Assuming@ 8b > 0 && a < c && a > 0 && b < c && 1 > c > 0 && qI > 0 && qE > 0 && c < 1 && Γ > 1 && Reals<,
Simplify@8Reduce@Simplify@FOC �. Β ® 1D < 0 , RealsD<DD

8True<

� In order to prove that the optimal Β is larger than 0, we show that FOC = 0 and SOC > 

0 holds for Β = 0

Simplify@FOC �. Β ® 0D

1

18

6 H-1 + 0
ΓL H1 + 2 b - cL c + 6 H-1 + 0

ΓL c H-1 - 2 b + cL - 0
Γ
c

-4 +

4 + 5 b - 5 c

4 + b
2

+ b H4 - 14 cL - 16 c + 13 c
2

-4 - 5 b + 5 c + 4 + 4 b + b
2

- 16 c - 14 b c + 13 c
2

-

0
Γ
c -1 +

4 + 5 b - 5 c

4 + b
2

+ b H4 - 14 cL - 16 c + 13 c
2

-1 + b + 5 c + 4 + 4 b + b
2

- 16 c - 14 b c + 13 c
2

-

6 0
-1+Γ

c H-1 - 2 b + cL Γ - 2 0
-1+Γ H1 + 2 b - cL H1 + 2 b + 2 cL Γ -

0
-1+Γ

-4 - 5 b + 5 c + 4 + 4 b + b
2

- 16 c - 14 b c + 13 c
2

-1 + b + 5 c + 4 + 4 b + b
2

- 16 c - 14 b c + 13 c
2

Γ

4  Appe n d ix .n b   3



Simplify@SOC �. Β ® 0D

1

18

-2 0
Γ
c
2

-4 +

4 + 5 b - 5 c

4 + b
2

+ b H4 - 14 cL - 16 c + 13 c
2

-1 +

4 + 5 b - 5 c

4 + b
2

+ b H4 - 14 cL - 16 c + 13 c
2

-

0
Γ
c
2

4 + 5 b - 5 c + 4 + 4 b + b
2

- 16 c - 14 b c + 13 c
2

-4 - 5 b + 5 c + 4 + 4 b + b
2

- 16 c - 14 b c + 13 c
2

2

� I4 + b
2

+ b H4 - 14 cL - 16 c + 13 c
2M3�2 +

12 0
Γ I2 b2 - 3 b H-1 + cL + H-1 + cL2M c2 -1 + b + 5 c + 4 + 4 b + b

2
- 16 c - 14 b c + 13 c

2

I4 + b
2

+ b H4 - 14 cL - 16 c + 13 c
2M3�2

+

12 0
-1+Γ H1 + 2 b - cL c Γ + 12 0

-1+Γ
c H-1 - 2 b + cL Γ -

2 0
-1+Γ

c -4 +

4 + 5 b - 5 c

4 + b
2

+ b H4 - 14 cL - 16 c + 13 c
2

-4 - 5 b + 5 c + 4 + 4 b + b
2

- 16 c - 14 b c + 13 c
2

Γ - 2 0
-1+Γ

c

-1 +

4 + 5 b - 5 c

4 + b
2

+ b H4 - 14 cL - 16 c + 13 c
2

-1 + b + 5 c + 4 + 4 b + b
2

- 16 c - 14 b c + 13 c
2

Γ -

6 0
-2+Γ

c H-1 - 2 b + cL H-1 + ΓL Γ - 2 0
-2+Γ H1 + 2 b - cL H1 + 2 b + 2 cL H-1 + ΓL Γ -

0
-2+Γ

-4 - 5 b + 5 c + 4 + 4 b + b
2

- 16 c - 14 b c + 13 c
2

-1 + b + 5 c + 4 + 4 b + b
2

- 16 c - 14 b c + 13 c
2 H-1 + ΓL Γ

� With the following inequality we show that there exists no real number solution for FOC < 0 

if Β = 0

FindInstance@Simplify@FOC �. Β ® 0D < 0 && 1 > c > a > 0 && c > 0 && c > b > 0 && Γ > 1, 8a, b, Γ, c<D

8<

� With the following inequality we show that FOC >= 0 holds if Β = 0

Assuming@ 8b > 0 && a < c && a > 0 && b < c && 1 > c > 0 && qI > 0 && qE > 0 && c < 1 && Γ > 1 && Reals<,
Simplify@8Reduce@Simplify@FOC �. Β ® 0D ³ 0 , RealsD<DD

8True<

� With the following inequality we show that there exists no real number solution for SOC < 0 

if Β = 0

FindInstance@Simplify@SOC �. Β ® 0D < 0 && 1 > c > a > 0 && c > 0 && c > b > 0 && Γ > 1, 8a, b, Γ, c<D

8<

4   4  Appe n d ix .n b



� With the following inequality we show that the slope of the SOC is positive for Β = 0 if Γ > 2

Assuming@ 8b > 0 && a < c && a > 0 && b < c && 1 > c > 0 && qI > 0 && qE > 0 && c < 1 && Γ > 1<,
Simplify@8Reduce@Simplify@SOC �. Β ® 0D ³ 0, Reals D<DD

8Γ > 2<

4  Appe n d ix .n b   5
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